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MATEMATUUYECKUU AHAJIN3

MeTtoauyeckue yKazaHus

Haunnaiite kaxxnoe 3anstue ¢ uzydenus jekun. [Ipu arom:

v BHayajle BHHUMATEILHO MPOYTHTE OMNPEACICHUS W OCO3HANUTE CMBICI
UCIIOJIb3YEMBIX TEPMUHOB

v’ 3aTteM mpoutuTe (HOPMYIHUPOBKHA TEOPEM, KOTOPBIC 3aJal0T CBOWCTBA
U3y4aeMbIX 00BEKTOB

v’ pasbepure JOKA3aTEILCTBA TEOPEM H BBIBOJIBI (POPMYIT

v’ B 3aBepilicHHe PabOTHI MPOYTHTE BCIO JIEKIMIO €IIe Pa3, YTOOBI YOS TUThCS,
YTO TEOPETUYECKUN MaTeprall OCBOEH.

Crnenyromuii sTarn paboThl — BBITIOJHEHUE 33/IaHUN MTPAKTUKyMa.

v/ KaKIyIo 3a]a4y MOMpoOyiTe PeInuTh CaMOCTOSTEIBHO

v/ B ClIydae HEyJaa4yu IIOCMOTPUTE YKa3aHHE W BHOBb IIOBTOPHTE MOMBITKY

v/ B Ciy4ae TOBTOPHOM HEymaud BHHUMATEIBbHO pa30epuTe MPUBEICHHOES
penieHue

v/ eCIM BBI PEIINIM 3a/1a4y CaMOCTOSATEIbHO (BO BCSIKOM CIIydae, Ball OTBET
OKa3aJics BEPHBIM), BCE PaBHO 00A3aTENIBHO MPOYTHUTE PEIICHUE, TAHHOE B
y4eOHOM Kypce€ — 3TO TIOMOXET BaM [MPOBEPUTh MPABUIBHOCTH
IIPUMEHEHHOTO METO/1a PEIICHUS

v/ 3aKOHYMB pElICHHE BCEX 3a/a¥ MPAKTHKyMa, 00A3aTeIbHO BEPHUTECH K TEM
U3 HUX, KOTOpble HE MOJYYHJIMCh B MEPBBIM pa3, U NONpoOyilTe BHOBb
CaMOCTOATEJIBHO PEIIUTh UX.

IIpy BBINOJHEHMM [JOMAIIHETO 3aJaHUs HCHOJB3YUTE MaTepHUall JIEKIUU U
MIPAKTUKyMa.



1. PYHKIIUU OJTHOU NEPEMEHHOH
1.1. IPEJEJIBI
1.1.1. Muoscecmea. @ynkuusa. Onpedenenue npeoena

3ameuanue. [loHsATHE MHOXECTBA, KaK M APYTrH€ OCHOBOIIOJATAIOIIUE IMOHSITHUSA
MaTeMaTUKH, BBOJIUTCS 0€3 onpeeeHus.

Onepanuu ¢ MHOKECTBAMU

1. BxiroyeHne mMHOkecTBa 4 B MHOXKECTBO B (4 B). Ilpu 3TOM Kaxabii
3JIEMEHT MHOXKECTBA A SBIISICTCS DJIEMEHTOM MHOXECTBA B, 1 MHOXKECTBO A
Ha3bIBA€TCs MOJIMHOXKXECTBOM MHOXKecTBa B. B wacTtHocTH, A=B, eclu Bce
AJIEMEHTHl MHOXECTBA A MPUHAJICKAT MHOKECTBY B 1 HA000POT.

2. O0benuHEHNE MHOXKECTB A U B (AU B) - MHOXKECTBO JJIEMEHTOB, KaXKIbIi U3
KOTOPBIX MPHUHAJICKHUT XOTsI OB OTHOMY M3 MHOXKECTB 4 U B.

3. ITlepeceuenne mHOXECTB 4 M B (AN B)- MHOXECTBO BCEX DJIEMCHTOB,
IIPUHAJIEKAIIMX OJHOBPEMEHHO 4 U B.

4. Pa3Hocth MHOXKECTB A U B (A\B) — MHOXECTBO JICMECHTOB MHOXKECTBA A, HE
MPUHAAJICKAIUX MHOKECTBY B.

Mmuooicecmao, ne cooepaicaujee Hu
00HO020 2lleMeHmd, HA3blBAeMmC sl
RYCHbIM MHOMCECHBOM.

[TycTh 3a1aHbI HEMMyCThIe MHOKeCTBa X 1 Y.

Coomeemcmaue, npu KOMOPOM KaAHCOOM)
anemMeHmy MHodcecmea X coomeemcmeayem
HeKomopwlil 31emenm mMHodxcecmea Y,
Haszvleaemcs omoopaxicenuem X Ha Y.

MHOXeCTBO AeHCTBUTEJILHBIX YHCEJ

N3 SHCMCHTapHOﬁ MAaTEMAaTUKKU HN3BCCTHO, YTO COBOKYIIHOCTb pPAallMOHAJIBHLIX H
HppalliOHAJIIBHBIX YHUCEII 06pa3yeT MHOXKCCTBO I[ﬁﬁCTBPITCHBHI)IX yucen R. Ha Hem
OIIPCACICHEI OIICpaluun:



1) Cnoxenue: mis 000N Tapbl JCWCTBUTEIBHBIX YHCEN a W D ompepeneHo
CIMHCTBCHHOE YuCJIO a+bh, Ha3pIBaeMOE X CYMMOM, PUYEM BBITTOJIHAIOTCS
CJIEAYIOLINE YCIOBUS:

a) atb=b+a

b) a+(b+c)=(a+b)+c

C) cymectByeT unciio 0 rakoe, uro a+0=a misa mobdoro ae R

d) VaeR 3 mpoTHBOIOJIOKHOE YUCIIO —d, I KoToporo a+(-a)=0.

2) YMHOXeHHue: Va,beR ONpeIeieHO eIWHCTBEHHOE YHCIIO ab, Ha3pIBaeMoOe
UX  NOPOU3BEIACHHUEM, TAKOE, UTO BBHIMOJHSIIOTCA CICAYIOIIUE YCIOBHS:

a) ab=ba wvabeR

b) a(bc)=(ab)c va,b,ceR

C) cymecTByeT unciio 1 rakoe, uro a'1=a VaeR

d) va=0 cymecTByer oOpaTHOe umcio 1/a, s kotoporo a- 1/a = 1.

CBs13b ClIOKeHHS 1 yMHOXeHHs: (& + b)c = ac + bc.

MHOXeCTBO EUCTBUTEIBHBIX YUCEI 00JIa/IaeT CIEIYIOIIUMHU CBONCTBaAMU:

1) Vnopsmo4eHHOCTh - Va,b e R 6o a < b, mubo a > b. [Ipu stom
a)ecma<bub<c,toa<c.
b)ecrua<b, 0 Vc a+c<b+c.
C)ecma<bwuc> 0 toac <bc.

2) HenpepbIBHOCTh — ISl JIIOOBIX HEMYCTBIX MHOKECTB X W Y TaKux, 4YTO
VXxeX U VyeY X<y, Ja:x<ac<y.

ITonMHOKecTBAa MHOKECTBA R HA3BIBAIOT YMCIOBBEIMA MHOKECTBAMMU.
[TprMephI YUCITOBBIX MHOKECTB:
1. MHuoxectBo HatypanbHbiX uncen N (1,2,3,...).
2. MuosxectBo nenbix uncen Z (0,£1,42,...).
3. MHOecTBO parmoHaabHBIX uncen Q (umcaa Bumga M/n, rae M u N — memsie).

DyHKUUA

Onpeodenenue. Eciiu KaxI0My 2JIEMEHTY X MHOXecTBa X (Ha3pIBaeMOT0 00JIaCThIO
omnpenesieHuss (QYHKIMK) IO OMPEJACIICHHOMY 3aKOHY CTaBUTCS B COOTBETCTBHUE
€IUHCTBEHHbIH 3JIEMEHT Y MHOXKeCTBa Y, TO MOJ00HOE OTOOpaKeHNE HA3hIBACTCS
(pyHkuMe, onpeneieHHON Ha MHOXKeCTBE X co 3HaueHusIMU B MHOkecTBe Y. [Ipu
9TOM X HAa3bIBACTCS HE3aBUCHMOM IEPEMEHHOM, WM aprymenrom, a y = f(X) —
3aBUCUMON MEPEMEHHOM, WK (PYHKITHEH.

Mb1 6yoem paccmampuams moaibko 00HO3HAYHbBLE
Qyukyuu (6 omauyue om MHOCO3HAYHBIX PYHKYUU, OIS
KOMOPbIX 00HOMY 3HAUEHUIO X MONCEM
coomeemcmeosams Hojee 00H020 3HAYECHUSL Y).




CrniocoOnI 3a1aHust GYyHKIIMH:
1) TaOGauuHBIH
2) rpaduyeckuii
3) aHAJIMTUYCCKUI.

Ecnu y=F(u) sensemcs ¢hpynxyueit om U, a uU=p(X) —
@yukyuet om x, mo
¥ = Flo(X)]
HA3bI8AEMCSl CTIONCHOU (YyHKUuen unu hynkyuet om

dyukyuu.

OcHosHvle anemenmapmvie QyHKyuu

Crenennas pyHkuus y = x", a €R.
[MTokaszarenpHas GyHKIHUSA y = a', a >0, a=1.
Jlorapudmuueckas ¢pynknus y=logax, a >0, a= 1.
Tpuronomerpudeckue GyHKIMH: Y = SIN X, Y =COS X, y =tg X, y = Ctg
X, Y = SEC X, Yy = COSEC X.
5. OOpatHbIe TpUTOHOMETpHUYECKUE (DYHKITUH: Y = arcsin X, y = arccos X,

y = arctg X, y = arcctg X, y = arcsec X, y = arcCosec X.

e

Dnemenmapnou gynkuyuein Y = f(x) naszvieaemcs
@dyHKYUs, 3a0aHHAS C NOMOWBIO OCHOBHBIX
NEeMEeHMAPHBIX QYHKYUL U NOCMOSHHBIX C NOMOWBIO
KOHEYH020 YUCIA apuhmemuyeckux onepayuii u 635musi

@yHKYyuu om yHKkyuu.

Ecim mnst pyskmwm y = f(x) MoxHO onpenenuTs GyHKIHIO X = {(y), CTaBAIIYIO B
COOTBETCTBHUE Ka)kIOMY 3HaueHuio ¢pyHkiuu y = f(X) 3HaueHue ee apryMmeHTa x, TO

¢yukuus y = g(X) Ha3piBacTcs oopaTHOl GpyHkunmei k y = f(X) u obo3Hauaercs Yy
=f(x).

Hpeneansr pyHkumi

OnpenenuM NOHATHE OKPECTHOCTH TOYKH Xy KAK MHOYKECTBO 3HAUYEHUH X,
SBIIAIONINXCS pelIeHUsIMH HepaBeHcTBa 0<|X - Xo| < 0, rme 6 > 0 — HekoTopoe

yucio. CaMo 3HaY€HHE Xy MOKET BKIIFOYATHCSI B OKPECTHOCTh WJIM HE BKJIIOYATHCS
B Hee (B 3TOM Cllydyae OKPECTHOCTb HA3bIBAETCS IPOKOJIOTOM).
[Tyctp ¢pynkuus y = f(X) onpeneneHa B HEKOTOPO OKPECTHOCTH TOYKH Xg.



Yucno A nazvisaemcs npedenom ynkyuu y = f(X) npu
X, CmpeMauemcs K Xo, eciu
Ve>0 3Fo=05(s)>0
makoe, ymo
|f(x)-Al<e npu |x—x,|<6.

O06o3Hauenue:
lim f(x) = A.

X=X

3ameuanue. [y cymiecTBoBaHUs mpesena (GYHKIMH B TOYKE Xo HE Tpedyercs,
4TOOBI PYHKITUS ObLIa ONpeEIeieHa B CaMOM ATOM TOYKE.

IIpuMmepsbI.

1. Jloxaxxem, 4TO
lim(2x+1)=7.

x—3

Ecmu [2x+1-7| < &, 10 |2X - 6] < ¢, |X - 3| < €/2. Takum 00Opa3oM, eciii MPUHSITH

0(€) = &/2, To BBHIMOJHEHBI BCE YCIOBHUsS ONpPENCICHUS Tpesesia. Y TBEPKIACHUE

JIOKa3aHo.
2 J— —_— p—
2 1imX = 22 i G2 iy 204123,
x—2 x—2 x—2 x—=2 x—2

3aMeTHuM, 4TO B MPOKOJIOTOM OKPECTHOCTH X=2 X — 2 HE PABHO HYJIIO, IIOATOMY
MBI UMEEM IIPABO COKPATUTH APOOH Ha (X - 2).

Dynxyus y = f(X) umeem beckoneunstit npeden npu x,
cmpemawemycs K Xo (Cmpemumcsi K 6eCKOHeuHOCmu,
sa81semcs 6ecKoHeuHo 6obULoN), eciu

VM>0 35>0:[f(x)|>M npu |x-x,|<5.

O0o3HayeHue:

I
8

lim f(x)

X=X



Yucno A nazvisaemcs npedenom gpynxuyuu 'y = f(x)
Ha 6eCKOHeYHOCmU, eCu
Ve>0 3X>0:|f(x)-Al<e npu:
a) x>X limf(x)=A;

X—>+0

0) x<-X limf(x)=A;

X—>—0

6) |xpX limf(x)=A.

3ameuanue. beckoHeuHbli mnpenen (QyHKIMM Ha OECKOHEYHOCTH MOYKHO
ONPEIENNTH 0 aHAJIOTUU C ABYMSI MPEIBIIYIIIMMH ONPEACICHUSIMU.

Onpeoenenue. ®ynkmus y = f(X) Ha3pIBaeTCs OrpaHHMYeHHOH B HEKOTOPOM
00J1acTH 3HAYCHMI X, €CIM cymecTByeT yuciio M>0 takoe, uto [f(X)|<M mns Bcex
3HAYEHUH X, TPUHAJICKAIINX pacCMaTpHUBacMOl 00JIacTH.

Ceoticmea npeoenos

1. Ecnu cyiiecTByeT
lim f(x)=A

X—>Xg
(4 — xoneunoe yucio), To ¢pyHkmus y = f(X) sBIsIETCSA OrpaHUYCHHON B HEKOTOPOH
OKPECTHOCTHU (BO3MOKHO, TPOKOJIOTOM) TOUKH Xp.
JlokazatenbCTBO.

Tak xak I 1100010 € cymiectByer Takoe O, uto [f(X) - Al < € mpu |X - Xo| < 8, TO

npu 3toM [f(X)] < |A| + €, To ecThb QyHKIHS OrpaHHYEHA B paccMaTpUBaEMOU

OKPECTHOCTH.
2. OyHKIHSA HE MOXKET UMETh JIBYX Pa3IMYHBIX MIPEACIIOB MIPHU X, CTPEMSILIEMYCS K
OJIHOMY M TOMY € 3HAYEHHUIO.

JlokazaTenbCTBO.

AR  lempen

A-€el2 A A+el2 B-e€l2 B B+el2




[Tycte A u B — npenenst f(X) mpu x—xo. Beibepem ¢ < |A-B|. Torma cymectByer
takoe 01, uTo |f(X)-Al<e/2 mipu |X - Xo| < 61, 1 Takoe 6,, uto [f(X)-B|<e/2 mpu |X - Xo| <
0,. Ecn BbIOpaTh B KadecTBe 0 MEHbIIEE U3 Yucen 01 U Oy, TO 3HAYCHHS (HYHKIIUU

f(X) mis aprymeHTOB, JIe)KammMx B 0 — OKPECTHOCTH Xp, JOJDKHBI OJJHOBPEMECHHO

HAaXOJMUTBCA B [JBYX HEIEPECEKAIOWNXCA OKPECTHOCTIX, YTO HEBO3MOKHO.
YTBepKIEeHHUE TOKA3aHO.

3. Ecim
limf(x)=A u A=#0,

x—)x
TO CYIIECTBYET OKPECTHOCTh TOYKH Xo, B KOTOpoi ¢yHkuus f(X) coxpanser
nocrostHHbIN 3HaK ( f(X)>0, eciiu A > 0, u f(X)<0, eciiu A < 0).
Jloka3atenbCTBO.
Jloctatouno BeIOpath £=|A|/2. Toraa ams x U3 HEKOTOPOH OKpecTHOCTH Xg [f(X)-A|
< |A/2, To ecth A2 <f(X) <3A/2 mpu A > 0 u 3A/2 < f(X) < A/2 ipu A < 0.
CrnemoBartesbHO, B BRIOpaHHOM OKpecTHOCTH f(X) cCoXpaHseT mOCTOSIHHBIH 3HAK.

OnHocTopoHHHE NpeaeJIbI

Yucio A HaspiBaeTcs npezaenoM ¢pyakiuu y = f(X) mpwu x,
CTpEMSIIIIEMCS K Xo CJIeBa (CripaBa), i

Ve>0 35=05(e)>0:|f(x)-A|<e
npu x,—x<6 (x—x,<0).

OO6o3HavyeHus:
lim f( x)=A, lim f(x)=

x—=x-0 x—>x9+0

Teopema (smopoe onpeoenenue npeoena). Oynxuus y=f(X) wumeer mnpu x,
CTpeMSIIIEMCS K Xg, TIPEJICII, PaBHBIA A, B TOM U TOJBKO B TOM Cllydae, eCiik 00a ee
OJTHOCTOPOHHUX IpeJieiia B 3TOM TOUKE CYIIECTBYIOT U PaBHBI A.
JlokazaTenbCTBO.
1) Ecnu

lim f(x)=A,

X=X

TO U JUIA Xo— X < O, U A X - X0 < O |f(X) - Al<e, T0 ecThb

lim f(x)=A, lim f(x)=

x—=>x9—0 x—=x9+0
2) Ecin
lim f( x)= lim f(x)=

x—=>x-0 x—>x9+0



To cymecTtByeT O1: [f(X) - Al < e mpu Xg— X < 61 1 6. |f(X) - Al < & mpu x - xg < 6.
BriOpaB u3 uncen 6; U 6, MEHBIIIEE U MIPUHSB €T0 3a 0, MOJIyYUM, YTO MPH |X - Xg| <
O |f(x) - A| < &, TO ecTh

lim f(x) = A.

Teopema ngokasana.

3ameuanue. [IockonbKy OKa3aHa 3KBUBAJICHTHOCTh TPEOOBAHMM, CONEPIKAIIMUXCS
B OIPEJEIICHUH IPENEia U yCIOBUS CYIIECTBOBAHUS U PABEHCTBA OJJHOCTOPOHHHX
IIPEJIENIOB, 3TO YCIOBHE MOKHO CUATATh BTOPBIM ONPEIECIICHUEM TIPEIEa.

l'[pezle.u YHCJI0BOI MOCJIET0BATEILHOCTH

YuclioByI0 MOCIEIOBATENBHOCTD {8n} MOXHO CUUTaTh (DYHKIIMEH TUCKPETHOTO
apryMeHTa N ¥ MPUMEHUTH K HEHM ONpeIeNICHUE Mpeieia:

Hucno A Ha3bIBaETCA MpeaeioM YUCI0BOM
NMocJIe10BaTeJIBLHOCTH {2, }, ecin
Ve>0 3IN:|a,-Alke npu n>N.

INPUMEPBHI PEHIEHUSA 3AJTAY 11O TEME
«Mnoixncecmea. @yukyus. Onpeodenenue npeoena

3agauya 1.
Haiitu o6acth onpeneneHus: GyHKIIAN

y =./5-]x]|

Yka3zanue

O6nacTe onpenesieHus: (GYHKITUU 3a/1a€TCsl HEPABEHCTBOM
5-|x 0.

Pemenue
O6nacth onpenenenus GyHKINH 3a0a€TCsI HEPABEHCTBOM
5-|x20=|x[K5=-5<x<5.
OtBer: -5,5.

3amaua 2.
Haiitu oGnacth onpeaeneHus: GyHKIIUN
+3

=lo x—+2+arcsin X
AR SR S



Yka3zanue
O6nacTe onpeaesieHus: GYHKIIUU 3a1a€TCsl CHCTEMOU HEPABEHCTB

X+2

2,0

x°=-2x+1

1< +3 1

Pemenune
O6nacTth onpeeneHus GyHKIUYT 3a0a€TCI CUCTEMON HEPABEHCTB

Zx;Z >0 x+2 x>-2
X —Zx:; = (x-1) =3 xz21 =>-2<x<1,1<x<3.
<2241 |6<x43<6 |-9<x<3

Oteer: (-2,1)U(1,3].

3agaua 3.
Beruucnaute npenen:

x?—-2x-3
lim —————.
3 x> —Bx+6

Yka3zanue
PaznoxuTe Ha MHOKUTENW YHCIATEIh U 3HAMEHATENIb IPOOH, a 3aTeM COKpPATUTE
Ha OOIIMU 3HAMEHATEb.

Pemenne

0
Hepe):[ HaMHM TaK Ha3bIBa€Masd HCOIIPCACICHHOCTDb THIIA 6 , TaK KaK IIpHu X = 3u

YUCJIUTEIb, U 3HAMEHATENIb po0U paBHBI Hyt0. CleoBaTeNbHO, X = 3 SBIACTCS
KOPHEM U YHUCIUTENs, U 3HameHaTess. [103ToMy MOXHO pPa3inoXuTh 00€ 4YacTu
JIpo0Or Ha MHOKUTEITH M COKPATUTH OOIIHIA MHOXKHUTENb (X — 3):
. oxP-2x-3 . (x-3)(x+1) .. x+1 3+1
lim————=lim——————==lim——
=8 x°=5x+6 3 (x-3)(x-2) 3 x-— 2 3-2
Otger: 4.

3angaua 4.

Beruuciute npeaen:
lim x5+x4+x3—3.
=1 357 —x? —x-1

Yka3zanue
PaznoxuTe Ha MHOKUTENW YHCIUTETh U 3HAMEHATENb IPOOH, a 3aTeM COKpPATUTE
Ha OOIIUN 3HAMEHATED.

10



Pemenne

[lpu x = 1 ¥ yMCIMTENb, ¥ 3HAMEHATENL JAPOOM PABHBI HYJIIO, CIEIOBATENBHO,
MOKHO Pa3JIOKUTh UX HA MHOKHUTENH M COKPATUTH OOLINH MHOKUTEND (X — 1):

X’ +xt+x° -3 y (x=1)(x* +2x° +3x% +3x +3)

lim — =lim 5 =
=1 3x” —x"—x—-1 x1 (x-1)(3x"+2x+1)
X2 +3x% +3x+3 1+2+3+3+3 12
=lim 5 = =—=2.
x>1 3x"+2x+1 3+2+1 6
OTtBer: 2.
3agaua 5.

Beruucnute npenen:

. x> =9
lim 5 5 )
>3 x° +6x° +9x

Yka3zanue
PaznoxuTe Ha MHOKUTENW YHCIUTEIh U 3HAMEHATENb IPOOH, a 3aTeM COKpPATUTE
Ha OOIIMH 3HAMEHATED.

Pemenue
[Ipu x = -3 u yKMcnuTens, U 3HAMEHATEh JAPOOHM pPaBHBI HYIIO, CIEAOBATENBHO,
MOJKHO Pa3JIOKUTh UX Ha MHOXHMTEIHM U COKPATUTh OOIIUHA MHOXKHTEND (X + 3):
: x> -9 . (x+3)(x-3) .. x-3
lim — 5 = lim — = lim ——
>3x” +6x"+9x 3 x(x+3) -3 x(x + 3)

.

Teneps npu X — —3 YHUCIUTEIL IPOOU CTPEMHUTCS K -6, a 3HAMEHATEIIb — K HYIJIIO.
CnenoBatellbHO, JpoOb HEOTPAHWYCHHO BO3pacTaeT, M Ipeaell  paBeH
OECKOHEUYHOCTH.

OTBeT: «.

3agaua 6.
Beruuciute npenen:

lim 3 > )
oo x? —2x"—x—8

Yka3zanue
3
Paznenure kaxpoe ciaraeéMoe 4YHMCIWTENIS W 3HAMEHATeNsl Ha X~ — CTapIIylo
CTENEHb 3HAMEHATES.

Pemenune

0
Ha sToT pa3 nepen HaMu HEOTIpeeIeHHOCTh BUjla — — 00€ 4acTu ApoOH MpH X,
0

CTpeMsIIeMcs K OECKOHEYHOCTH, HEOTPAaHUYCHHO BO3pacTaroT. [|jst Toro 4ToOb!

11



M30aBUTHCS OT ITOM HCONPECACIICHHOCTH, PA3ACIINM KaXXJI0C CJIaracMocC Y CJIUTCIIA
3
N 3HAMCHATCJI HA X — CTApIIYIO CTCIICHDb 3HAMCHATCIIA!

1 5
x> +5 U
lim =lim X X )
xawx3_2x2_x_8 x%wl_%_l_ﬁ
x X

YuuthiBas, 4To

liml:O npu a>0,

X—>0 x
MTOJTYYHM:
1 N 5
: x x> _0_
P e
x x* X

Otser: 0.

3agaua 7.

Beruucnute npenen:

lim xt+5x° =2

x>0yt~ x+4

Yka3zanue
2
Paznenurte kaxaoe ciaraeMoe YWCIWTENsT M 3HAMEHaTels Ha X~ — CTapllylo
CTEIIEHb 3HAMEHATEITS.

Pemenune

o0
Jlnst Toro 4T0oOBI N30aBUTHCS OT HEONIPEACICHHOCTH BUJIa — , Pa3JIeIUM Kaxa0e
o0

2
ClIaracMocC 4YucCJIUTCIIA U 3BHAMCHATCIIAI Ha X — CTAapIIyIO CTCIICHb 3HAMCHATCIIA!

2
 xtasyto2 | XHOX P
hmz—:hm = — =0,
x—>o oy _x+4 x>0 1_1+i 1
2
X x
OT1BeT: «.
3agaua 8.

Beruuciute npenen:
. 6xX+2x*—x-5
lim 5 )
xoo Dx” —Bx+7

Yka3zanue
3
Paznenure kaxaoe ciaraeéMoe 4YUCIWTENsS M 3HAMEHATeNlsl Ha X~ — CTaplIylo
CTENEHb YUCIIUTESI U 3HAMEHATEIIA.
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Pemenune

0
I[J'ISI TOr'0 YTOOBI M30aBUTHCI OT HCOIIPCACIICHHOCTHU BUa — , pa3ACiIUM KaKa0¢€
0

3
ClI1aracMocC 4YucCJIUTCIIA U 3BHAMCHATCIIA Ha X — CTAPIIYIO CTCIICHD YUCIIUTCII U

3HAMEHATENS:
6+ 1.5
3402 —x— T 2T
1 6x +32x be 5th X x x:§:3
o x? —Hx 47 X—>o0 2_2 1 2
x2 + x3
OtBer: 3.
3agaua 9.

Beruucnaute npenen:
. NJx+2-3
lim—m—-.
=7 x+1-2

Yka3zanue
JIOMHOXbTE YHCIUTEb U 3HAMEHATEIb HA BBIPAXKCHUS

Nx+2+3 u Y(x+1)7 +2x+1+4

U IpUMEHUTE (OPMYIIBI COKPAIIICHHOTO YMHOKECHHUSI.

Pemenune
JIOMHOKUM YHCIIUTENb U 3HAMEHATEIb Ha BBIPAXKECHUS

Jx+2+43 u (x+1)7 +23x+1+4
¥ TIPUMEHNM (POPMYJIBI PA3HOCTH KBAIPATOB M Pa3HOCTH KyOOB:
. Nx+2-3
lim-————=
=7 Jfx+1-2

(Nx+2=-3)(Vx+2+3)(J(x+1)* +23x+1+4)

=lim

_ lim(x+2_9)(“3/(x+1)2 +23x+1+4)
%7 (x+1-8)(Vx+2+3)

—lim (x=7)F(x+1)> +23x +1 +4) _

X7 (x=7)(Nx+2+3)
_hm§/(9c+1)2 +2x+1+4 4+4+4 _12_,
X7 Jx+2+3 3+3 6
Ortser: 2.
3agaua 10.

Bpraucnurte npeaci:

=7 (-l + )7 2 L)V r2 +3)

13



limx Va2 +5—+x*-7 .

X—>—®0

Yka3zanue
JIOMHObTE 1 pa3AeanuTe TaHHOE BBIPAXKCHUE HA

X2 +5 ++x2 7.

Pemenne
JIOMHOXXHUM U pa3AeianuM JaHHOE BBIPAKCHHUE Ha

X2 +5 4422 =7
lim x Va2 +5-x*—-7 =

X—>—0

X NP5 -2 =7 P +5+4x2 =7

= lim =
x> Va2 +5 +x2 =7
. x(x*+5-x"+7) . 12x
= lim = - = lim - - .
RN N e N B
Tenepp pasnmeiaum o0e uactd apobu Ha |X| = -X (OpH 3TOM MOAKOpPEHHBIE
BBIPAXKCHIUS HY)KHO PA3ICIHTh Ha X°)
: 12x . -12 12
lim = lim =—— ==
x—>—w\/x2+5_\/x2_7 X—>—0 5 7 2
1+ +,/1-—
X X
OTBer: -6.
1.1.2. Ceoiicmea npeodenos. 3ameuameibHole npeoevl
beckoneuno manvie pynkyuu u ux ceoiicmea
OyHKIUSA y=0/(X) Ha3bIBAETCSI OECKOHEYHO MaJIoi mpu
X —> X,, €CIH
lima(x) =0.
X—>Xg
Ceoiicmea 6ecKoHeUHO MAIbIX
1. Cymma aByX 0€CKOHEYHO MaJIbIX €CTh
OCCKOHEUHO MaJias.
JlokazaTenbCTBO.

14



Ecim a(x) n B(x) — 0ecCKOHEYHO MaJIbIe MPH x —> X,, TO CYIIECTBYIOT 01 M 0, TaKHE,

uro |a(X)|<e/2 wm  |B(X)|<e/2 ana  BBIOpaHHOrO 3HA4YeHUsA e. Toraa

la(X)+8(%)|<|a(X)|+] B(X)|<e, To ecTh |(a(X)+((X))-0|<e. CnemoBaTenbHO,
lim(a()-+ A() =0,

TO €CTh (v(X)+(3(x) — OECKOHEYHO MaJiasl.

3ameuanue. OTcro/a cieayeT, 4To CymMMa Jito00Tro KOHEYHOTo Yrcia 0eCKOHEYHO
MaJIbIX €CTh OECKOHEYHO MaJias.

2. Ecin a(x) — OeckoHEYHO Maiasi ipu x — x,, a f(X) —
(byHKIIHS, OrpaHHYEHHAs] B HEKOTOPO OKPECTHOCTH Xy,

T0 a(x)f(X) — OeckoHEUHO Maast IpH x — X, .

Jloka3aTenbCTBO.

Bei0epem uncio M takoe, uto [f(X)|<M mpu |X-Xo|<d1, 1 Hailizem Takoe O,, UTO
g
a(x)<— npu |x—x,/<0,.
o)< S mpu e <o,

Torna, eciii BEIOpATh B KAYECTBE 0 MEHBIIIEE M3 YHCEI 01 U 03,
g

M

:g,

) f ()] < M-

TO ecTh «(x) f(X) — OeckoHeuHO Maasl.

CaencrBue 1.
[TpousBeaeHrne OECKOHEYHO MaJION Ha KOHEYHOE YUCJIO €CTh OECKOHEUHO MaJasl.

CaeacrBue 2.
[TpousBenenne AByX MM HECKOJIBKUX OECKOHEUHO MAJIBIX €CTh OECKOHEUHO
masias.

CaencrBue 3.
JInHelnas koMOMHALMS OECKOHEUYHO MAaJIBIX €CTh OECKOHEUYHO Maias.

Teopema (Tperbe onpenesieHne Mpenaea).

Ecmm
lim f(x)= A,

X=X,
TO HEOOXOUMBIM M IOCTATOYHBIM YCIOBUEM ATOTO SIBIISIETCS
T0, uTO (hyHKIHMIO f(X) MOXKHO MpEICTaBUTH B BUJIC

15



f(x)=A+a(X), rae a(x) — 6eCKOHEYHO MaJast IMPH X—X.

Jloka3aTenbCTBO.

DITycth a(x) — OeckoHewHO Maass Tpu x—xo. CiaemoBatenbro, f(X)=A+a(X).

2)[Tycte f(X)=A+a(X). Toroa
lim(f(x)— A) =lima(x) =0,

X=X PR

3HAYHT,
Ve |f(x)-Al<e npu |x—x|<d(e).
CnenoBareibHO,
lim f(x) = A.

X=X

3ameuanue. TeM caMbIM NOJYYEHO €lIe OJJHO OIpeIeSIeHre peena,
SKBUBAJICHTHOE JIBYM HPEIbITYIIHM.

OcHoBHBIE TEOPEMbI 0 IIpeacjiax

Teopema 1. Ecnu cymiecTBytoT
lim f(x)=A u limg(x)=B,

TO CYLIECTBYET U
Hm( f(x)+g(x)) = A+B.

X=X

JlokazaTenbCTBO.

Hcnonb3ys TpeThe onpeaeienue npeaena, npeacraBum f(X)=A+a(x),
g(x)=B+05(x), rae a(x) u B(x) — 6ecKOHEUHO MaJbIe IPH x —> x,. Toraa

f(X)+g(X)=A+B+(a(X)+3(x))=A+B+~(X), rae v(x)=a(x)+((x) — 6eCKOHEUHO

Majas. CinenoBaTenbHO,
lim( f(x)+ g(x))=A+B.

Teopema 2. Ecnu cyniecTBYIOT
limf(x)=A u limg(x)=B,

TO CYIIECTBYET U O O

lim( f(x)- 8()) = A-B.
JlokazaTenbCTBO.
[Mpencrasum f(X)=A+a(X), g(X)=B+05(X), rae a(x) u G(x) — 06CKOHEYHO MaJIbIe
npu x — x,. Torma f(x) -g(X)=AB+AB(X)+Ba(x)+a(x)5(X). Ho
AB(X)+Ba(x)+a(x)8(X) — 6eckoreuno mManas (Tak kak f(X) u g(X) orpanudeHs! B

OKpPECTHOCTH Xo), CJICA0BATCIIBHO,

16



lim( f(x)-g(x))=A-B.

X=X

Teopema 3. Ecnu CyIIeCTBYIOT
limf(x)=A u limg(x)=B=#0,

X=X X—>Xg

TO CYLIECTBYET U

lim == .
=0 g(x)  lim g(x)

JToka3aTeabCTBO.
[Mpencrasum f(X)=A+a(X), g(X)=B+3(X), rae a(x) u B(x) — 0eCKOHEUYHO MaJIbie

npu x — x,. Torna
A+a(x) A Boa(x)-ApB(x)

8(x) B+p(x) B B(B+p(x))
(Ba(x) — AB(x)),

=t
B B(B+ f(x))

1
e -
B(B+ A(x))
npezen, paBubiid 1/B% a Ba(x)-A[(x) — 0eckoHeuHo Mainast. [loaTomy

1
M(Ba(x) —AB(x)) -

I — OIpaHUYEHHAsA B OKPECTHOCTH Xy (PYHKIIMS, TAK KaK UMEET

OCCKOHEYHO MaJiasi, u

limm:é_w

% ¢(x) B limg(x)’

Teopema 4 («n1emma o 08yx munuyuonepaxr). Eciu f(xX) < o(x) <g(x) B

HEKOTOPOU OKPECTHOCTH Xg U
lim f(x)=limg(x) = A,

X=X X—>Xg

TO CYIIECTBYET U
limg(x) = A.

X=X
JlokazaTenbCTBO.
N3 ycnoBust TEOPEMBI CIAEAYET, YTO

()~ A<p(x)- A< g(x)- A

Br16epem 0-0KpecTHOCTh TOYKH Xg, B KOTOPOU

f(x)-A

<e u |g(x)-Al<e.
Torna

—e< f(x)-A<p(x)-A<g(x)-A<s.
[Tostomy |p(X)-A|<e, cnenoBartenbHO,
limgp(x) = A.

X=X

Teopema 5. Ecu



npu x—>x, f(x)=0 u lmf(x)=A, mo A=0.

X=X

HOK&S&TCHLCTBO .

VN

3472 A A2

v

[Mpennomnoxum, uro 4<0. Tornaa, BeIOpaB ¢=|A|/2, HalijieM OKPECTHOCTh TOUKH Xo, B

kotopoii |f(X)-A|<|Al/2, cienoBaTenbro, 3A4/2<f(X)<A/2, T0 ectb f(X)<O0 B
paccMaTpUBaEMOM OKPECTHOCTH, YTO IPOTUBOPEUYHT YCIOBUIO TEOPEMBI.

Caencrue 1.
AHanornyHo gokassiBaetcs, uto eciu f(X)<0, To A<0.

Caencrsue 2.
Ecu f(X)>g(X) u 06 QyHKIIMK UMEIOT MPEeibl B TOUKE Xg, TO

lim f(x) > lim g(x).

3ameuaHue. Bce nepeuncieHHble yTBEPKICHUS MOKHO 10Ka3aTh I x —> oo

Teopema 6 (6e3 nokazarenbcTBa). OrpaHUYCHHAS U BO3pacTarolas mpu a<x<b
(a<x<ow) ¢dyHKIHS UMeeT mpeert npu x — b (x — ).

3ameuaTe/ibHbIE npeae/ibl

Teopema (nepewiii 3ameuametvHblil npeoet).

. sinx
lim =

x—0 X

1.

JlokazaTenbCTBO.

PaccmMoTpuM OKpY>KHOCTh €IMHUYHOTO pajinyca ¢ IICHTPOM B Hadajie KOOPJUHAT U
Oynem cuuTath, uTo yroia AOB paBeH x (paauan). CpaBHUM ILIOIIAINA
tpeyronbHuka AOB, cektopa AOB u tpeyronsanka AOC, rae npsimast OC —
KacaresibHas K OKpYXHOCTH, ITpoxosinas yepe3 Touky (1;0). OueBuaHo, 4TO

5108 < Seexm.a08 < Sasoc
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»

v

Hcrnonb3ysi COOTBETCTBYIOIIKME T€OMETpUYECKe (POPMYIIbI IS TIomaaeii puryp,
MOJIYYUM OTCIO/IA, YTO

1-12-simx<1-12-x<1-12-tgx,
2 2 2

Wi SINX<X<tgX. Pa3menuB Bce yacTu HepaBeHCTBA Ha SINX (mpu 0<x<m/2 sinx>0),
3aIMIIIeM HEPAaBEHCTBO B BUJIC:

X 1
I<—«< .
sinx CosXx
Torma
sin x
cosx < <1,
X
Y 10 JIEMME O JIByX MUJIUIIUOHEPAX
. sinx
lim =1.
x—>0 X

3ameuanue. [JokazanHoe crpaBenBo u npu X<O.

C.]]CI[CTBI/IH N3 IMEPBOIo 3aMeYaTeJIbHOIO npejacjaa

1. limsmkx=klimsmkx=k-1=k.
-0 x kx>0 kx

2. limtgkleimsmkx 1 =k-1=k.
=0 x =0 x  coskx

. sinkx .. sinkx «x 1
3. lim— =lim . =k—
=0 ginmx 0 x  siInmx m
4 Tim 8K 8 _x K
0 fomx 0 x  fgmx m

k
.

. arcsinx .
5. im———=1lim _y
x—0 X y—0 sin y

=1, ede y=arcsinx.
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arctgx

6. lim ~lim-L- =1, ede Y = arctgx.
x—0 X y—0 tgy
2
2sin® X sin X
7. HmiT% _fim 2 _ojim| 2| =atp=L
x—0 X x—0 X x—0 X 2 2

Teopema (emopoii 3ameuamenvHblii npeoei).

lim (1 + 1) =e.
X—>0 x

3ameuanne. Yucno e~2,7.
Jloka3aTenbCTBO.
1. JlokaxkeM cHayajia, 9To IOCJICIOBATCIIbHOCTh

(1+2)
1+—| npu n—>owo
n

uMeeT Tpeed, 3aKkioueHHbd Mexay 2 u 3. [lo popmyne 6unoma HetoTona

1} i S s3]

:1+1+L(1—1)+L(l—lj(l—gjﬂ..
1-2 n) 1-2-3 n n

s

BO3pacTarolias IepeMeHHas BeJIMYrMHa Ipu Bo3pacTaromieM N. C Apyroi CTOPOHHI,
(1—1j <1; (1—1)(1—2) <1
n n n

(1+1) <1+1+L+...+L<
n 1-2 1-2-..on

U T.J., TO3TOMY

—(1\*
<1+1+1+l2+...+ 1_1=1+1 2=
2 2 2" 1-

n-1
=1+2—(1) < 3.
2

N

CraenoBaTteibHO,

23(1+1) <3-
n
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OIpaHUYCHHAsA U BO3pacCTaromas BCJINIrMHa, I03TOMY OHAa UMCECT ITPCACII (CM.

TeopeMy 6). 3HaUCHHUE ATOTO Ipejiena 0003HAYAECTCS YUCIIOM e.
2. Jlokaxkem, 4TO
: 1\
lim (1 +—| =e.
X—>0 x

n£x<n+1,121> 1 ,1+121+1>1+ 1 ,
n x n+1 n X n+1

n+l X n
(1+1j >(1+1j >(1+Lj .
n X n+1

a) Ilyctp x — +oo. Torna

[Ipn x > n— . Halinem npenensl 1€BOM U IPaBOM 4acCTEN HEPABEHCTBA:

n+1 n
lim(1+1j zlim(1+1) (1+1):e-1:e,
n—w n n—>ow 1/1 n

n+l
n (1+1 )
j =lim n+11 =E=e.
n—>w 1+ 1
n+1

CHGI[OB&TCJIBHO, I10 JICMMC O IBYX MHJIMIUOHCPAX

lim (1 + 1} =e.
X—>0 x

0) Ecit x —> -0, mo t=—(x+1)—>+w,

lim(l +

n+1

—-t-1 t+1
lim(1+1):lim(1—%) :lim(1+%j =e-l=e

X—>—0 X t—>+o t + t—>+o

Teopema nokasaHa.

CJIeI[CTBI/IH N3 BTOPOTO0 3aMEUYaATC/ILHOIO Ipeae/ia

1 tim B0 g L
x—0 X =0 x

1

=In(lim(1+x)*)=lne=1.

R =

=limIn(1 + x)

x—0 x—0
2. lima _1:1im L :lna-limLzlna,
=0 x v-0 log (1+v) y=0 In(1+y)
ede a>0, y=a -1.
3. limex 1 =lne=1.
x—=0 X

HartypasabHblii Jjorapudm u runepooindeckne GyHKIMA

Jlorapudm ¢ OCHOBaHHEM ¢ Ha3bIBACTCS HATYPAJIbHBIM JIOTapu(pMoOM.
O6o3nauenwue: l0g.x=In x.
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Onpeodenenue. DyHKIIUU

X —X
—e
shx =
(runepOOMNYECKUM CUHYC),
X -X
e +e
chx =
(runepOoOIUYECKU KOCUHYC),
X -X
e —e
thx = —~  —x
e +e
(runepOoMMYECKUM TAHTEHC) U
28 —-X
e +e
cthx = B E—
e —e

(runepOOIUYECKU KOTAHTCHC) HA3bIBAIOTCS TMNEePO0JInYecKUMU QYHKIMAMM.

3ameuanue 1.
['unepOonnueckre PyHKIMU 00JaAat0T HEKOTOPHIMHU CBOMCTBAMU, TOX0KUMH Ha
CBOMCTBA OOBIYHBIX TPUTOHOMETpUYECKUX PyHKIMK. Hanmpumep,

1 _ _
chzx—shzxzz e 42+ - 42— =1,

X X x —-x 2x _ -2x
2shx~chx=2e c eg+te ¢ -¢ =sh2x;
2 2 2
thx=8h—x; cthxzdl—x;
chx shx

X —-X X -X

e'—e" e +e

thx-cthx = ——— - ——=1
e"+e’ e —e

U T.1.
3ameuanmue 2.
TepmuH «runepOOIMYecKue)» 00BICHICTCS TEM, YTO YPaBHEHUS
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x =acht
a>0, —oo<t<+wm,

y=asht’
SABJIAIOTCS IIAPAMETPUYECKUMH yPABHEHUSAMH IIPAaBOX BETBU TUIIEPOOIIBI
Y2 — ]/2 _ aZ,
TaK e, KaKk
X =acost
) 0<t<27r -
y=asint

NapaMeTPUIECKUE YPABHEHHS OKPYKHOCTH
Xyt =a.

INPUMEPBI PEHIEHUSA 3AJIAY 110 TEME
«Cesoiicmea npedenos. 3ameuamenvHovle nPeoesibh)

3agaua 1.
Brruncnaute npenen
. COSbx—cos7x
lim - .
x—0 xsin 3x

Yka3anue
[IpeoOpa3yiiTe uncauTENh, BOCIIOIL30BABIIUCH (POPMYIION
a+pf . -«
p sin p
2

cosa —cos ff =2sin

7

2
a 3aTeM paszJenuTe 00e YacTu Apodu Ha x°.

Penienue
[IpeoOpa3yem B unciauTeNe pa3HOCTh KOCHHYCOB B IPOU3BEICHHUE:
. cosbx—cos7x .. 2sin6bxsinx
lim - =lim——.
x>0 xsin3x =0 xsin3x
2 . o
Tenepsr pazmenum o0Oe vacTu apoOM Ha Xx° W UCHOJb3yeM |-l 3aMedaTeNbHBIN

npeaen:

sinbx sinx

. . 2 SHE
.2 ) 2-6-1
11m—sm§xsmx = lim —=% x 261 4.
x—0 xsin 3x x—0 SIn 3x 3
X
OtBer: 4.
3agaua 2.
Beruuciute npenen
lim sin 3x +tg4x .
X—>7 7Z' J— x
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Yka3anue
Cremnaiite 3aMeHY IEpEMEHHOM: T = 7 - X.

Pemenne
Cnenaem 3ameHy nepeMeHHoil: t = 7w - X. Torma, ucnonp3yss MEPUOAMYHOCTH
TPUTOHOMETPUUYECKUX (PYHKIMHA U POPMYJIbI IPUBEIEHUS, TOTYUHM:
x=mn—t, sin3x=sin(3z—3t)=sin(r —3t) =sin 3¢,
tgdx =tg(4r —4t)=tg(—4t)=—tgdt, t—>0 npu x>
[ToxcraBuM 3TH pe3yabTaThl B BBIPAXKCHUE, CTOALLEE IO 3HAKOM IIpeaea:

i S0 3x+itgdx _ i S0 3t —tg4t _
X7 T—X t—0 t
- lim(SIHZt —@) —3-4=-1.
t—0 t t
Otser: -1.
3agaua 3.

Brruncnaute npenen

. AJ1+3sinx —+/1-2sinx
lim )

x—0

7
Ty
cos( )

Yka3anue
JIOMHOKbT€ YHCIUTEIh U 3HAMEHATENIb HA BRIPAXKEHUE, COMPSIKEHHOE YUCIUTEITIO
(TO ecTh Ha CyMMY COOTBETCTBYIOIIMX KOpHEW), a B 3HAMEHATelle MPUMEHUTE
dbopmyty IpUBEICHUS.

Pemenue
. AJ1+3sinx —+/1-2sinx
hno1 — =
H cos(——3x
(-3

_hm(\/1+3sinx —y1-2sinx)(v1+3sinx +/1-2sinx) _

x>0 sin3x «1+3sinx ++/1-2sinx
. 1+3sinx—1+2sinx
=lim =
>0 gin 3x /1+3sinx ++/1-2sinx
NS S W R
0 sin3x 1+3sinx +/1-2sinx 32 6
OTBert: §.
6
3agaua 4.

Bpraucnurte npeacia
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. [x2+2x—4j4x
lim — | .
X0 x° =3

Yka3zanue
[TpeobpasyiiTe PyHKIHIO K BULY

( 1+ f(x) 79 jgm,

rIe
lim f(x)=0.
Pemenue
) 4x 2 _ 4x
lim[x +22x 4J _ lim((x 3)2+(2x 1)j _
X—>® X _3 X—>0 X _3
2x-1
2x-1)" 2x—1Vict |
:lim(1+ = j = lim (1+ = )2"‘1 =
X—>® x°=3 X—>® x° =3
lim 8x%—4x
=g V3 =¢°,
Orger: &,
3ajaua 5.
Brruncnute npenen
. In(1+sin12x)
lim - .
x>0 sin4x
Yka3zanue
Bocnons3yiTech clieICTBUEM U3 2-TO 3aMEUYaTEIBHOIO Mpeaena:
lim In(1+kx) _ r
x—0 X
Penienune
YMHOXHM 00€ 4acTu Ipoou Ha SiN12x:
lim In(1 + sin12x) _ lim In(1 + sin12x) 31'11 12x _ 1.3-3.
x>0 sin4x x>0 sin12x sin4dx
OTBer: 3.
3agaua 6.
Brruucnaute npenen
. e¥—e"
im——.
=0 x +tg3x
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Yka3zanue
Bocnons3yiTech clieICTBUEM U3 2-TO 3aMEUYaTeILHOIO Mpeaea:

.oe =1
lim =1.
x—0 X
Pemenne
BhiHeceM 3a CKOOKHU B YHCIIUTEIIE €' M pa3aeanM o0e 4acTH Qpoou Ha X:
e -1
2x X
. e —e ) 1 1
lim————— =lime"*- ?Sx =1- =_.
o0 x+1g3x o0 4 1 1+3 4
X
1
OtBeT: —.
4
3agaua 7.
Beruuciute npenen
1
lim(cos~/x)*.
x—0
Yka3anue

[IpeoOpa3yiiTe GyHKINIO K BUTY

( 1+ f(x) f(leg(X),

rae
lim f(x)=0.
X—>00
Pemienue
1 1
lim(cos\/z)x =lim 1+ cos'/x-1 *=
x—0 x—>0
25in2—x
_ 2
_ X
; ) X | 2sin2¥%
=lim (1 —2sin? —j o =
x—0 2
2
«/_ sing
- 21
711m251n27 lim NS , (1)2 1 1
_eY‘)O X =e =e 2 :€2:_.
Je
1
OtBeT: —.
Je

3agaua 8.

Brruncnute npenen
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(2x-1)

sinzx —sin37x °
x%% e —e

Yka3zanue

Crenaiite 3aMeHy EepEMEHHOM
1
f=x——
2

)41 BOCHOHLBYﬁTGCB CJIICOACTBUCM M3 2-ro 3aMeyaTesIbHOTO mnpeacia:

.oe =1
lim
x—0 X

=1.

Penienue
CnenaeM 3aMeHy IEpEMEHHOM
t=x-——,
2
TOrga

2x-1=2t, x=t+%, sin7rx=sin(7zt+%j=cos7rt,

Sin3ﬂx:Sin(3ﬂt+37ﬂj:—COS37Z't, t—>0 npu x—)%.

HOI[CTaBIIHSI B IICPBOHAYAJILHOC BBIPAKCHUC, IMOJTYyHaCM:

: 2x—1) . 47
lim .(x 7)3 =hm—t=
x—>1 esmﬂx _p sin37x 50 ecosmf _eC0537rt
2
: 4t* 1 t*
=lim - = =41lim -lim — =
t0 ecosz (1_ecos 7wt coszt) 50 ecos/‘rt -0 1_ec053/7t cos 7t
. —2sin2xtsi . ?
=4-1-lim 51r127r§stlp7ft. - ! - =
t50 ] — e AT 50 _Dgin 277t sin 7t
1).. t . t 1 1 1
:4-1-(—1)-(——jhm - -lim — =2 — - —=—.
2 ) 0 sin2xt 0 sinxt 2T T«
Ortser: iz
T

1.1.3. Cpasnenue deckoneuno manvix

Paccmotpum dyHKImm a(x) u B(x), 1751 KOTOPBIX
lima(x) =1lim B(x) =0,
X=X X=X,

TO €CTh OECKOHEUHO MaJjible B OKPECTHOCTH X.

1. Ecmu

lim@:A, | A< oo,

X=X ﬁ ( x)
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TO (X)) 1 (3(x )HA3BIBAIOTCS OECKOHEYHO MAJIBLIMU OJIHOTO MOpsiAka. B vactHOCTH,

ecii A=1, TOBOPAT, 9TO ¢(X) U (3(X) — IKBHBAJEHTHbIE€ OECKOHCYHO MaJIbIC.
2. Ecnu

lim@ =0,
x—% ﬁ(x)
TO (v(x) Ha3bIBACTCA OECKOHEUHO MaJioil f0Jiee BLICOKOI0 MOPSIKA 10 CPABHEHUIO
¢ f(x).
3. Ecnu
: X
hm—an( ) =A, |Alkw,
X=Xy ﬂ (x)

TO (v(X) €CTh OECKOHEUHO MaJjiasi TIOpsAKa N 0 CpaBHEHUIO C 3(X).
Oo6o3naueHus: a(x)=0(f(x)) — GECKOHEUHO MaJIbIe OJTHOTO MOPSAKa, v (x)~0G(x) —
9KBHUBAJICHTHBIE OECKOHEYHO MaJble, v(x)=0(3(x)) — ac eCTh OECKOHEYHO MaJtast

0oJ1ee BEICOKOTO MOPAIKA, YeM [3.

3ameuanue 1.
Hcnone3ys 1-i u 2-ii 3aMevaTenbHbIe NPEIeIibl U UX CIEICTBUS, MOXKHO YKa3aTh
O0ecKOHEYHO Masible (PYHKIMH MPpU x —> 0, SKBUBAJICHTHBIC X'
sinx, tgx, arcsinx, arctgx, In(1+x), e*-1.
3ameuanmue 2.

0
[Ipu packpbeITUH HEOIIPEAEIEHHOCTH BUIA {5} , TO €CTb IIpeJieia OTHOLICHUS JBYX

OCCKOHEYHO MaJIbIX, MOKHO KaXXIYIO U3 HUX 3aMCHATH Ha 3KBUBAJICHTHYIO — OTa
orrcpanu:Aa HC BIIMACT Ha CYIICCTBOBAHUC U BCIIMYHNHY IIPCACIIA.

ITIpumep.
PP i e —1 _ sin3x
=0 In(1-arctg(5sinx)) *>0 —arctg(5sinx)
. 3x . 3x 3
=lim———=lim—=——.

=0 —5sinx *0 —Hx 5

BbeckoneuHo 0oJibIMe PyHKUIMHU

Oynknwust f(X) HazpBaeTCsI 6€CKOHEYHO 0OJILIIONH
IIPH X — X, €CITH
lim f(x) = +oo.

X=X
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Jl51s 6ecKOHEUHO OOJIBIINX MOKHO BBECTH TaKYIO K€ CHCTEMY KIacCHU(PHUKAIIH,
KaK U JUisl 0ECKOHEUHO MAaJIbIX, @ UMEHHO:

1. beckoneuno 6ombime f(X) u g(X) cuntaroTcs BeJIMUYMHAMU OHOTO MOPSIKa,
ecln
. X
hmM:A, | A |< 0.
x—)xo g(x)
2. Ecnu
: X
lim f(x) 0,
X=X g(x)
To f(X) cunTaeTcst 6eckoHEUHO OOJBIION OoJiee BBICOKOTO Mopsika, yeM g(X).
3. beckoneuno Gobiras f(X) Ha3pIBaeTCs BeIMUMHOM K-TO TIOpsiaKa

OTHOCHUTEIHLHO 0€CKOHEUHO 00bInoi g(X), eciu

lim& =A, |Alkow.

=0 g7 (x)
3ameuanmne.
OtMeTHM, 9TO ¢ — 6ecKOHEeYHO OoJIbiast (Tipu a>1 U x — w0 ) 6oJIee BBICOKOTO
nopsiKa, 4eM X st mo6oro k, a 10g.X — 6ecKOHEUHO GOIbIIIAs HU3MIETO nopsaKa,
qeM Jr06ast CTEIeHD Xx*.

Teopema.
Eciu oa(x) — Oeckoneuno marasn npu x — x,,
1
mo—— — 0eckoHeuHo D0AbUAS NPU X —> X,,.
a(x)
JlokazaTenbCTBO.
JlokaxkeM, 4To

VM >0 35(M):|l|>M npu | x—x,|<9.
o
J1J1s 3TOTO TOCTATOYHO BHIOpaTh B KauecTBe € 1/M. Toraa
1
npu |x—x,<o |alx)|lk—,
pu |x=xl<d la(x)l< =

CJI€I0BATENBHO,
1 : 1
——|>M. 3unauum, lim—— =oo,
a(x) =% o X)

TO ecTh 1/0/(x) — OECKOHEUHO OOJIBIIIAS TIPU X —> X,.

IHPUMEPBI PEHIEHUSA 3ATAY 11O TEME
«CpagHnenue 0eCKOHEUHO MAIBIX»

3amaua 1.
OnpenenuTs TOPSIOK MaJIOCTH OTHOCUTEIIBHO X (DYHKITHH
5x’
> npu  x—>0.
x +1

29



Yka3zanue

[IpencraBpTe (GYHKIHMIO B BHJE IPOU3BEACHHUS JIBYX MHOXHUTEICH, OIUH U3
KOTOPBIX — OECKOHeYHO Manas npu x—0, a BTOpoll mmeer B Touke x = 0
KOHEYHBIH Tpeied.

Pemienue
5x”
5x” a2 . x5
5 =x- 5 2hmx—;“1:11m—7- 5 =1.-5=5.
x“+1 x +1 -0 x -0 x' x +1

CrnenmoBarenbHO, JaHHAas GYyHKIHS — OECKOHEYHO Majiasi OJTHOTO MOPsJIKa C x
OtBer: 7.

3agaua 2.
OnpeneauTs MOPSA0K MaJTOCTH OTHOCUTEIBHO X (YHKIIUH

In 1++xsinx npu x—0.

Yka3anue
Bocnonb3yiitech Tabnuiel SJKBUBAICHTHBIX OECKOHEUYHO MAJIbIX.

Pemienne
I[Ipu x—>0 sinx~x:>\/xsinx~\/x_2=x;
In 1++/xsinx ~In(1+x)~ x.

CrnenoBatenbHO, TaHHAs OECKOHEUHO MaJiasi 9KBUBAJIEHTHA X, TO €CTh UMEET
MOPSIAOK, paBHBIN 1.

OTtBer: 1.
3agauya 3.
Breraucnuth nmpesen, BOCIoIb30BaBIINCH TAOIHIICH SKBUBAJICHTHBIX OECKOHEYHO
MaJTBIX:

) 1+xsinx -1

lim . .

x—0 ex _1

Yka3zanue

Hcnonb3yiiTe COOTHOIIEHHS YKBUBAJIEHTHOCTH:
IIpu x—>0 sinx~x, e -1~ux.

Pemenune
Bocnonbs3yemcs COOTHOLIEHUSIMU SKBUBAJIEHTHOCTH:

IIpu x—>0 sinx~x, e -1~x
Torna
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J1+xsinx -1 _Hm\/1+x2 -1
= —2:

lim >
x—0 ex _1 x—0 X
1 (W1+x? -D(N1+x* +1) y x° ~
- ,}5} 2 2 - ,}3} 2 2 -
x(\/1+x +1) x*(N1+x° +1)
) 1 1 1
=lim = =—.
=0 14x2 41 141 2
OT1BeT: 1
2
3amaua 4.

Breraucnuts npeaci, BOCIIOJIb30BABIINCH Ta6J'II/IHCI\/'I SKBUBAJICHTHBIX OCCKOHEYHO

MaJIbIX:
3

lim 1-In(1+x>) <arcsinx

x—0

Yka3zanue
Hcnonb3yiiTe COOTHOLIEHNS YKBUBAJICHTHOCTH:
IIpu x—0 arcsinx~x, In(1+x)~x.

Pewenue
Bocnonb3yemcsi COOTHOIEHUAMHU 3KBUBAJIEHTHOCTH
IIpu x—0 arcsinx~x, In(1+x)~x.

Tornma

3 1
: S . —)
lim 1-In(1+x°%) Faeiny =lim 1-x> « " =¢.

x—0 x—0

3amgauya 5.
Brraucnuth npesen, BOCIOIb30BaBIIUCH Ta0IUIICH SKBUBAJICHTHBIX O€CKOHCYHO
MaJIBIX
62x _ 772x
lim

x>0 te3x — 2arctgx’

Yka3zanue
Hcnonb3yldTe COOTHOIIEHUS YKBUBAJIEHTHOCTH:

IIpu x—>0 arctgx~x, tgx~x, a' —1~xlna.

Pemenune
Bocnonbe3yemcs COOTHOLIEHUSIMU SKBUBAJIEHTHOCTH:

IIpu x—0 arctgx~x, tgx~x, a —-1~xlna
Torna



2x -2x 2x (7 2x
lim 6" ~7 =lim (6 -1)-(7 D =
0 te3x —2arctgx x>0 3x —2x
— lim 2xIn6—(-2x)In7 _ lim 2x(In6+1In7) D 1ndD.
x—0 X x—0 X

OtBer: 2In42.
3anayva 6.
JlaHbl HEOTpaHWYEHHBbIE (QYHKIUH IIPU X —> +0:

1) xarctgx
2) 2 arcsin(sinx)
3) (2+sinx)lgx
4) (1+sinx)lgx
Omnpenenute, KaKUe U3 HUX SBIIAIOTCS OECKOHEYHO OOJIBIIUMH.

Ykazanue
Hcnonp3yiiTe CBsA3b OECKOHEYHO MANBIX U OSCKOHEYHO 00ibmuX GyHKIuit: ecinu f
1
(X) — 6beckoHeyHO Mamasi IPpH X —> 4, TO m IpU 3TOM — OECKOHEYHO OoJibIIasi, 1
X

ornpezeneHre 0eCKOHEYHO 00NbIION (DYHKIIMH:
ecau VM >0 Fx(M):| f(x)P>M npu x>x,

mo f(x)—0.0. npu x—> 4o

Pemenue
1) L—xarcif x = f(x)= L
f(x) 8 xarctgx '
lim :liml'lim L =0'%=0:>
Yo XAYCEGX  X7re X X+ qrclgx 4

:f(x)—@M-npux—>+oo:>%—6.6.npux—)+oo.
X

2) npu x=nn(neZ) arcsin(sinx)=0=
=>Vx, 3x>x,:2"arcsin(sinx)=0,
YTO MPOTHUBOPEUUT OTMPECICHUIO OECKOHEUHO OOMBITION (PYHKITUH.
1 1
3) —=2+sinx)lgx= f(x)= .
) 81 = )= g x
1 1

lim —=0=>—-0.0. npu x—>+w;
x—>+w1gx lgx

: . 1 1
-1<sinx<1=1<2+sinx<3=>-<——<1=
3 2+sinx
1
= ——— — O02PAHUYEHHAS NpU X —> +o.
2+sinx
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Kak wu3BecTHO, mpousBeeHHE OECKOHEYHO Majoi Ha OTPAaHUYCHHYIO €CTh
OeCKOHEUHO Majias, clieIoBaTeNbHO, f (X) — OeckoHeuHO OosbIIas.

4) npu x=—%+7m(neZ) l+sinx=0=

=>Vx, Jx>x,:(1+sinx)lgx=0,
4TO IPOTHUBOPEUUT OIPEAEICHUI0 OECKOHEUHO OOJIBIION (QyHKIUU.
Otsert: 1,3.

1.1.4. Henpepuvienocmo pynkyuu

Oynxkrus y=F(X) Ha3pIBaeTCs
HeNpPepPbIBHOI B TOYKE X(, €CITH

lim £(x) = £(x,)-

X=Xy

3amMeuyanmue.
N3 aToro onpeneneHus cienyer, BO-MEPBHIX, UTO (DYHKIUS ONpeAcicHa IIPH X =
X0, 1 BO-BTOPBIX, UTO MPU X —> X,, CYIECTBYET KOHEUHBIN Npeen QyHKIUY.

Ceoticmea Henpepvl8HbIX QYHKYUL

Ecnu gynkiuu f(X) 1 g(X) HenmpepsIBHBI TPH X = X, TO f(X)+g(X) ToKe
HETpephIBHA IIPA X = Xg.

Ecnu gynkiuu f(X) 1 g(X) HemmpepsIBHBI ITpH X = Xo, TO f(X)g(X) Toxe
HETIpEphIBHA IIPH X = X.

Ecnu gynkimu f(X) 1 g(X) HempepsIBHBI TpH X = X, TO T(X)/g(X) Toxe
HETpEPBIBHA IIPH X = Xg IPH YCI0BUH, 9TO §(Xo) £ 0.

Ecnu u=(X) HenpepbIBHA pH X = X, a f(U) HenpepbIBHa mipu U = U(Xp), TO

cioxkHast pynkuus f(p(X)) HenpepbIBHA IPH X = Xo.

JlokazarenbcTBa BCEX MEPEUUCICHHBIX CBOMCTB HEMMOCPEICTBEHHO CIEAYIOT U3
COOTBETCTBYIOLIMX CBOWCTB IPEIEIIOB.

Touku paspbiBa M UX KJIacCH(PUKaALMA
[Tycts Gpynknus f(X) onpeneneHa B HEKOTOPOW OKPECTHOCTH TOYKH Xp, 3
HCKJIIOUEHHEM, BO3MOKHO, CAaMOM 3TOM TOYKH. Torma xo Ha3pIBaeTCSI TOYKOM

paspbiBa pyukiuu f(X), ecinu oHa 1100 He onpenesIeHa Mpu X = Xg, JIN0O He
SIBIISICTCSL HEMPEPBIBHOM B TOUKE Xp.
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Ecnu cymiectByer koHneunsiii mpenen f(X) mpu
X—Xo, HO He paBHbIi f(Xg), ToOuka pa3pbiBa X
Ha3bIBACTCS YCTPAHUMO# 0CO0EHHOCTHIO.

TepMuH «ycTpaHuMasi 0COOEHHOCTBY CBS3aH C TEM, UTO, TOOMPEIETUB (PYHKIIHIO B
TOYKE Pa3pbIlBa 3HAYECHHUEM €€ IIPEZECIIa B 3TOM TOYKE, MBI CIIEIIAEM €€
HETIPEPBIBHOM IIPU X = X(, TO €CTh YCTPAHUM Pa3pbIB B paCCMaTPUBAEMOU TOUKE.

Ecnu cyiiecTByt0T KOHEUHBIE OJJHOCTOPOHHHE
npezens f(X) npu x — x,, TOUKa Xg Ha3bIBACTCS

TOYKOMH pa3pbiBa 1-ro poaa.

Bce ocTanbHbIe TOUKH pa3pbiBa HA3bIBAKOTCA
TOYKaMH Pa3pbiBa 2-10 poja.

IIpumepsbI.
x> —3x+2

1. =
4 x—1

OyHKIMS HE onpeesieHa npu x = 1, a I OCTaJIbHBIX 3HAYEHHUI apryMeHTa
MOJKET OBITh MpeJCcTaBiIeHa Kak y = x - 2. Cle10BaTenbHo,
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X’ =3x+2

lim 1-2=-1,
x—1 x—1
TO €cThb X = 1 — ycTpaHuMasi 0COOEHHOCTb.
X
2‘ y = u.
X
A
y
_ x|
y =]
X

v

N3 onpenenenus moayns ciaeayet, uto y = 1 npu X >0,y =-1 npu X <0, a npu x =
0 ¢yukmus e onpenenena. [Ipu aTom

. |x ES
hmu =1, hml—| =-1.
x>+0 x —>-0 x
CrnenoBatenbHo, x = 0 —Touka pa3peiBa 1-To posa.
1
3. Y= ? .

v

@yHK1MsA He onpeneneHa npu x =0, u

o1
hm—2 = 0,
x—0 X
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[TosTomy x = 0 — TouKa pa3pbiBa 2-ro poja.
1

4. y=e-.

1 1
lime* =0, lime* =oo,

x—>-0 x—>+0

TO €CTh MPABOCTOPOHHUH TIPEAEIT HE ABIISICTCS KOHCUHBIM. 3HAYHT, X = 0 — TOuKa
paspsiBa 2-T0 poja.

5. y= sinl.
x

.1
y=sin—

v

JIIU\/ .

@yHKUMsA He onpeaeneHa npu x = 0 1 He uMmeeT npezena npu x—0.
CrnenoBatenbHO, x = 0 — Touka paspbiBa 2-10 poja.
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CBoiicTBa pyHKUMI, HeNPEePBIBHBIX HA OTPe3Ke

dyukuus y=f(X) Ha3bpIBaeTcs HempepbIBHOW Ha oTpe3ke [ab], eciu ona
HEIpephIBHA B KakaoW Touke 3toro orpe3ka (mpu stom f(a) m f(b) pasub
COOTBETCTBYIOIIUM OJHOCTOPOHHUM IIPEJIEIIam).

Teopema 1. dynkuus f(X), HenpepbiBHAs Ha oTpe3ke [ab], orpaHnYeHa Ha HEM.
JlokazaTenbCTBO.

[To 1-My CBOWCTBY Mpe/eina CyIecTBYeT OKPECTHOCTh TOUKH X = a, B KoTopoi f(X)
OrpaHMYeHa, TO €CTh CYIIECTBYIOT umcia My U My: me<f(x)<M, B
paccMaTpuBaEMONl OKpECTHOCTH. BpibepeM TOYKy B TpaBOMl 4YacTH 3TOU
OKPECTHOCTH M PacCMOTPHM OKPECTHOCTh 3TOW TOYKH, B KoTopoiur f(X) Toxe
orpanuyeHa. [Tpogomkum 3Ty mponeaypy A0 TeX Top, IoKa BeCh OTpe30k [ab] He
Oy/leT TMOKPBIT CHCTEMOW W3 N OKPECTHOCTEH, MNpHUeM JJId KaKIOH I-if
okpectHocT Mi<f(X)<M;. CnemoBatenbHO, IS JHOOOr0 X, MPHUHAIICHKAIICTO
orpe3ky [ab], Bepno HepaBeHcTBO: M<f(X)<M, rme m=min(m;), M=max(M;).
3Hauwr, f(X) orpanuueHa Ha [ab].

3ameuanue. [ 10Ka3aTEIbCTBA CIICIYIONIETO CBOMCTBA (DYHKITUH, HEITPEPHIBHOM
Ha OTpe3Ke, BBEJIEM IMOHSATHE TOYHON BEPXHEH M HUKHEH TpaHU YHCIOBOTO
MHOJKECTBA.

Ecnu MHOXkECTBO X OrpaHUYE€HO CBEPXY, TO
HAaNMEHBIIEE U3 YUCET, OTPAHUYUBAIOIINX €TO
CBEPXY, HA3bIBAETCA €TO BEPXHEH rPAHBIO .
HukHeli rpanblo Ha3bIBacTCsl HAMOOJIbIIIEE U3
YU Cell, OrPaHUYMBAOIIUX MHOKECTBO CHU3Y.

O0o3HaueHus: B=SUPX — BepXHsis rpadb, A=INfX — HIOKHSASA TpaHb.

3ameuanue 1. MoXHO JaTh Apyroe onpenesieHne BEPXHEN U HUKHEW TPaHu,
AKBUBAJICHTHOE MPEABIYIIEMY: YUCIO B Ha3bIBaeTCA BEpXHEN IPAHbIO YHCIOBOTO
MHOK€ECTBa X, €CJIU:

1) x<B VxeX;

2) VB, <B 3xeX:x>B,.

AHAJIOTUYHO YHCIIO A HA3bIBAETCS HUYKHEW IPAHBIO YHCIOBOTO MHOXKECTBA X,
€Cln:
1) x>2A VxeX;

2) VA>A TxeX:x<A,.

3ameuanue 2. M0XXHO JI0Ka3aTh, YTO BCAKOE HEMYCTOE OTPAHUUYEHHOE CBEPXY
(CHU3Y) YMCIIOBOE MHOKECTBO UMEET BEPXHIOIO (HUKHIOIO) TPaHb.
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CrnenoBaTenbHO, BEPXHSS U HIDKHSS IPaHb CYIIECTBYET AJIs 3HAYCHUN QYHKIINH,
OTPaHUYECHHOU HA OTPE3KE.

Teopema 2. Eciiu pyukuus y=f(X) onpeneneHa u HerpepbsIBHA Ha oTpe3ke [ab], To

OHa JOCTUTaeT Ha HEM CBOCH BEPXHEU U HUKHEU I'PaHU.

JlokazaTenbCTBO.

Orpannuennocts f(X) Ha [ab] cnenyer u3 Teopemsr 16.1. ITycts M=supf(x).

[Tpenmonoxum, uro f(X)<M nHa [ab], u paccMoTpum BcioMoraTenbHyI0 (GYHKITHIO

g(x) = 1

M~ f(x)

[To BBIIBUHYTOMY MPEIOJIOKEHUIO 3HaMeHaTeNb ipoou B 0 He oOpataercs,

ciemoBaTelbHO, §(X) HenpephIBHA Ha [@b] 1 mosToMy orpanudeHa (Teopema 1):

g(x) < u, 1> 0. Ho u3 aToro cienyer, 4ro

f(x) SM—l,
7

1 o
TO €CTh YHCII0O M — =, MeHbIIIee M, oka3bIiBaeTcs BepxHei rpanbto f(X), aro
Y7

HIPOTHBOPEYHT BbIOOpY M. 3HauuT, Ha [ab] HaieTCs 3HAUCHHE Xo TAKOE, YTO
f(Xo)=M. AHanmoruuHsIM 00pa30M MOXHO JIOKa3aTh U TO, 4TO f(X) mocTuraer Ha
[ab] cBoeit HMKHEH TpaHH.
Teopema 3. Eciiu dyukuus y=f(X) HenpepbiBHa Ha otpeske [ab] u f(a)=A, f(b)=B,
TO /U151 JI00Ooro yrcia C, 3aKIII0OYCHHOTO Mexay 4 U B, HaliaeTcs xoe [ab] :
f(xo)=C.
JlokazaTeynbCTBO.
[Tycte mist onpenencaHoctd A<C<B. Haiinem cepenuny otpeska [ab]: x=(a+b)/2.
Ecim ipu stom f(X)=C, To nckomoe 3HaueHue xo HaiijieHo. B mpoTuBHOM citydae
BbIOECpEM Ty IOJOBHMHY OTPE3Ka, HA KOHI[AX KOTOpoM 3HadeHus f(X) jexar mo
pasuble ctoponsl C, ¥ 0003HAYMM ee KOHIBI @i U D;. Byaem mpomomkats 3Ty
npoueaypy (IeneHus OTpe3Ka MomojiaM U BEIOOPa COOTBETCTBYIOIICH MOJIOBHHBI).
Torma b0 depe3 KOHEYHOE YHCIO IIAroB 3HAaYeHHE (YHKIMH B CEpPEIHMHE
OuYepeHOro oTpe3ka crtaHer paBHo C, MO0 MBI TOJAYYHM B
MOCJICIOBATEBHOCTH ({@p}- HaYaIbHBIX TOYEK BHIOPAHHBIX OTPE3KOB U {Dp}- mx
KOHEYHBIX TOYCK), HMEIOIIME CBOMMH TMPEIeIaMU OJHY U Ty e OOIIyIo IS BCeX
OTPE3KOB TOUKY Xo. Toraa B cuiny HenpepoiBHOCTH f(X)

lim £(a,) = lim £(,) = £(x,).
Ho, mockonbky oTpe3ku BeIOMpanuch Tak, 4ro f(a,) < C < f(by), momayunm, uro

lim f(s,) < C <lim (b,

To ecTh f(Xg) < C <f(Xg), mmm C = f(Xp).
Caencrsue.
Ecnu GpyHkims HenmpepbIBHA Ha OTPE3Ke U MPUHUMAET Ha €ro KOHIIaX 3HAYCHHS
pasHBIX 3HAKOB, TO Ha OTPE3KE HAMIETCs XOTA ObI OJIHA TOYKA, B KOTOPOM
3HaYeHHEe (PYHKIIUU PABHO HYJIIO.
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HenpepbiBHOCTH 00paTHOM (PYHKIMH

Jlemma. Ecan dyukuus f(X) crporo Bo3pacraet Ha [ab] u f(a)=A, f(b)=B, To
cymecTByeT obpatHas Gyukuus f 7(X), crporo Bospacraromias Ha [AB].
JlokaszarenbCTBO.

JIokaxkeM CyIeCTBOBaHUE OOpaTHON (PYHKIIUHU, TO €CTh €€ OJTHO3HAYHOCTb.
Jle#ictBuTenbHO, ecnu cymecTByeT y=Ff(X;)=f(X,), T0O 3TO IPOTHBOPEUHT yCIOBHUIO
MOHOTOHHOCTH f(X): ecim x1 < X, T0 f(X1) < f(X2), a ecimm X1 > X,, TO f(X1) > f(Xy).
Jlokaxem Bospactanue f ™ Ha [AB]. IIycts Y1 = f(X)) < Y, = f(Xo). Torma, ecimu x; =
X2, T0 f(X1) = =f(Xy); ecmm x1 > Xy, f(X1) > f(X,). O6a 3TH ciydyas nmpoTUBOpEYaT
BBIGOPY V1 M V. 3HAUHT, X1 < Xp, TO ecThb T (y1)<f }(y,). Jlemma nokasana.
Teopema 4. Ecnu pynxnus f(X) crporo Bo3pactaet u HenpepbiBHA Ha [ab] u
f(a)=A, f(b)=B, To MmuOxecTBOM 3HaueHuii f(X) sBisercs orpe3ok [AB] , u
obparHas pyHkus f7(X) ABIsETCS HOMPEPHIBHOM M CTPOTO BO3PACTAOMICH Ha
[AB].

JlokazaTeynbCTBO.

Hepagenctro A = f(a) < f(x) < f(b) = B nyis a < X < b cienyer u3 Bo3pactanus
f(x). C npyroii cTOpoHBI, JII000E 3HaUeHUE U3 UHTepBaja (4B) OyneT 1oCTUraThes
py HEKOTOpPOM x U3 uHTepBaia (ab) mo Teopeme 3. Bo3pacranue oopaTHOM
dyHKUHH cieqyet u3 nemMbl. OcTaeTcst JokasaTh HenpepbiBHocTh f . Ecin
JIOTTYCTHTB, 4TO Ha (AB) CyLIECTBYeT TOUKa pa3phiBa, To u3 ycmosmst a <f 1<b
CIIEYET, YTO MOXKET HAOII0AAaThCs TOIBKO pa3peiB 1-ro poaa. Ho, ecin
OJTHOCTOPOHHUE MPEEIbl B TOUYKE TAKOTO Pa3pbiBa HE paBHBI MEXKIy COOO0H, TO
oOpatHas QyHKIMS HE MOXET MPUHUMATh 3HAUCHUH, JICHKAIINX MEKITY
OJTHOCTOPOHHUMM MpeiesiaMu (Tak Kak (DYHKIIUS MOHOTOHHA, U JICBOCTOPOHHUI
Ipeie MOXKET OBITh TOJILKO MEHbIIIEC TTPABOCTOPOHHETO), @ 3TO MPOTHBOPCUUT
JO0Ka3aHHOMY YTBEPKIICHHUIO, UTO 0OpaTHast QyHKIUS IPUHUMACT BCe 3HAUYCHUS U3
nnTepsaia [AB]. 3uaunr, f ' nenpeprieua Ha [AB]. Teopema nokasaHa.

HenpepbIBHOCTD 3JIeMEHTAPHBIX (PYHKIMH

Tak kak pynkmu y=C 1 y=x HENPEPBHIBHBI, TO U3 CBONCTB HEMPEPHIBHBIX
GyHKIIUN ceayeT HEMPEePhIBHOCTH JIFOOOT0 MHOTOUYJICHA M HETIPEPHIBHOCTD
JIPOOHO-paIMOHANBHON (DYHKIIMH IMPU BCEX 3HAUEHUSAX X, KPOME TEX, IPH KOTOPHIX
3HaMeHaTelb Jipodu obparaercs B 0.

Jl1st moka3aTeNnbCTBA HEMPEPHIBHOCTH MMOKA3aTEILHON (QYHKITUN
BOCIIOJIB3yEeMCSI TEM, UTO

0

lima* =1=a’,
x—0

TO ecTh @' HenpepbiBHa mpu x=0. Ho
a' —a*=a"(@-1).

CrenoBaTelibHO,

X=Xy __ Xg

lima 1, mo ecmv lima*=a"™,

X=Xy X—>X)
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Y TIOKa3aTesibHast PYHKIMS HEMPEPhIBHA TP BCEX 3HAYCHUSAX apryMmenTta. OTcroaa
cleAyeT HeMPEPHIBHOCTh TUIEPOOTMIECKUX (DYHKITUH.

3. HenpepbsiBHOCTD JToTapudmMuueckor GyHKIIMH Ha JIIOOOM KOHEYHOM OTPE3Ke
cleAyeT U3 TeOpeMbl 4, Tak Kak Jiorapupmudeckas GyHKIHS SABIIETCS 00paTHON K
IMOKa3aTeJIbHOM.

4, JlokaxkeM HenpepbIBHOCTh GYHKIMHU Y=SINX. SINX < X 17151 0 < X < %, TOT 1A

|sinx| < |X| mst mro6oro x. Otcrona

X—X X+ X
2] cos 0

| sinx —sinx, |=2|sin I<|x—x, |,

YTO JIOKa3bIBACT HEMPEPHIBHOCTH (PYHKIIUH MTPH BBIOOpE € = & = |X - Xo|.

U3 HCIIPCPBIBHOCTHU Q)YHKHI/II/I y= SinX, B CBOIO OUCPCAb, CIICAYCT HCIIPCPBIBHOCTD

OCTAJIbHBIX TPUTOHOMETPUUECKUX (PYHKIUH:

. T sin x
Ccosx = sm(E -x), tgx=

COs X
U T.J. U HEMIPEPBIBHOCTh OOPATHBIX TPUTOHOMETPUYECKHUX (DYHKIIMM.

CiienoBarteiibHO, BCe dJIeMeHTApHbIe (YHKUMU HelpepbIBHbI BO BCeil 00J1aCTH
CBOEro onpeeaeHus.

IMPUMEPHI PEHIEHUS 3AJIAY 110 TEME
«Henpepuvienocms pynxyuuy»

3agauya 1.
[Ipu kakoM 3HAYEHUU YUCIa @ PYHKIIUS
() x+a, x=5,
X)=
x*-3x, x<b

OyZeT HenpepPHIBHOM?

Yka3zanue
OyHKIUA MOXET UMETh Pa3pbiB TOJBKO B TOYKE X = 5, MO3TOMY a CIIEAyeT
BBIOpaTh TakK, YTOOBI B 3TOM TOYKE BBIMOJIHSIOCH PABEHCTBO
x+a=x"-3x.

Pemenue
OO6nactpio ompeneneHuss (PYHKIUU SBISIETCS BCE MHOXKECTBO JICMCTBUTEIBHBIX
YHUCe, MPUYEM 0 00€ CTOPOHBI TOUKH X = 5 (PYHKITUS SBIISCTCS DJIEMEHTAPHOMU, TO
€CTh HemnpepbIBHOU. {151 obecrniedeHnss HEMPEPhIBHOCTH B TOYKE X = 5 MOCTaBUM
yCIIOBHUE
5+a=25-15=a=>5.
Ortser: 5.

3agaua 2.
KakuM 9uciioM MOXKHO JOOTIPEACIIUTD (PYHKITHIO
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_ sin3x

f(x)
X
mpu x = 0, 9TOOBI OHA CTaJIa HEMIPEPHIBHON B ATOM TOUKE?
Yka3anue
[logoGHast omeparnds BO3MOKHAa B TOM cllydae, €CJIM TOYKa pa3pbiBa SIBISETCS

YCTpaHUMOW OCOOEHHOCTBIO, TO €CTh CYIIECTBYET KOHEUHBIN Mpenesl GyHKIUH B
3TOU TOUKE.

Pemenue
Haiinem npenen nanHoi @yHkiuu B Touke x = 0:
. sin3x
lim =3.
x—0 X

CnenoarenbHo, ecu puHATH f (0) = 3, pyHKINS CTaHET HENPEPHIBHON TOYKE X =
0.

OrtBer: 3.
3agaua 3.
Kakum 4ncioM MOKHO JOONPENEAUTh (PYHKIINIO
. x*=3x+2
f(x)=xsin————
npu x = 0, YTOOBI OHA CTaJla HEMIPEPHIBHON B ATOM TOUKE?
Ykazanue
Boruucnss npeaen @yHkiuu B Touke x = (0, BOCIOJB3YHTECh TE€M, YTO BTOPOU
MHOXXHUTEJIb — OrpaHW4YeHHas (YHKIMS, U MNPUMEHHUTE CBOICTBA OECKOHEUYHO
MaJbIX.
Pemenue
IIpy x—>0 limx=0=>x-0.Mm,
x—0
. x*=3x+2 . X" =3x+2
sin————|<1=>sin——— -
x X

orpaHndeHHass (QyHkuus. Kak H3BECTHO, NPOU3BENCHHE OECKOHEYHO MaJoi
(GyHKUIHMH Ha OTPAHUYEHHYIO €CTh OECKOHEUHO Majasi, I03TOMY

2 —
lim(x sinﬂj =0,

x—0 X

TO €CTh MpeAed CYIIECTBYeT M KOHE4YeH. [l03TOMYy MOMKHO IOOMPEICIUTh
¢ynknuto Tax: f (0) = 0.
Oteet: f (0) = 0.

3agaua 4.
Kakum 4nciioMm MOKHO JOOTpeaeauTh PYHKITUIO
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3
f(x)=arcctg—
X
mpu x = 0, 9TOOBI OHA CTaJIa HEMIPEPHIBHON B ATOM TOUKE?
Yka3anue
[logoGHast omeparnds BO3MOKHAa B TOM cllydae, €CJIM TOYKa pa3pbiBa SIBISETCS

yCTpaHUMOW OCOOEHHOCTBIO, TO €CTh CYIIECTBYET KOHEUHBIN Mpeaen pyHKIUH B
3TOU TOUKE.

Pemenne
A
y
g T e
y = arcctgx

\4

Haiinem oHOCTOpOHHME TIpeIelibl JaHHON (GyHKIIUU B Touke X = 0:

lim arcctg S limarcctgt =x (t = Ej,

x—>-0 ; t—>—w0 X
: 3 .. . 3
limarcctg— = limarcctgt =0 # lim arcctg—.
x—>+0 X  totwo x—>—0 X

CrnenoBatenbHO, TIpeAen JaHHOU PYHKIIUH B TOUKe X = 0 B OOBIYHOM CMBICIIC HE
CYILIECTBYET, MO3TOMY JOOUTHCS €€ HEMPEPHIBHOCTU B 3TOM TOYKE HEBO3MOKHO.
OTBeT: >TO HEBO3MOKHO.

3anayva S.
HaiiTu Koam4ecTBO TOUeK pa3pbiBa PYHKIIUU
_ 2x-3
Yy= oo x|
0g, | x|
HccemenoBars XapakTep 3TUX TOYEK.

Yka3zanue
Ha obGmacth onpeneneHus HAKIaIbIBAIOTCS JBa OTPAaHUYCHHS: JOTapuIMUPYyEMOe
BBIPOKEHHUE JTOJDKHO OBITH MOJIOKUTEIHHBIM, a 3HAMEHATEh APOON — HE PaBHBIM
HYJIIO.

Pemenune
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Hannast GyHKIUS HE CYIIECTBYET MPH TPEX 3HaUeHUsX aprymenta: x = 0 u x = +1
(B mepBOM cily4yae 3HAMEHATelb HE CYIIECTBYET, BO BTOPOM OH DPAaBEH HYJIIO).
Kaxnas w3 HalJEeHHBIX TOYEK SBJSETCS BHYTPEHHEW TOUYKOM 00JacTu
ONpENIECIICHUS U, CIIEIOBATENBHO, TOYKON Pa3pbIBa.

HccnemyeM xapakTep TOUEK pa3pbiBa:

1) lim 2= — lim(2x~3)-lim——— = 3.0 =0.
0 log, | x| x>0 =0 log, | x|
CrnenoBatenbHo, x = 0 — ycTpaHumasi 0COOEHHOCTb.
2) Ilpu x—>=+1 |x|>1=log, |x|—>0:#:
log, [ x|
CnenmoBaTtesbHO,
. 2x-3
lim—— =0,
4 log, | x|

U x = +1 — Touku pa3pbiBa 2-TO poja.
Oteet: x = 0 — ycTpanuMas 0COOEHHOCTb, X = +1 — TOUKH pa3phiBa 2-T0 poja.

3anayva 6.
BoIsicHUTb, Kakue 3 QpyHKIUI
cosx
D fx)=
X
5
2) f(¥)=—=
1-3
3 f)=—
(x5
|2x + 1]
4 x) =
) =57
UMEIOT TOYKH pa3psiBa 1-ro pona.
Ykaszanue

B Touke paspeiBa 1-ro0 poaa CylIeCTBYIOT KOHEUYHBbIE OJHOCTOPOHHUE MpEIEibl
(GyHKUIMH, HO OHU HE PaBHBI MEXKYy COOOM.

Peimenue
Haiinem Touku pa3pbiBa K101 (yHKIIMN U UCCIEIYEM UX XapakKTep.
1) OdyHkus
_ cosx

f(x)

X
He onpeaeseHa npu x = 0.

. Cosx . .1
lim =limcosx-lim— =0,
x—0 X x—0 x>0 x
CJeI0BaTeIbHO, €JIMHCTBEHHAs TOYKa pa3pbhiBa ATOM (GYHKIMUM — 3TO TOYKA

paspsbiBa 2-ro poja.
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2) OyHKIHS

f(x)= > T
1-3~

He omnpezaeneHa npu x = 0 (3aMeTuM, 4TO 3HaMEHaTeIb OCHOBHOM Ipo0OU HE paBeH

HYJIFO HA TIPHU KaKOM 3HAUCHUH X).
Haiinem ogaoctoponnue npenensi f (X) B Touke x = O:

: 5 5 5
=137 120 >
1-3~
lin}) > T 53+w _ 2 =0=5.
1-3x —
CrnenoBatenbHo, x = 0 — Touka paspeiBa 1-ro pona.
3) OyHKIws
1
X)=
HE oTpe/iesieHa Mpu x = 5.
. 1
lim ==,
x—5 (x — 5)

CJICZIOBATENIbHO, TOYKA X = 5 — TOUKa pa3pbiBa 2-ro poja.
4) OyHKIHS

|2x+1]
X)=———
) 2x+1
He onpeaenena npu x = -0,5. [Ipu sTom
§x+1 =1, x>-0,5;
+
f)=1
2l v<oos.
2x+1
Takum o0Opa3oMm, OJHOCTOPOHHHE TIpenensl B Touke x = -0,5

COOTBETCTBEHHO 1 U -1, TO ecTh 3Ta TOUKa — TOUKa pa3peiBa 1-ro poja.
OtBer: 2 /4.

1.2. TIPOU3BOJHBIE
1.2.1. IlIpou3zeoonasn u oughgpepenyuan

Paccmotpum ¢pynknuto Y=f(X), 3a1aHHyI0 B OKPECTHOCTH TOYKH Xg.
Ecnu cymecTByeT KOHEUHBIN IIPEAE

. x)— f(x
i L)~ Fx0)
X=X X=X,
TO OH Ha3bIBacTCs MPOU3BOAHOM QyHKIMM f B TOUKE X0

O0o3HayeHue:
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f’(xo) - lim f(x) _f(xo) )

X=Xy X — xO

PaznocTth
Ax =x—-x,
HA3bIBACTCS NMPUPALLEHUEM apryMeHTa, a
Ay = f(x) = f(x5) -
npupamerueM ¢pyHkinun. Takum 06pa3oM, MOKHO OTIPEICTUTH TIPOU3BOTHYIO
KaK

e AY
Y _gg%Ax'

I'eomeTpuvecknii CMbICJI IPOU3BOAHOM

M > X

/ X0 Xot+Ax

Paccmotpum rpaduk Gyukunu y=Ff(X) u mpoBeaem cekyliyro uepe3 TOUuku A4 ¢

abcruccoii xo 1 B ¢ abenmccoit xo+Ax. Eciin 0003Ha4uTh pa3HOCTh OpIMHAT

9THX TO4eK Ay, TO TAHI'€HC yIJIa (v, 00pPa30BaHHOTO CEKYyIIel ¢ 0Chi0 OX, MOKHO

npeaCTaBUTh TaK:

A
tgor = =
Ax
Ecimu Ax — 0, Touka B nepemeniaercs mo KpuBou, MpUOIMKasICh K TOUKE A, U
CeKyllas MpU COBMAJCHUU TOUEK B 1 A peBpamiaeTcs B KacaTelibHYI0 K rpaduxy

byHkuuu, 00pasyroiyio ¢ ockto Ox yrona ag. [Ipu aTom

. A ,
tgay = lim =% = f'(x,).
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CrnenoBareyibHO, 3HAYeHHE MPOM3BOJHON NPH JAHHOM 3HAYEHHMH X PABHO
TAHI'€HCY YIJIa, 00PAa30BAHHOI0 KACATEJbHON K rpauKky PyHKIUM B TOYKE C
COOTBETCTBYIOIIUM 3HAYEHHEM X C MOJI0KUTEIbHbIM HANIPaBJeHUeM ocH OX.

MexaHM4eCKHH CMBbICJI IPOU3BOHOM

PaccMoTpuM NpsIMOJNIMHEHHOE JBW)KEHHE Tela, JJII KOTOPOTrO IMPOMJICHHOE
paccrosiaue ecTh GyHKIHsA or BpeMeHu: S=f(t). CpemHioro ckopocTh 3a Bpems At
MOJKHO OIPEJICIHUTH 10 PopMyJIe:
_As
vcp = A_t
J171s1 onipeieieHns MTHOBEHHOM CKOPOCTH TeJla B JAHHBIH MOMEHT BPEMEHHU
yerpemuM At k Hysr0. [Tonmyuum:
As . s(t,+At)—s(t
hm ( 0 ) ( 0) :S'(to).
A0 AE ot (tO + At) —t,
Takum 00pa3om, IPOM3BOIHAS OT PACCTOSIHHS B JaHHBIM MOMEHT BPEMCHH PaBHA
MTHOBCHHOM CKOPOCTH JABMIKEHHS B 9TOT MOMEHT. COOTBETCTBEHHO MPOM3BOTHASN
J1000ii (YHKIMH TNPH JaHHOM 3HAYEHHH apryMeHTa paBHA CKOPOCTH
H3MEeHEHHSs ITOi (PYHKIMH MPH paccMaTPUBAEMOM X.

YpaBHeHHe KacaTeabHOMN K rpauKy QpyHKIUN

CocraBuM ypaBHEHUE KacaTellbHOW K rpaduky dynkiuu y = f(X) mpu x = xp. OTa
npsiMasi TOJDKHA TPOXOJUTh Yepe3 TOYKY C KOOpAMHATaMH (Xg,)o), JSKAIIYIO0 Ha
rpaduke ¢GyHKIMH, TAC Vo = f(X0), © UMETh YIJIOBOH KOA(PQHUIMEHT, PaBHBIH
npousBogHor f(X) mpum x = x,. Bocmonap3o0BaBHINCH ypaBHEHHEM MPSIMOH,
NPOXOJAIICH Yepe3 3aJaHHYI TOYKY C 3aJlaHHBIM YTJIOBBIM KO3(PQOHUITUCHTOM,
noayuum: y = f (Xo)x + b, npugem yg = (Xg)Xo + b, T0 ectb b = yy - ' (Xo)Xo. Torma
ypaBHEHHE KacaTeIbHOW MOYKHO 3aITicaTh B BUJIEC:

Y—Yo=f(x)(x—x,) uau
Y =Yo+ f(x)(x = xp).

AuddepenunpyemMocTs pyHKUUH
Onpeoenenue. Ecnm npupamenue Gynakmun Y = f(X) mpu x = xo MOKHO

NPEJCTaBUTh B BUJIE
Ay = AAx + o(Ax),
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rae A = const, To y = f(X) HaspiBaeTcs nudpdepeHIIUpyeMoOi pu x = xo, a AAx
Ha3bIBACTCA IVIABHOM JIMHENHOMN YacThI0 IpUpalieHus nin AugdepeHuuaiom
byHKIUH.

O06o3nauenue: dy = AAx .

3ameuanme. Tak kak npu y = x noixydaem dX = /-AX, MokHO 0003HaUaTh Ax =

dx.

Teopema 1. dynxuus nuddepeHnrpyemMa B HEKOTOPOH TOUKE B TOM U TOJIBKO B
TOM CJTydae, €CJIM OHa UMEET B 3TOH TOYKE MPOU3BOIHYIO.

Jloka3atenbCTBO.

1)  Ecmu s y=f(x) cymecrByer

A A
fo)=lim 2, mo fx)=""+p(av)

rae B(Ax) — 6eckoneuHo Maias mpu Ax —0. Torma
Ay = f'(x)Ax = f(Ax)Ax = f'(x,) Ax +0(Ax).

Cnenosarenbro, Gynkmus y = f(X) muddepennupyema npu x = xo, npudem 4 =
f (o).
2)  Ilycte y=f(X) muddepennmpyema npu x=xp, TO €CTh €€ MPUPAIICHUES UMEET
BUJI

Ay = AAx +o(Ax).
Tornma

lim 2 — 1im(A+%) — A= f'(x,)..

A—=0 Axy  Ax—=0
Taxum obpaszom, f(X) iMeeT MPOU3BOAHYIO B TOUKE Xg, PABHYIO A.

Caeacrue. Jlupdepenuuan GyHKIUN MOKHO IPEICTABUTH B BUIE
dy = f(x,)dx,
a POU3BOJIHYIO — B BUJIE

Fa)=2.

Teopema 2. Ecnu ¢pynkus quddepeHimpyemMa B HEKOTOPOU TOYKe, TO OHA
HENPEPBIBHA B 3TOM TOUKE.
JlokazaTenbCTBO.
N3 popmyibr
Ay = AAx + o( Ax)
CJIeIyET, U4TO
lim Ay =0,

Ax—0
YTO U O3Ha4YaeT HenpepbIiBHOCTH f(X) mpu x = xo.
3ameuanue. OOpaTHOE YTBEp)KIACHHE HEBEPHO, TO €CTh M3 HEMPEPHIBHOCTH
byHKIMK He chaeayeT ee auddepenupyemoctsb. Hampumep, Y = |X| HenpepbiBHA
npu x = 0, HO He AuddepeHIupyema B ITOM TOUKE.
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I'eomerpuueckuii cmpica gudpdepennuana

/

Paccmorpum rpaduk dyakium Y=f(X) u mpoBemem KacaTelbHYIO K HEMY IpH
x=xo. Torna npu npupaiieHuu aprymenTa Ax npupaiienue GyHkuuu Ay
paBHO JnuHe oTpeska BD, a nmpuparienne oparMHaTh KacaTelIbHON
f(x)Ax = dy
paBHo manuHe otpe3ka CD. CrnenoBarensho, nuddepeHunan pyHKIuu paBeH
NPUPANICHUAI0 OPAUHATHI KaCaTeJIbHOI.

JIuneapusauus GpyHKUUM

Tak Kak HCTUHHOE 3HAYEHUE TMpUpAIICHUS (YHKUMUA OTJIMYAETCA OT ee

muddepeHnrana Ha OECKOHEYHO Majyto 0oJiee BBICOKOIO Mopsjika, yeM Ax, MpH

HpI/I6J'H/DKCHHBIX BBIYHCIICHHUAX MOXHO 3aMCHATH Ay Ha dy, TO €CTh CUUTATh, UTO

f(xo+Ax) = f(x0) +dy = f(x0) + f1(%0) (X = X)-
[pu sToMm dyrkims f(X) s 3Ha4eHuit X, OJIM3KKUX K Xg, TPUOIMIKEHHO 3aMEHSICTCS
JUHENHON QyHKIMen. JTa onepalys Ha3bIBaeTCs JMHeapu3auuel QyHKIuu.
Ipumep.
Haiinem npubnuxenHoe 3HadeHue ,/1,02. [Tycts

f(x)=+x, x,=1, Ax=0,02.
Torna

f(1+0,02)~ f(1)+ f'(1)-0,02 =

1
—J1+—=-0,02=1+0,01=1,01.
V1 21
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INPUMEPBI PEIHNTIEHUSA 3ATAY 11O TEME
«lIpou3eoonasn u ougpghepenyuany

3anmauva 1.
Haiitu npupaiienne GyHKIIIN
Y= 2x* -5

B TOYKE Xg = -3, €CJIM IpupalieHne HezaBucumoii nepemennoit Ax = 0,3.

Yka3anue
Haiinure pasnocts 3HaueHui y (-3+0,3) u y (-3).

Penienue
Ay =y(x, + Ax) —y(x) = y(-3+0,3) - y(-3) =
=Y(-2,7)-y(-8)= 2:(-2,7)' =5 ~ 2:(-3)' 5 =
=22,7*-3% = 2(7,29-9)=-3,42.
OtBert: -3,42.

3agaua 2.
Haiitu npupaiieHne He3aBUCUMOM epeMeHHoi Ax, ISl KOTOPOTO MPUpPAIECHHE
byHKITUN

_1
I

_ 1
B TOYKE Xo = 4 paBHO T

Ykazanue
Pemnre ypaBHeHuE

Pemenne
[To onpenenenuto npuparieHus: GyHKIIANA
1

1
Ay = y(x, + Ax) - y(x,) = ————.
Y =y(x, )= y(x) AtAc 2
CnenoBarenbHo, Ax MOXKHO HAWTH M3 YPaBHEHUsI

1 1 1 1 5
—_—— e, —— = — =
Jd+Ax 2 18 Ji+Ax 9

:>4+Ax=§—;=3,24:Ax=3,24—4=—0,76.

OTtsert: -0,76.
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3agaua 3.
Brruncnuth 3HaueHHe MPOU3BOHON PYHKIIMH

y=x"+3x+5
B TOYKe xp = -1.

Yka3anue
[1o onpenesieHnIo MPON3BOIHON

f'(xo) — lim f(xo + fﬁ _f(xo) .

Ax—0

Pemenue
f’(—l) = lim f(_1 + Ax) _ f(_l) —
Ax—0 Ax
p— 2 J— J— p—
_ lim( 1+Ax)" +3(-1+Ax)+5-(1-3+5) _
Ax—0 Ax
—2Ax + Ax* +3Ax Ax(1+ Ax)

=lim =lim—*=
Ax—0 Ax Ax—0 Ax

=1lim(1+ Ax)=1.

Ax—0

OTtBer: 1.

3anaua 4.
Haiitu yrinoBoit ko3puuueHT kacateabHoi K rpaduky pyHKINUN

y=2sin3x—-1 6 mouxe xozg.

Yka3anue
YrinoBoit kodduimeHT kacaTenbHOW K rpaduky (QYHKIIMKM paBeH 3HAYEHUIO
MIPOU3BOTHON (DYHKIIMH B TOUKE KacaHUsI.

Pewenue
Haiinem npou3BoIHYIO 1aHHOM (PYHKIIMM B TOUKE KACAHUS:

. 251n(”+3Ax]—1—ZSinﬂ+1
y’(—) = lim 3 S
9 Ax—0 Ax

7 i3ax-2 7 i3ax+”
2-.2sin 3 cos 3
Ax—0 Ax

sin(3ij
2

:4lim—~1imcos(z+§AxJ =4-§-
Ax—0 X Ax—0 3 2 2
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CrnenoBaTenbHO, yrioBo KO3(h(ULIMEHT KacaTelbHOM K rpaduky (QyHKIHH MpH
7
Xy = 9 paBeH 3.

OtBer: 3.

3ampaua 5.
CocTaBUTh ypaBHEHHE KacaTeIbHON K rpaduKy QyHKIIUU

y=~2x+3

B TOUKE C a0CIMCCOM xg = 3.

Yka3zanue
VYpaBHeHue kacateiabHON K rpaduky ¢yHkmuu Y = f (X) B Touke ¢ abcuuccon xo
HUMEET BUJI
y=f(x)+ (%) (x = x).
Pemelme
=42-3+3=3;
Jz +Ax)+3-42-3+3 _
1'(3)=lim
Ax—0 Ax
i (Jm3+A@+3—J23+3xe3+A@+3+J23+3)
= ]1m =
A0 Ax(\2(3+ Ax)+3 ++/2-3+3)

. 2Ax 2 1
= lim = =—.
450 Ax(\2(3+ Ax)+3 ++2-3+3) 3+3 3

CrnenoBaresibHO, ypAaBHEHHE KAacaTeJIbHOW UMEET BU/I:

y:3+%(x—3):>x—3y+620.
OtBer: x—-3y+6=0.

3amgauya 6.
Haittu yroJi, moa KOTOpbIM NEPECEKAOTCA KPUBBIE
1
y=— u y:JE
X
Yka3anue

VYron MCK/Y KPHUBBIMU B TOYKC HUX IECPCCCUHCHUS OIPCACIIACTCA KAaK Yroj MCKIY
KaCaTCJIbHBIMU K HUM, IIPOBCACHHBIMU B ATOM TOYKE.

Pemienne
Haiinem aGciiccy TOUKY epeceyeH s KpUBbBIX:
1 1
—=Jxro>S=x=>=1=x=1
X X

Beruncnum ux npous3BoaHbIE IpH X = 1:
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1

' -1
1) (1) _fimlrAr _ CAY g
X) 4 A0 Ax Ax(1+ Ax) '
) V& =lim AL g Ax 1
x=1 Ax—0 Ax Ax—0 A,X'('\/]_ + Ax + 1) 2

e

Ecnmu o3 u «p, — yribl, oOpa3oBaHHbIE KacaTelbHBIMU K TpadukaM JaHHBIX

dbynkuuii pu x = 1 ¢ ockto Ox, TO TAaHTEHC yIJla (p MEXAY KacaTelbHbIMU ( U

COOTBETCTBEHHO MEKy KPUBBIMH ) MOXHO HATH 1O (hOpMyJie TAHT€HCA PA3HOCTH:

1 3
tga, —tga, 2012
¥ 1+tga tgar, 1_1.1 1 ‘
2 2
= ¢ = arctg3.

OTger: arctg 3.
1.2.2. Ceoiicmea npou3zeoonoiut. Tabnuua npou3zeo0Hbix

IMpaBuiaa qudPepeHuupoBanms
[TycTh mpu paccMaTpUBaeMbIX 3HAYCHUSX X CYIIECTBYIOT MPOM3BOJHBIC (DyHKIIWIA
f(xX) u g(x), T0o ecTh 3T QyHKIMH SBIAIOTCA TUPPEPEHIIMPYEMBIMH TIPH TaHHBIX
3Ha4YeHusX aprymenra. CdopMmyiampyeM U JIOKQKEM HEKOTOphIe CBOICTBa
POM3BOJTHBIX.
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D (f(0)+g(x) = f(x)+8'(x)-

JlokazaTenbCTBO.
)1 +Af +g+AQ)—(f +
(f(2)+ g(x)) = lim (f +4f gA 8)-(f+8) _
X—> X
Af—l—Ag . Af '
= lim ———= .
Axg}) Ax AxﬁO(Ax Ax ) f +g
2) (kf(x))' =kf'(x), ede k =const.
JlokazaTenbCTBO.

(Kf +OkF)~Kf _ . AKF KA
(kf (0 = lim TS = tim =~ fim =k ().
3) (f(x)-8()) = F)$(X)+ ).

Jloka3aTenbCTBO.

(f(x)-g(»)) = lim (f+Af)(i; Ag)-fg _ lim gAf+fi;gC+Ang _
e 5 ) e

TaK Kak A|)ErTg)Ag =0 B cumy HenpepbiBHOCTH ((X).
—

Y Eom g9 ~0mo [f(x)j':fxx)g(x)f(x)g'(x)_
8(x) g (x)

JlokazaTenbCTBO.

(29 - k{2 1)-
g(x)) M0Ax| g+Ag ¢

Af Ag
(B+esf —fag—fo) o ax® L ax _fo-f3

2

= lim

MO0 Ax-g(g+Ag) A0 g(g + Ag) g

IIpousBoaHas cinoxHON GyHKUMH

Ecmu ¢yHkius U = ¢(X) uMeeT npu HEKOTOPOM 3HAYCHUU X TPOHM3BOIHYIO
Uy=¢’(X), a ¢yukuus Yy = f(U) uMeeT mpu COOTBETCTBYIOIIEM 3HAYCHHH U

npou3BonHy Y, = f’(U), To cinoxnas pynkuus Yy = f(ip(X)) Toxke mmeer mpu
JAHHOM 3HAYEHHUHU X TIPOU3BOJHYIO, PABHYIO
y'(x) = f'(u)-u'(x).
Jloka3aTenbCTBO.
Tak kak
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TO IO TPCTbEMY OIIPCACIICHUTIO ITPCACIIa MOKHO ITPCACTAaBUTH

Ay _ (Wy+a, 20e a—0 npu Au—0.

Au
Torna
Ay =y'(u)Au + cAu.

Pa3nenuB 00e yacTu paBeHCTBa HA AX, TIOIyYUM:

[lepexons k npeneny npu Ax — 0, MMOJIydaeMm:
y'(x) = flwu'(x),
Tak Kak lim o =0.
Ax—0
IIpousBoaHasi 00paTHOM (PYHKIUH
Ecmu nnsa dyskmum y=Ff(X) cymectByer oOpatHas ¢yHKIUsS x=(y), KOTOpas B

HEKOTOPOM TOYKE y UMEET MPOU3BOJHYIO ¢ '(V)#0, TO B COOTBETCTBYIOIIEH TOUKE X

¢byukuus f(X) Toxke UMeeT MPOU3BOAHYIO, IPHUEM

, 1
x) = :
1) ?'(y)
JlokazatenbCTBO.
Ay 1
Ax A
Ay

Tak kak ¢(y) HEpepbIBHA,
Ax >0 npu Ay —0,
U TIpY TIEpeXo/ie K mpeeny npu Ay — 0 TOTydaeMm:
1 1

HNuBapuantHocTh popmel auddepeHumnalia

Haitnem Beipakenue 1 auddepennnana cinoxuoit yukiuu. [Tycrs y=f(u),
u=¢(x), To ectb y=f(x(X)). Torna

W fu,
X
CJIEI0BATENBHO,

dy = f'(u)p/(x)dx.
Ho

@'(x)dx =du, nosmomy dy= f'(u)du.

Takum oOpazom, ¢opma auddepeHuuasa He 3aBUCUT OT TOro, SABJIAETCS
aprymMeHT (QYHKUUM HEe3aBUCHMMOM NepeMeHHOM WJIu (yHKUUed aApyroro
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aprymeHTa. OTO CBOMCTBO Ha3bIBAETCS CBOMCTBOM HEM3MEHHOCTH, WJIHU
HHBAPMAHTHOCTH, TUddepeHnmana.

ITIpou3BOaHBIC OCHOBHBIX 3JIEeMEHTAPHBIX PYHKUMI

Hcnonb3ys monydeHHble (OpMylsl U CBOMCTBa MPOU3BOJAHBIX, HalaeMm
IPOM3BOJIHBIE OCHOBHBIX AJIEMEHTAPHBIX ()yHKITHIA.
1. Ecmu f(X)=C=const, To AC=0, mo3atomy C'=0.
2. y=X",tme n — HarypanbHoe uncno. Torga mo Gpopmyne 6unoma HeroTona
MO>KHO MPEICTaBUTD

Ay =(x+Ax)" —x" =

=x"+ %x”‘le + mx”‘z(Ax)2 +o+(Ax) —x" =

1-2
= nx"" Ax + o( Ax).

CuneioBaTensHo, y' = X",

3. y =sin X,

sin(x + Ax) —sinx

7= }ler—{}) Ax
. Ax Ax
sin —cos(x + —) 1
=2lim 2 2 =2-=.-COSX =COSX.
Ax—0 Ax 2

4, Y = COS X,
cos(x +Ax)—cosx _

"=1lim
y Ax—0 Ax
. Ax
= —lim2—2sin(x+ Ax)=-2-—sinx =—sinx.
Ax—0 Ax 2
5. y =19 X,
, (sinx sin’ xcos x —sin xcos’ x
COS X Cos” x
_sinx+cos’x 1
cos’ x cos’x
6. AHQJIOTUYHO MOKHO MOJIYYUTh POPMYITY
1
(ctgx) =~ ———.
sin” x
o ) ax+Ax X - an _1 .
7. (@)=lim———=a"lim——=a"1na
Ax—0 Ax Ax—=0  Ax
(cM. 2-e crieacTBUE U3 BTOPOTO 3aMeUYaTeIbHOrO Mpesena).
Ax
In(1+—)
. In(x+Ax)-Inx . 1
8. (Inx)=1lim ( ) =lim—X =—,
Ax—0 Ax Ax—0 Ax X

(cM. 1-e crencTBre U3 BTOPOTO 3aMEYaTEIbLHOIO Mpe/ena).
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9. shx (e ¢ g —(ce ):e e = chx.
2 2

Takxum sxe 06pa3oM MOKHO HAaWTH MPOU3BOJIHBIE OCTAIBHBIX THIEPOOTNIECKIX
byHKIHiA.
10. Ilo ¢popmyse npousBoaHOI 00paTHOM PyHKIUN

1 1 1 1

(siny)’ - cosy - \/1—sin2y - \/1—x2 ’

1 1
0- =- ;
J1-x? J1-x?
1 1 '

:1+tg2y 1122

(arcsinx)’ =

(arccosx) = (% —arcsinx) =

1
(arctgx) = -=cos’y
(f8y)

V4
arcctex) = (= —arctex) =— )
(arcctgx) (2 gx) i

11. Ecou o — IIPOU3BOJIBHOC IIGfICTBPITeJIBHOG quciio, To

(xa)r — (ealnX)r — ealnx(alnx)r — xa . al — axa—l
X

B PE3YJIbTATC IIOJIYyUCHA Taﬁ.lll/llla OCHOBHBIX IIPOMU3BOAHBIX.

Ne | £ | f'(x) | Ne | f(X) S x)
1 (C 0 9 |ctgx 1
sin? x
2 Ix* |ax*t ]10]shx chx
3 |a* [|a‘lna |11 |chx shx
4 | |¢& 12 | thx 1
ch?x
5 |Inx |1 13 | cthx 1
X sh?x
6 |sinx | cosx |14 |arcsinx 1
1-x°
7 |cosx|-sinx |15 arccosx| 1
1-x°
8 | tgx 1 16 | arctgx 1
cos’ X 1+ x?
17 |arcctgx | 1
1+ x?

Jlorapupmuueckoe nuddepeHuupoBanue

WMHorna moyie3HO HCIONB30BaTh TaK HA3bIBaEMYI0 (OpPMYITy JIOTapupMHUYECKOTO
muddepennmpobanus. I[lycte f(X)>0 Ha HEKOTOpOM MHOXKECTBE 3HAYCHUIA
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aprymenta u auddepeHnmpyeMa Ha 3TOM MHOXecTBe. Torma 1o dopmyre
MIPOU3BOJIHOM CIIOKHOU (PYHKIIMH

1
In f(x)) = ——- f'(x),
(n ) = 2o ()

OTKyJa

!

f(x)=f(x) In f(x)

Oty Qopmyny yAaoOHO HCIONB30BaTh B TEX CiydasX, KOIZa IPOU3BOJIHYIO
HaTypaJbHOTO Jiorapupma AaHHOW (YHKIMM HAWTU MPOIIE, YEM MPOHU3BOAHYIO
camoil pyHKIUU.

IHpumepsl.
1. (x") =x"(Inx") =x"(xInx)' =

=x"(Inx +x%) =x"(Inx+1).

!

75 _ 75 _
x+5) Y3x =7 | (25 N3X=7 7yt 5 1 lin@r-7)-
(4x-1)"sin’ x (4x-1)"sin’ x 5
—8In(4x-1)-7Insinx) =

(2x+5)'3x-7( 14 L3 32

- mx—lfmn%x(2x+5 5(3x-7) 4x-1

- 7ctng .

JAuddepenunpoBanne GyHKUMN, 32JaHHBIX IAPAMETPUYECKHU

Ecnu gyukuus y = f(X) 3amnana B Buze:
{x=¢ﬁ)
y=w(t)
npudeM GyHKIus o(t) uMeeT 00patHyro GyHKIHIO t = @(X), T0 y = Y(D(X)), u

1 1 ! ! 1 y’(t)

V(%) =y ()@'(x) =y/(t) —— ===

P'(t)  x'(t)
[TonydyenHass ¢opMyna JaeT BO3MOXKHOCTh HaXOJUTh MPOU3BOJIHYIO (YHKIIWU,
3aJIAaHHOM MapaMeTpUYeCcKu, 0e3 OnpeeeHUs HeMOCPEICTBEHHON 3aBUCUMOCTH Y

OT X.
IIpumep.

x =a(l—--cost),y=a(t—sint) — mapameTpuyecKkre ypaBHESHUS KPUBOM,
HasbIBaecMoi rukioniou. Hatigem y '(x):
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x'(t)=asint, y'(t)=a(l-cost),
a(l—cost) 1-cost

lx —
y( asint sint

INPUMEPBHI PEHIEHUSA 3ATAY 11O TEME
«Ceoiicmea npouzeoonoi. Tadauya npou3zeo0HbIX»

3agaua 1.
Beraucnuth mpon3BoaHy0 HYHKIHHA
y=3sinx-2Inx.

Yka3anue
[IpumenuTe TaOJMIy OCHOBHBIX MPOU3BOAHBIX U (OPMYITy MPOU3BOIHOMN
JMHENHON KOMOUHAIIMK (PYHKITUH.

Pemenne

Yy =3(sinx) —2(Inx)' =3 cosx — 2 :
X

OtBer: 3COSX — %

X
3agauya 2.
Beraucnuth mpon3BoaHYH0 QYHKITUN
Y= x - tgx.
Yka3zanue

[Ipumenute TaOIUIly OCHOBHBIX MPOU3BOJHBIX U (QOPMYJTy NPOU3BOAHOMN
npousBeaeHus (QyHKIHMA.

Pemienune

!

y' = ({x) - tgx+x - (tgx) = [x;J tgx +{x - (tgx) =

1 -1 1 tgx Yx
=—x5-tgx+§/¥- — = g4+ —.
5 cos” x s Cos"x
5x
tox ?/;
OtBer: — 7 + o1
5x°
3amgaua 3.
Brraucnuth npon3BoaHy0 QYyHKIHHA
_x+e
XCOSX
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Yka3zanue
[IpumeHuTe TAONMILy OCHOBHBIX IPOU3BOJHBIX W (OPMYJBI MPOU3BOIHBIX
JUHEWHOU KOMOMHAIIUYA U OTHOIICHUS (PYHKITHH.

Pewmenue
, _(x+e')Yxcosx—(x+e")(xcosx) _
- (xcosx)’ -
_(I+e")xcosx—(x+e")(cosx+x(—sinx)) _
- x* cos x” -
_ XCOSX+e'Xcosx—xcosx—e cosx+xsinx(x+e’)
- x> cos x? -
_e'cosx(x—1)+(x+e")xsinx
- x*cos’ x '
e cosx(x—1)+(x+e")xsinx
Orser: > .
X" Cos” x
3agaua 4.

Bbruucnute npou3BoAHYIO GYHKIUN
y = cosIn(3x” -2).

Yka3zanue
[IpumenuTe TabIMIly OCHOBHBIX MPOU3BOJHBIX U (POPMYITY IPOU3BOIHOM CIOKHOM
(GyHKUIHU.

Pemenue
y=-sinIn(3x* -2)-(In(3x* -2))' =
1
— i 1 32_2. 32_272
sinIn(3x” -2) 3x2—2( x"=2)
6x
= —sin In(3x* - 2)- :
sinIn(3x” -2) 3 o

3agaua 5.
Beraucnuth npou3BoHy0 GYHKIHH

COosx

y = (arcsin x)“**.

Yka3zanue
[TpumennuTe TaONWIly OCHOBHBIX MPOM3BOMHBIX M (POpMYIy JOrapuMUYECKOTO
nuddepeHupoBaHus:
!

f(x)=f(x)- Inf(x)
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Pemenune

Cosx Ccosx

y'=(arcsin x)*** - In(arcsin x) =

!

- cosx-In(arcsinx) =

= (arcsin x

)COSX

= (arcsin x)*** -| —sin x - In(arcsin x) +cos x - .
arcsin x

cosx

OTBerT: (arcsin x)

-| —sin x - In(arcsin x) + cos x - ,
arcsin x

3amaua 6.
Brruncnuth npou3BoAHYI0 (YHKITUN

(Bx+7)° -\2x—11

ctg’x-{/cosx

.

Yka3anue
[IpumenuTe TaOMUIy OCHOBHBIX MPOU3ZBOAHBIX U (POpMYIy JOTapuPMHUUECKOTO
nuddepeHrpoBaHus:
4

f(x)=f(x)- In f(x)

Pemienne
[Tpumenum popmyiy sorapudmudeckoro 1udPepeHnpoBaHus U BOCIOIb3yEeMCs
CBOMCTBaMHU JIOTapU(MOB:

log,(bc)=1og,b+log,c,

log, (é) =log,b-log,c,
c

log, b =plog,b.
[Tomyunm:

!

ctg’x-{/cosx ctg’x-{/cosx

5 J—
_Bx+7) N2x 11 (In(Bx+7)° +In+2x-11 -

ctg’x-{cosx

Bx+7) 2211

~Inctg’x —In¥/cosx | :
8 ) ctg’x-{/cosx

(5In(3x+7)+ % In(2x-11)-3Inctgx - %In cosx) =

. (Bx+7)-\2x—11 -(m (Bx+7)° -\/Zx—ll]
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(3x+7) 2x—11
ctg’x-{/cosx

(53, 2 3 1 )
3x+7 2(2x-11) ctgx(-sin’x) 6cosx(—sin x)
(Bx+7)-/2x-11 ( 15 1 3cosx 1 )
= : + + :
ctg’x-{/cosx 3x+7 2x-11 sin“x 3sin2x
(Bx+7)° -+2x-11 ( 15 1  3cosx 1 )

ctg’x-{/cosx 3x+7 2x-11 sin’x 3sin2x

OT1BeT:

3agaua 6.
d
Brruncnuth nporu3BOAHYIO d—y (GyHKIUU, 3aIaHHON apamMeTpUIECKHU:
X
x =tsint
Y= et2—2t :
Yka3zanue
Bocnonbsyiitecs hopmyioin
dy _yt)
dx x'(t)
Pemienue

yr(t) etz—Zt (t2 _ Zt)r — et2—2t (Zt _ 2),
x'(t)=1-sint +tcost =sint +tcost;
dy e -(2t-2)

dx sint+tcost

el (2t -2
sint+fcost

1.2.3. IIpou3eoonuvie evicuiux nopaoKos. IKCmpemymol

[Mycts pynkuusa y=f(X) nuddepernnpyema Ha Hekotopom otpeske [ab]. B takom
cllyyae ee TMPOW3BOAHAS MPEICTABISET COOOW TOXKE HEKOTOPYH (YHKIHIO X.
[TponuddepentripoaB 3Ty (yHKLIHIO, Mbl MOJIYYUM TaK Ha3bIBAEMYI0 BTOPYIO
NPOM3BOAHYI0 (WM NPOM3BOAHYI0O BToporo mopsiaka) ¢yakuun f(X).
[Ipomomkast 3Ty omneparmi, MOKHO MOJYYUTh MPOU3BOIHBIC TPETHETO, YETBEPTOTO
u Oosiee BBICOKHX mMOpsakoB. [Ipu stom f ‘(X) Oymem Ha3biBaTh NMPOM3BOIHOM
HIEPBOTO MOPSI/IKA.
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IIpousBoaHoii N-ro nopsiaka (Mam N-i
npousBoaHoi) ot pyHkiuu f(X) HazpBacTCs
pou3BoHas (rmepBoro mopsaka) ot ee (n-1)-i
MIPOU3BOJHOM.

O6osuauenne: yV=(y") '=f"(x). [Ipoussoxusie 2-ro u 3-ro nopsiaxa

0003HaYaI0TCS COOTBETCTBEHHO Y 'Yy’ ..

IIpuMmepsbI.
1) Haiinem mpousBoaHyto 3-r0 mopsiaka ot GyHKun y=x3-5x*+3x+12.

y'=3x"-10x+3, y'= v "=6x-10, y'=y" '=6.
2)  Tomyuum oburyro hopMyiTy Uit IPOU3BOIHOM N-T0 TOpsiaKa QyHKITUH
y=a".
y'=a"lna-b, y'=Ina-b a” " gt In®a-b?,...,

y" =a"In"a-b".
Ceoticmea npouzs00HbIX 6bICULUX NOPAOKOE

OcCHOBHBIE CBOMCTBA MPOU3BOJIHBIX BHICHINX MOPSAKOB CIEAYIOT U3
COOTBETCTBYIOIIMX CBOMCTB MEPBOX MPOU3BOIHOM:

1. (cf(x)™=c -/”)(x).

2. (f(00+9(0))"=f"()+g"(x).

3. T y=x" y"=n(n-1)...(n-m+1)x™". Eciu m — HaTypaIbHOE YUCIIO, TO MIPH
n>m y"=0.

4, MoOXHO BBIBECTH TaK Ha3bIBaeMyto (popmy.ry JleiOHUIA, TO3BOJISIONIYIO
HANTH IPOM3BOIHYIO N-T0 MopsKa OT npousseneHus Gpyukimit f(X)g(X):

fg (1) :f(n)g_i_nfnfl)gr_i_ 1’1(71—1) f(”*2)g"+".+fg(n).

1-2

3ameTnMm, 4TO KO3PGUIMEHTHI B 3TON (PopMyJie COBMAIAIOT C COOTBETCTBYIOLIMMU
koddurmentamu  Gopmynsl OuHoma HpIOTOHA, e€cli 3aMEHUTH TPOU3BOJIHBIE
JTAHHOTO TIOPSIZIKA TOM K€ CTeneHblo nepeMeHHoi. (s n=1 sta dopmyna Obuia
NOJlydYeHa MPH H3YYCHUU TEpPBOMl MPOW3BOJHOM, ISl MPOM3BOJHBIX BBICIIUX
NOPSJIKOB €€ CHOPAaBEAJIMBOCTh MOXHO JIOKa3aTh C I[OMOLIbIO METOJa
MaTeMaTHYECKON UHTyKIUH.

S. [Tomyuum opmyiy asst BTOpoil Mpou3BOIHON (PyHKLINH, 3aJaHHON

napamerpuuecku. ITycts X = ¢(t), y = ¥(t), to<t < T. Torma
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dy

ay _dr
dx dx’
dt
CnenmoBarteibpHO,
dy _ i[ﬁ] _ i[i_zjﬂ _
d®  dx\ =) dt\ % )dx
dx d*y dy d’x dx d’y dy d°x

_dtdf* dtd* 9% _dt dr* dt di*
@ @)
dt dt

JAuddepeHunalnbl BHICHIUX HOPAAKOB

Huddepenuuman ot nuddepenurana GyHKIUU
HA3bIBAECTCA €€ BTOPBIM AU (pepeHuaiom
unu guddgepeHinasoM BTOPOro nopsaKa.

O06o3nauenue: d2y=d(dy).

[Tpu BeIuKciaeHnn BToporo auddepennnana yarem, 4ro dX He 3aBUCHT OT X U MPH
nudQepeHIIMPOBAaHUN  BBIHOCUTCS 32 3HAaK MPOM3BOJHON KaK IMOCTOSHHBIH
MHOYHUTEJIb.

Hrak,

dy=d dy =d f'(x)dx = f'(x)dx "dx =
= fx) dx = f(x)dx.
[Tono6GHBIM k€ 00pa30M MOXKHO HAWTU TpeTHil nudpepeHian oT JTaHHON

GyHKINH:
dy=d d’y = f"(x)dx

u auddepennuansl 6osiee BHICOKUX MOPSIKOB.

Nuddepenunanom N-ro nopsiAKa Ha3bIBaeTCs NMepBbId AU depeHual ot
nudepennuana (N-1)-ro mopsaka:

dy=d d7y = FrO()de"™ = O (x)dx".
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Ceoticmea oughghepenyuanos gvicuiux nopsokos

HpOI/IBBO,ZIHYIO JIIO6OFO HOprI[Ka MOXHO HpCIICTaBI/ITI) KaK OTHOILIICHUC
nuddepeHIaIoB COOTBETCTBYIOIIETO HOPSIIKA:
2 n
F) =, =Y =2
dx dx dx"
JuddepeHnmasl BBICIIMX MOPSIIKOB He 00J1a1aK0T CBOHCTBOM
I/IHBapI/IaHTHOCTI/I.

[Tokaxkem 310 Ha mpuMepe BToporo auddepennnana. Eciu y=F(o(x))=F(u), rae
u=(x), To d?y=d(F'(u)du). Ho du=¢'(x)dx 3aBucHT OT X, HO3TOMY
d*y=d F'(u) du+F(u)d du =F!(u) du *+FE/(u)d’u,
rae
d*u = ¢"(x)dx>.
Takum obpazom, hopma BToporo muddepeHiraia H3MEHUIACh TPU MIEPEX0Ie K

aprymenTy U.

Touku 3xcTpemyMa GyHKIUH

Touka xy Ha3bIBAETCS TOYKOM MAKCUMYyMa
(muaumyma) ¢pyukiun Y =f(X), eciu

f)<f(x)  f(%)= f(x)
JUTS BCEX X U3 HEKOTOPOH H-OKPECTHOCTH TOYKH

X0

Touku MakcuMyMa U MUHUMYyMa (DYHKLIMU HA3bIBAIOTCS €€ TOYKAMM
IKCTPEMyMa.

IIpumepsl.
1. y=x* umeeT MuHUMYM 1ipu x=0.

v
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Puc. 1
2. y=-|x-3| umeer makcumym mpu x=3.

/ .
/ Y=l

Puc. 2
3. y=SiNX uMeeT MUHUMYMBI ITPH

T
X=——+2mn
2
U MaKCUMYMBbI TIPU

x:£+27m.
2

Teopema 1 (meopema @epma). Eciu pynxuus y = f(X) onpeaeneHa B HEKOTOPOi
OKPECTHOCTU TOYKHU Xg, IPUHUMAET B 3TOW TOYKE HaubOojbliee (HauMEHbIIEE) B
paccMaTprUBaeMON OKPECTHOCTH 3HAYEHHE M MMEET B TOYKE Xo MPOM3BOAHYIO, TO

£/(xo)=0.

JlokazatenbCTBO.
[Mycte f(Xo) — Hambousbliee 3HaueHHe (YHKIHUH, TO €CTh OIS JIFOOOH TOYKH
BBIOPAHHOM OKPECTHOCTH BBIMOJHSACTCS HepaBeHCTBO f(X) < f(Xo). Toraa, ecau X <

X0
f0)-fl) .,

X — X,

7

a ecim X > Xg ,

f0)- fx) _

X —X,

[lepexonas kK mpeaey B MOJYYEHHBIX HEPABEHCTBAX, HAXOAUM, UTO U3 MEPBOTO U3
HuX ciaenyet, 4to f'(Xg) > 0, a u3 Broporo — uto f’'(Xy) < 0. CinemoBarenbHoO,
f’( Xo) =0.
3ameuanue. B teopeme depma BaKHO, UTO Xy — BHYTPEHHSSI TOUKA ISl TAHHOTO
npomexytka. Hampumep, ynkuust Y = X, paccmarpuBaemas Ha oTpeske [0;1],
MPUHUMAET HanOOoJIbIlIee M HAUMEHbBIIIEEe 3HAUYECHUSI COOTBETCTBEHHO MpHU X = 1 U X
= 0, HO ee MPOU3BOHAS B 3THX TOYKAX B HOJIb HE OOpaIlaercs.
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Teopema 2 (meopema Ponns). Eciu ynkuus y = f(X)

1)  HenpepsiBHA Ha oTpe3ke [ab];

2)  muddepeHiupyeMa BO BCEX BHYTPECHHUX TOYKAX 3TOTO OTPE3Ka;

3)  mIpuHHMAaCT paBHbIC 3HAYCHHUS Ha KOHIIAX 3TOro oTpeska, To ecTh f(a) = f(b),
TO BHYTpH HHTepBaia (ab) cymectByeT mo kpaiiteit Mmepe oaHa Touka x = ¢, @ < C
< b, Takas, uro f’(c) = 0.

v

VI
oP---

Puc. 3
JlokazaTesnbCTBO.
ITycte M u m — manOounbiiee U HauMmeHbInee 3Hadenus f(X) va [ab]. Torma, ecu m
= M, 1o f(xX) = m = M — nocrosiunas ¢yukuus, u f'(X)=0 mns mroboi TOUKM
orpe3ka [ab]. Eciu xe m<M, To mo CBOMCTBY (DYyHKIIMH, HEMPEPHIBHOW Ha
OTpe3Ke, XOTs ObI OJTHO U3 3HaUYeHWH M uiau M mocTuraeTcsi BO BHyTpEHHEH TOUke
¢ orpe3ka [ab] (tak kak Ha KOHIAX OTpe3ka (YHKIUS NPUHUMACT pPaBHBIC
3HauyeHus ). Toraa mo reopeme Pepma f'(c) = 0.
3ameuanue 1. B teopeme Poiuid cymecTBEHHO BBIITOJIHEHUE BCEX TPEX YCIOBHM.
[TpuBeneM nmpumepsbl GYHKITUH, TS KOKIOH U3 KOTOPBIX HE BBITIOIHSACTCS TOJIBKO
OJTHO W3 YCJIOBHH TEOpeMbl, MU B pe3ylbTaTe HE CYIIECTBYET TakKOil TOYKH, B
KOTOPOU MPOM3BOIHAS (PYHKIIMH paBHA HYJIIO.

Ay

I~ ¢-----Y%
=y

Puc. 4
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IS

Puc. 5

51"

Puc. 6

JeiicTBuTeNnbHO, Y GyHKIMH, rpaduk KOTOpoit n3odpaxken Ha puc. 4, f(0)=f(1)=0,
HO x=1 — TouKa pa3psiBa, TO €CTh HE BBHIMOJIHEHO MEPBOE YCIOBHE T€OpEeMbI Posis.
OyHKIMs, Tpa@uK KOTOPOU MpeACcTaBieH Ha puc.S, He quddepeHnupyema nmpu x =
0, a s tpetbeit pynkiuu f(-1) e paBno f(1).

3ameuanue 2. ['‘ecomerpuueckmii cmbicn Teopembl Poms: Ha Tpaduxe
paccmaTpuBaeMoil (DyHKIIMH HAMAETCS MO KpaiHel Mepe o/lHa TOYKa, KacaTeabHas
B KOTOPOU napauiesibHa OcH a0CIucCC.

e

@ (Jeo=

Puc. 7
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IMPUMEPHI PEHIEHUSA 3AJIAY 110 TEME
«IIpou3eoonuie svicuiux nOpaoOKoe»

3agaua 1.
Haiitu BTOpYI0 Mpou3BOIHYIO OT YHKITUH

y=~3-x".

Yka3zanue
Haiinure BHavajsie TIepBYIO IIPOM3BOJHYIO JAaHHOM (YHKIMHU, a 3aTeM
BOCIMOJIB3YHUTECH TEM, UTO

f'(x)=f'(x)
Pemenue
BV 1
y':(?)—xz Zj S T P ;
2 3—x?
, 32 M2%)
"n_ X - _ 2 3—x2 —
/ ( 3—x2] 3-x°

3—x?+x°

3
,/3—x23 ,/3—x23'

OTBeT: — .
(3-x%)

3anauva 2.
HaiiTu BTOpyI0 NpOU3BOIHYIO OT PYHKIIUU

y=In x++1+x°

npu x = 1.
Yka3anue
Haiimute BTOpYIO MPOU3BOAHYIO 1O (hopMyJie
fix)= f(x) ,

a 3aTeM BBIYMCIIUTE €€ 3HaueHue npu x = 1.
Pemenune

1+x

!

1 1 2 1+x2
Y=——F = x+VJ1l+x =—"—==
x++1+x° x++1+x°

ik
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_ J1+x2 +x _ 1 .
N1+2% x+41+2° N

!/ !

1 3
1+x

X 1 1
S — 111:_ — )
o VT T

1
OTBeT: —ﬁ.

3anayva 3.
Haiitu mpou3BoaHyt0 4-10 opsijika OT (QyHKIMH
y= 3x°-2x"+x+5 Inx.

Yka3zanue
Bocnosnb3ylitech TEM, 4TO

)= V)

Pemenne

y'=(9x" —4x+1)Inx +(3x° +2x7 +x+5)1:
X

:(9x2—4x+1)lnx+3x2+2x+1+E;

x
y"=(18x—4)lnx+(9x2_4x+1)1+6x+2_%:
X X
1 5
=(18x-4)Inx+9x-4+—+6x+2-—=
X X
1 5
=(18x—4)Inx+15x -2+ = - —;
X x
y"=18Inx+(18x —4) L +15- - + 20—
X X x
~18lnx+23-2- 1,19,
X X X
w_18 4 2 30_209x +2x° +x-15)
/ X x2 x3 x4 x4 .
29 +22° +x-15)
OTBert: ; _

X



3agaua 4.
Haiinure oO1iee BeIpakeHue JIsl TPOU3BOIHOM TTOPSAKA 7 OT QYHKIIUU

1
S 9x+20°
Yka3anue
Bocnonb3ylitech T€M, 4TO
1 1 1

—9x+20 x-5 x—4

Pemienne
Breraucnum noapsa npousBoaHbIe 1-ro, 2-T0, ... MOpSAAKAa OT JaHHOW (YHKIMU U
nonpoOyeM OIpeIeTuTh BUJ 3aBUCUMOCTH BBIPaXKEHUS ISl 1-i MIPOU3BOJHON OT
€e MopsJIKa.

! !

YEEE NERES)
Yo ¥ -9x+20) \x-5 x-4

! !

= x5 - x4 = l(x-5) ()-8

\ 1 1
Oreer: (1) '”!((x_S)M —(x_4)n+1j-

3amgauya 5.
Haiinure oOriee BeIpakeHUE ISl TPOU3BOIHOM TOpsiAKA 71 OT QYyHKIIMH
Yy = cosbdx.
Yka3zanue
Jy1st yripoIiieHus BOCTIONb3yHTeCh (hopMyIamMu IPUBEICHHUS:
T )
cos(5+aj:—sma; COS T+a =-—Cosq;
3 .
cos §+a =sina; cos 27 +a =cosa.
Pemenune

y'=-5sin5x=5 —sin5x = 5cos(%l+5xj;
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y'= —5%cosb5x =5% —cos5x =5%cos (%2 +5xj;
y" =5"sin5x =5 cos(%?’+ 5x);

y(4) =5%*cos5x =5*cos (%4 + 5xJ;

OtBet: 5" COS(%H + Sx)

3amaua 6.
. d’y 5
Haiiti BTOpyI0 NpOU3BOIHYIO E TSt QYHKIUMH, 3aIaHHOM MapaMeTPUIECKU:
x =3cost
y=3sint’
Yka3zanue

Bocnons3yiitecs hopmynoi

()
dt
Pemenue
2
@ =-3sint, d—f =-3cost;
dt dt
2
d_y =3cost, d—]z =-3sint;
dt
d*y —3sint(-3sint)-3cost(-3cost)
dx? 3sint °
.9 1
27sin’ t 3sin®t
OtrBer: — SYETEre
3amaua 7.

Haiiti dy s dyskrimm y = x°.
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Yka3anue
Bocnonesyiitecs hopmyion

d'y = f"(x)dx".

Pemenue
y'=5x", y'=5-4x"=20x", y"=20-3x=60x7;
d’y =y"-dx’ =60x7dx’.
OtBet: 60x°dx°.

3agaua 8.

Brraucnure npon3BoIHYIO:
> (10)
2x" -3 cosx

Yka3anue
Bocnonbsyiitech q)opMynop”I JleliOHuna:

n n— ! 1 n—. ”n n
f f”g+nf 1) ( )f 2) Jr”.Jrjrg()

Pewmenue
[lycTh
f(x)=2x>-3, g(x)=cosx, n=10.
Torma
fx)=4x, f'(x)=4, f"=..=f"=0;
¢®¥(x)=cosx, ¢”(x)=-sinx, ¢"%(x)=-cosx.

[Tpumensia popmyny JleiiOnuia, moryanm:

fa = O+ fg0 4 fo g™

= 4cosx — 4xsin x —(2x* — 3)cos x.

OtBer: 4cosx—4xsinx—(2x* —3)cosx.

3amava 9.
PaccmarpuBarotcs GyHKIMU

1) y=x"-3x"+x+4 mna ompesxe [0,1]

2) y=+x*-2x+1 na ompesxe [0,2]

4
3) y:5+2x Ha ompeske [-1,1]
x
4) y=Incosx wna ompe3ske [—%,%}
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0, x=1

I[J'ISI KaKOM U3 HUX BBIIIOJIHEHBI BCE YCJIIOBHA TCOPEMBI Ponna?

x,x<[0,1)
5 y= na ompeske [0,1]

Yka3anue
I[To ycioButo Teopemsl Poms ¢pyrkius y = f(X)
4) HempepbiBHa Ha oTpeske [ab];
5) muddepeHnupyema Bo BceX BHYTPEHHUX TOYKAX 3TOTO OTPE3Ka;
6) mpuHHMMaeT paBHBIC 3HAYCHMS Ha KOHIIAX 3TOro oTpe3ka, To ecth f(a) = f(b).

Pemenne
[IpoBepHM BBINIOTHEHUE YCIOBUIM TeOpeMbl Poiist Ay Kaxa0i u3 QyHKIMA:
D y0)=4 y1)=3=y(0)-
HE BBIINOJIHEHO 3-€ yCII0OBUE TeopeMbl Poiws;

5 x—-1,x=0
2) y=y(x-1) =[x-1}=

—x+1,x<0
Ora ¢yuknus He auddepeHnupyemMa npu x = 1, TO €CTh HE BBINOJIHEHO 2-€
ycioBue teopeMsl Posus;
3) x = 0 — Touka pa3pbIBa JaHHOW (DYHKIMHU, TO €CTh HE BBIITOJIHEHO 1-¢ yCIIOBHE
Teopemsl Pos;

T 1
4) npu xe[——,—} cosxe{—,l}:
6 6 2
dbynkius y = In COS X ompeeiieHa U HEMPEPHIBHA Ha 3aaHHOM OTPE3KE;

, sin x
y=- = —tgx

CYIIECTBYET Ha BCEM OTPE3KE;

{220 E

Takum 00pa3om, Bce YCIOBHS T€OPEMbI PoJIisi BBITIOTHEHBI.
5 limy=Ilimx=1=y(1)=0-

x—>1-0 x—>1-0
(GyHKIUS HE SBJISIETCS HEMPEPHIBHOW B TOYKE X = 1, HE BBINOJHEHO 1-€ yciaoBue
TeopeMbl Pois.
Otgert: 4.

1.2.4. Teopemot Jlazpansca u Kowu. Ilpasuno Jlonumansn
Teopema 1 (meopema Jlazpansica). Eciu pynxius y=Ff(X) HenmpepbiBHA Ha OTpe3Ke
[ab] n muddepennmpyema Bo Bcex BHYTPEHHHX TOYKAX 3TOTO OTPE3Ka, TO BHYTPH

otpeska [ab] HaiigeTcst XoTst Obl 01HA TOUKa C, a < C < b, 4ro

f(b) - f(a) = F'(c) (b — ).
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JlokazaTenbCTBO.
O06o03HaUYNM

0 fO-f@)

~ b-a
U paccMOTpuM BcrioMorareibHyto ¢yHknuo F(x) = f(x) - f(a) - (x - 2)Q. Dra
(GYHKIHS yIOBIIETBOPSET BCEM YCIOBHSM TEOpPEeMBbI PoJuis: OHa HempepbiBHA Ha
[ab], muddepenumpyema Ha (ab) u F(a)=F(b)=0. CnenoBatensHo, Ha WHTEpBaAJIC
(ab) ects ToUKa ¢, B kotopoii F’(c)=0. Ho F’(X)=f’(x) — Q, To ectb F’(Cc) = f’(C) —
Q. [ToacTaBuB B 3TO PaBEHCTBO 3Ha4YeHUE Q, MOTYyYUM

LOZID _ e,

—a
OTKY/Ia HETIOCPEJCTBEHHO CJIEYeT YTBEPIKIACHUE TEOPEMBI.
3ameuanue. ['eomeTpuueckuii cMbici Teopembl Jlarpanxka: Ha rpaduke GyHKIUN
y = f(X) mHaiimercs Touka, KacaTelbHas B KOTOPOH TmapauiejbHa OTPE3KY,
COCUHSIONIEMY TOUKH I'paduka ¢ abcruccaMu a u b,

Teopema 2 (meopema Kowu). Ecau f(X) u g(X) — dyHkumu, HenpepbiBHbIC Ha [ab]
u auddepennupyembie Ha (ab), u g'(X)#£0 Ha (ab), To Ha (ab) wHaiimeTcs Takas
TOoukKa X=C, a<c<b, 4ro

f(0)-f(a) _ f(e)
8(b)-g(a) g'(c)
JlokazaTenbCTBO.
O06o03HaYUM
_f®)-fa)
8(b) - g(a)

[Tpu 3Tom g(b)-g(a) He paBHO HyIFO, MHAYE 1O TeopeMe Posuts Hanutachk Obl TOYKA
BHYTpH OTpe3ka [ab], B kotopoit §’(X)=0, 4TO MPOTHBOPEUUT YCIOBHIO TEOPEMBI.
PaccMoTpuM BcrioMoraTebHY 0 (OyHKITHEO

F(x)= f(x)~ f(a)-Q- 8(x)-g(a) ,
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JUIS  KOTOPOW BBIMOJHEHBI BCE YCIOBHS TeopeMbl Posist (B 9acTHOCTH,
F(a)=F(b)=0). CienoBarensHo, BHyTpH oTpe3ka [ab] cymecTByer Touka x=c, B
kotopoii F’(c)=0. Ho
F(x) = fi(x)-Qg'(x), nosmomy  f'(c)-Qg'(c) =0,
omxyoa Q= m
8'(c)
[MoacraBisis B 3T0 paBEeHCTBO 3HaYeHUE Q, MOTyyaeM J0Ka3aTeIbCTBO
YTBEPIKICHHS TCOPEMBI.

PackpbiTHE HEOnpeae/IeHHOCTE!

Ecnu dynkium f(X) 1 g(X) yI0BIETBOPSIIOT Ha HEKOTOpOM oTpe3ke [ab] ycmopusim
teopembl Ko u f(@) = g(a) = 0, To otnomenue f(X)/g(X) He onpexaeneHo mpu
X=a, HO OMPEJCICHO MPH OCTAIbHBIX 3HAYCHHAX X. [103TOMY MOXHO MMOCTaBHUTh
3a7a4y BBIYUCIICHHS Tpejiesia 3TOr0 OTHOIICHUS MPH X —> 4. BBIYHCICHHUE TaKuX
IIPENESIOB HA3bIBAIOT OOBIYHO «PACKPBITHEM HeompeaeneHHoctel Buna {0/0}».
Teopema 3 (npasuno Jlonumans). Ilycts ¢pyakiuu f(X) u g(X) yaoBIETBOPSIOT Ha
otpeske [ab] ycmoBusM Teopembr Ko u f(a)=g(a)=0. Torxaa, ecnu cymecTByer

lim4 &)
n g'(x)
TO CYUIECTBYET U
limM,
= g(x)
npuyem
limm = limm.
= g(x) = g(x)
JlokazatenbCTBO.
Bri6epem

x elab], x#a.
N3 Teopemsl Komu cnenyer, 4to

d¢:a<&<x, makoe, umo f(x)—f(a):f'(é‘).

g(x)—g(a) g&'($)

ITo ycnoButo Teopems f(a)=g(a)=0, moatomy

g(x) &'
IIpu x > a &—a. llpu 3TOM, ecnu CymecTByeT
limM =A,
= g'(x)
TO CYILIECTBYET U
lim& = A.
0 8(8)

[ToaTomy
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f(x) f©) 1 J9) o %) _

lim —* =lim—2f =lim 2 =lim~——"= A
= g(x) = gl(e) e gl(e) o g(v)
Teopema ngokasana.

Ipumep.
IIpu a>0

X_ a .X_ aN?
lima X :limu:
X—>a x— a X—>a (x —a),

x _ a-1
= lim 2 lnal ax =a"lna-a"=a"(Ina-1).

X—>a

3ameuanue 1. Eciu f(X) miu g(X) He onpeneneHsl MPH X=a, MOXHO JOOIPEICIUTh
ux B 910l TOouke 3HaueHwsamu f(a)=g(a)=0. Torma oOe ¢GyHKIMH OYAYT
HENPEPBIBHBIMU B TOUKE ¢, ¥ K 3TOMY CIydar0 MOKHO IPUMEHHUTH TeopeMy 3.

3ameuanue 2. Ecim f'(@)=g’(2)=0 u f’(X) u g’(X) yIOBICTBOPSIOT YCJIOBHSIM,

f'(x
HaJIOKCHHBIM B Teopeme 3 Ha f(X) m g(X), X OTHOIIEHUIO # MOXXHO €IIIe pa3

9'(x)
IPMMEHUTH IPaBuiIo JlonuTans:
14 14
. x) .. x
lim AEY) ,( ) =lim ) ”( )
X—a g (x) X—a g (x)
W Tak jajee.
IHpumep.
. xetgx—-1 clgx - sin? x
lim ——= lim =
x—0 X x—0 2_x
.. cosxsinx—x . —sinx+cos’x-1
0 2xsin®x =0 28in? x + 2x - 2sin x COS X
. —2sin®x . —sinx
=lim =lim =

x>0 2sin x(sinx +2xcosx)  *>0 sinx +2xcosx

) —COSX 1
=lim —=——
=0 cOSX+2cosSx —2xsinx 3

IIpaBuno Jlonurans MOXXHO NPUMEHATh U Ui PACKPBITUS HEOIPEICIIEHHOCTEN

0 o
BHUJIA {—}, TO €CTh IS BBIYMCIEHHUS TMpeaesa OTHOIICHHS JBYX (YHKIIUH,
o0

CTPEMAIIUXCA K OCCKOHEYHOCTH IIpHu X — a.

Teopema 4. Tlycts dynkiuu f(X) u g(X) HenpepbiBHBI U AU GEPEHIIUPYEMbI TIPU
X #a B OKPECTHOCTH TOYKH @, mprueM g'(x) =0 B 3T0i okpecTHOCTH. Tornaa, eciu

lim f(x) =lim g(x) =0

U CYLIECTBYET
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limM =A,

xX—a g,(x)
TO CYIIIECTBYET U
lim M ,
xX—a g(x)
npuyeM
lim& = Iimm = A.
o0 g(x) o0 g(x)
JlokazaTenbCTBO.

Bri6epem B paccMaTpuBaeMoi OKPECTHOCTH TOYKH @ TOUKU (v M X TaK, YTOOBI v <

X <a(mwma <X < a). Torna no Teopeme Kot cymectByet Touka ¢ (& < € < X)

TakKas, 4To
f(x)—f(e) _ f1(©)
g(x)—g(a) g'(c)
Tak kak
f(a)
f)—fle) _ f(x)  f(x)
g(x)—g(a) g(x)1_8@)’
g(x)
MoJIy4yaeM:
1_f(@) 1_8@)
f'le) _f(x)  f(x) f(x) _f'le)  gx)
0 s7_8@ Y ) g0 f@
g(x) f(x)
Tak kak
limM:A,

X—>a g’(x)
MOYKHO JIJIS JTF0OOT0 MajIoro € BEIOpaTh (v HACTOJIBKO OJU3KUM K @, UYTO JJIS
7100010 ¢ OYAET BBIOJIHATHCS HEPABEHCTBO

! ’

c c
F@_, £
g'(c) g'(c)
Jy1st 5TOTO e 3HAYCHUS € U3 YCIOBUS TEOPEMBI CIICIYET, 4TO

_8(a)

<g, um A-g< <A+e.

im——= 8(x) _ max kax lim f(x)=1lim ¢(x) =
lim — ey - lim f(x) = lim g(x)
f(x)

X
IO3TOMY

77



_8(@) _8(a)
(G} g, um l-¢ 8(x) g
f(a) -1<eg, 1 <1_f(a)<1+ .
f(x) f(x)
[TepeMHOXXHUM JIBa TIOJIyYEHHBIX HEPABEHCTBA!
_8(a)
a1 O 8@
(A-g)(1-¢)< (0) L f(a) <(A+e)(1+e),
f(x)

WIN
(A-¢g)(1-¢)< [ <(A+e)(1+e).
8(x)
[TockoIBKY € — IPOU3BOJIBHO MAJIOE YHUCIIO, OTCIOA CIELYET, 4YTO
lim—f(x) =A= lim—f,(x)
xX—a g(x) X—>a g'(x)
4TO U TPeOOBAIOCH 10KA3aTh.
3ameuanme 1. Teopema 4 BepHa u npu 4= . B 3TOM City4ae

7

lim _g,(x) =0
e f(x)
Torma u
lim 3 =0,
X—a f(x)
CJIEIOBATEIILHO,
limM 0.
X—>a g(x)
3ameuanmue 2. TeopeMbl 3 U 4 MOXKHO JJOKa3aTh M JJIs Cydasi, KOrja X — oo .
Ipumep.
1
lim x? lnx—hmln—f—l @—h —X_ = 2limx*=0.
x—0 x>0 x x—0 (x ) x—0 _g x—0
3
INPUMEPBI PEHIEHUS 3AJIAY 110 TEME
«lIpasuno Jlonumana»
3amaua 1.
Beruucnute npenen
lim X = m;ctgx '
x—0 X
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Yka3zanue
Jns Toro 4ToOBl M30aBUTHCSA OT HEONPEACICHHOCTH, NPUMEHUTE MPABUIIO
Jlonmmrans:

limM = limM, ecau  lim f(x)=1lim g(x) =0.
xX—>a g(x) xX—a g (x) X—a xX—>a
Pemenue
1_ 1
lim X~ arctgx _ lim (x—arctgx) _ lim 1+ 2% _
x—0 x3 x—0 (xs)' x—0 3x2
1+x° -1 1 1
=0 3x°(1+x") »03(1+x") 3
Otser: —.
3
3agaua 2.

Brrancnute npenen

. 6 —x*—-3x*—6x-6
lim 5 .
x=0 2cosx+x° -2

Yka3zanue
Jnst Toro 4ToObl M30aBUTHCS OT HEONMPEACICHHOCTH, NPUMEHUTE MPABUIIO

Jlonurans:
lim& = lim&, ecau  lim f(x)=1im g(x) =0.

x—a g(x) x—a g’(x) x—a x—a
ECHH B pCSyJIBTaTe BHOBb HOHyLH/ITCﬂ HCOHPCI[GHCHHOCTB, MOJKHO HpI/IMeHSITB
IIpaBUIIO JlommuTansg HECKOIBKO pas.

Pemenne
. 6" —x>-3x"-6x-6 . (6e"—x°—3x>—6x—6)
lim 5 =lim 2 oy
=0 2cosx+x" -2 =0 (2cosx+x"—2)
66" —3x*—6x—6 .. (6" —3x>—6x-6)
= lim : =lim . =
=0 —2sinx+2x 0 (=2sinx+2x)
T Gl Sl S Tl S Y TN |
=0 —2(cosx —1) =0 —sinx x>0 cosx
Otser: 3.
3agaua 3.

Brruncnute npenen
lim x%¢™ .

X—>+00
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Yka3zanue
Jns Toro 4ToOBl M30aBUTHCSA OT HEONPEACICHHOCTH, NPUMEHUTE MPABUIIO

Jlonurans:
!
limmzlim&, ecay  lim f(x) =lim g(x) = .
X—>a g(x) X—>a g(x) X—>a X—>a
Ecnu B pesynbTaTe BHOBb IMOJYYUTCS HEONMPEACICHHOCTh, MOXHO HPUMEHSThH

IIpaBHIIO JlonnTans HECKOJIbKO pas.

Penienue
3 2
) _ . X . 3x . b6x .. 6
lim x’¢* =lim~=—=lim — = lim — = lim — =0.
X—>+0 x>+ p x—>+o o x—>+o o X—>+0 ex
Otser: 0.
3amaua 4.
Brraucnute npenen
lim x¢*.
x—0
Yka3zanue
[IpeoOpa3yiiTe GyHKUIHUIO K BUTY
Inx
tgx In 2" tgx-Inx @
x* =e =e =e"%,

Torz[a npeaci nmoxkasarejsl CTCICHU MOKHO BbIYHMCIINUTD I10 IIPaBUITY JlonuTans.

Pemenue
. . . In x'8* . .
lim x** = lim x®" = lime = lim """ =
x—0 x—0 x—0 x—0
Inx _Inx hm(l.(_ 1 D
_ limectgx _ e'lxli%ctgx _ ex~>0 2\ sin?x —
x—0
lim sinx —sinx
=g ¥ =¥ =1
OTtser: 1.
3amaua 5.
Beruuciute npeaen
I In(1+ x)l“‘ 1
m| ==
x> X X

Yka3zanue
[Ipeobpa3yiite GpyHKIMIO, CTOSILYIO O] 3HAKOM IIpeena:
In(1+x)™* 1 _In(1+ )" —x  (1+x)In(1+x)-x

x* X x* x*
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Pemenune

T+x _
lim ( In(1 +2x) ~ lj i (14 ) 1n(21 +X)-x _
x—0 X X x—>0 X
_ lim In(1+x)+1-1 :11imln(1+x) :1-
x—0 2x 2 x-0 X 2

OT1BeT: 1.
2

1.2.5. @opmyna Teiinopa

Paccmorpum  ¢dynknmio Y=f(X), uMermyro B OKPECTHOCTH TOYKH X=a BCE
IPOU3BOAHBIE 10 Topsaka (N+1) BKIIOUMTENBHO, W IOCTaBUM 3ajady: HalTu
MHOTOWIeH Y=P(X) cTernenu He BhIIIE N, JJIsl KOTOPOTO €ro 3HaYCHUE B TOUKE d, a
TaK)K€ 3HAYEHUsS €r0 MPOU3BOAHBIX 10 N-U MOPSAOK PaBHbI 3HAYEHUSAM IPH X=a
BBIOpaHHOM (DYHKLIMH U €€ TPOU3BOJAHBIX COOTBETCTBYIOLIETO MOPSIAKA!

B,(a) = f(a), P(a) = f'(a), Bl(a) = f"(a),... P;"(a) = f"(a).
[TycTh HCKOMBII MHOTOUYICH HMEET BHI:
P, (X)=Co+Cy(x-a)+Cy(X-a)*+...+C,(x-a)".
IIpu aTOM
P!/(x)=C, +2C,(x—a)+3C,(x—a)’* +...+nC, (x—a)""’,

P(x)=2-1-C,+3-2-Cy(x—a) +...+n(n-1)C, (x —a)"?,

P"(x)=n(n-1)...-2-1-C
Torma

ne

P.(a)=C, = f(a), Pi(a) = C, = f'(a),
P'(a)=2C, = f"(a), P{a)=3-2C, = f"(a),...,
P"(a)=n(n-1)(n—-2)...-3-2-1-C, = f"(a).
N3 dpopmyn (21.3) MmoxxHO BeIpa3uTh ko3¢ duiieHTsl Ci uepe3 3HaueHUs
MIPOU3BOJIHBIX TAaHHOW ()YHKIIMU B TOUKE d.

[TpousBeeHKE TOCIEI0BATENBHBIX HATYPATbHBIX
urcen 1-2-3-...-(N-1)n Ha3piBaeTCs haKkTOPHAIOM

qyucJa N u 0003Hayaercs
n!'= 1-2-3-...-(n-1)n.

JlononHutensHo BBoaUTCs 0!=1.
Hcnonb3yst 310 0003HaYEHUE, MTOTYUUM:

! 1 14 1 n
Co=fla) G =fla) & =5 f@),..C, = ;f( (a).
Taxum 00pa3oM, NCKOMBI MHOTOYJIEH UMEET BU/L:
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P (x)= f(a)+f( ) (x— a)+f;('u)(x—a)2+...+%(x—u)".

O6o3HaunM  4epe3 n(X) pasHOCTh 3HaueHumi gaHHOW GyHKuuu f(X) wu
noctpoennoro maorouwitena Pp(X): R,(X) = f(X) — Py(X), orkyna f(X) = P,(X) + Ry (X)
WITH

f(x):f(a)+%(x—a)+f”(a)(x—a)z+...

@ (25”)(x—a)" R, (x).

[Tonydyennoe mpenctaBieHue QyHKIUMKM HasbiBaeTcs (popmyJioii Teiisopa, a Ry(X)
HA3bIBACTCSI OCTATOYHBIM 4ieHoM dopmyibl Teinopa. s Tex 3HaueHui x, ais
KOTOpbIX Rp(X) mamo, MHorowreH Pn(X) maeT mnpuOIMKEeHHOE MpPEACTaBICHHE
¢yukuun f(X). CiaemoBarenbHo, Gpopmyiaa Teiopa qaeT BO3MOXHOCTh 3aMEHHUTH
¢yakmuio Y = f(X) mHOrowreHom Y = Pp(X) ¢ COOTBETCTBYIOIICH CTEICHBIO
TOYHOCTH, PABHOW 3HAYCHHIO OCTATOYHOTrO WieHa R, (X).

@DopMBbI 0CTATOYHOT0 WieHa B (popmy.Jie Teitsiopa

[Tokaxem, uto R,(X) = 0(x-a)". U3 Be16opa MHOTrOUNEHa Py(X) caemyer, uto
R/(a) =R’(a) =...= R™(a) = 0. [IpMeHUB 1J151 BEIYMCICHHS IIPEaCIIa
i _Ra(®)_
X—>a (x —_ a)n
N pa3 npaBuio Jlonurans, noxyynuMm:
' (n-1) n)
R . R _ _. R R,

lim =
> pl(x—a) n!

xX—a (x—a)n X—a n(x—a)

n-1

Vr1Bep:kaeHue qokasano. [IpecTaBieHne ocTaTOYHOro 4ieHa B Buje R, = o(x-a)"
Ha3bIBACTCS 3aMMMChIO0 OCTATOYHOTrO uicHa B popme Ileano.
Hatinem eme oqun Buj 3amucu R, (X). [IpencraBum ero B Buje
(x _ a)n+1

R, (x)= WQ(X)

u onpenenum Bua pyakmun Q(X). M3 dopmyisr Teitmopa ciemyer, 4to

F(x) = F(a)+ L0 (“) P x-a)+ %(x —a) +...
f (”)(a) I O
n! (x=a)y+ (n+1)! Q).
[Tycth mpu 3amanubix 3HaueHUsIX x U a Q(X)=Q. PaccMoTpuM BcrioMorareibHYO
¢bynkimio ot t (a <t <Xx):

+
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R = £~ F0)- 2L 1) - G0 pry-

21
=)y (=)
S O I a2 e |
Lo
HpI/I S5TOM HpeﬂHOHaFaeTCH, qroa u x HpI/IHHJ'H/I (bI/IKCI/IpOBaHHI)Ie 3HAUYCHU. Tor,ua
x—t 2(x—t) .,
F(=-F(0+ 0 -+ 2 oy -

2!

_(zfn—_ti)! f(”)(t) PRLES ;!t)"_ FOE) -

(=8 gy (D=8 (=) gy (58

_ET) £)+ == H+——2Q,
n! f0 (n+1)! 2 n! f0 n! 2

to ecth F(t) muddepeHmupyema B OKpEeCTHOCTH TOUKHM a. M3 mpeapyaymux

BBIKJIAJIOK cienyer, uro F(X) = F(a) = 0, mostomy k ¢yukmuu F(t) MoxHO

NPUMEHUTH Teopemy Poisa: cymectByer t = £ (a < £ < X) Takoe, yto F’(§) = 0.

Tornpa

_anﬂ)() (x )Q 0,

n!
1
orkyna Q = f™*Y (¢). Mcnons3ys 510 BEIpaXKeHHe, MOMYIHM 3alIHCh OCTATOYHOTO

yieHa B (popMme Jlarpanxa:

(x a)n+1

(n+1)! f(””)( <)

R,(x)=

Tak kak a < £ < X, MOXHO npeactaBuTh £ = a + 0(x — a), rne 0 < 0 < 1. I1pu saTom

_( _a)n+1 n+1
Rn(x)—ﬁf( \(a+0(x - a)).

3ameuanue. Eciu B popmyne Teitnopa npunsath a = 0, 3TOT YacTHBIN ciiyyait
Ha3bIBAIOT (popMys10i MakJiopeHa:

=50+ £ Q2 L@ OO

n! (n+1)

)

Paznoxkenue nmo popmyie Teitsiopa
HEKOTOPBbIX JIEMEHTAPHBIX (PYHKIMI

Haiinem pasznoxxenus o dopmyne Teitnopa npu a = 0 (Tounee, o Gopmyiie
Maknopena) yrkuuit y = e*, y =sinx,y=cos X,y =In(1 +x), y=(1 +x)".
1) f(x) = ¢".
f(x) =f'(x) = ... = f (x) = &, cnenosarensho, f(0) = (0) = ... =f"(0) = 1.
[Toxcrasmsist 3T pe3ynbTaThl B popMyiry MakiiopeHa, moryaunm
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x X X X Ox
gl —— = —
1 2t 3! n! (n+1)!
0<O0<1

OTMeTuM, 4TO JJIs IF000TO X
limR (x)=0.

n—>

2) f(x) =sinx.
f'(x) =cosx =sin(x + %),f’(()) =1,

f"(x)=—sinx =sin(x + 2%),]‘”(0) =0,

f"(x) =—cosx = sin(x + 3%),]“"(0) =1,

FOD(x) = sin(x + (n +1) %), FO(E) =sin(& +(n+1) %).

Paznoxenue no popmysne MakiopeHa UMeeT BU/I;

. ¥ x° x" . 7
sinx=x——+——...+—sin—+
3! 5! n! 2
n+l
+ sin(§+(n+1)£).
(n+1)! 2

B stom CJIydac, KakK v B IPCABIAYIICM, ITPHU BCCX 3HAUYCHUAX X

limR (x)=0.
MO3KHO TIPEIOKHUTH €IlE OMH BAPUAHT 3TOH (HOPMYJIbL:
3 5 2n+1
SiNX = X — o 2 — (1) = +o(x*"?).
31 51 2n+1)!

3) f(x) = cos x.
Taxum sxe 00pazom, Kak U JIJIsl CHHYCa, MOXHO TIOJTyYUTh Pa3JIoKeHUE T0
dbopmyine Teitnopa:



2 4 n n+1
cosx=1-—+2 — +% cosZ 4 cos(§+(n+1)£)=
21 41 n! 2 (n+1)! 2
2 4 2n
:1_%+%_ (_ )n X (x2n+1)
! (2n)!
4) f(x) =In(1 + x). Torma
: 1 a4 ;
f'(x)= T 1+x)7, f(x)=(-)(1+x)7,...,
+ X
fOx)=(=1)"(n-1)(1+x)",
£(0)= (1) (1=1)!, £(0) =0.
CnenmoBaTtesbHO,
Inx—x—x—2+x—3— +(—1)”+1x—n+o(x”+1)
= 5t - .

5) f(x) = (1 +x)™. Hpuosrom fPx)=mm-1)...(m=-n+21)1+x)™",
f™(0) =m(m-1)...(m—n+1). Torma

m(m—1)...(m—-n+1) o
n!

(1+x)"=1+mx+ X* 4.+

m(m—1)
21

+o(x"M).

IIpumenenue gpopmynol Tetinopa 0ns npUOIUIHCEHHBIX BLIUUCTIEHULL

3aMeHsIs KaKyro-I1u00 QyHKIHIO, ISl KOTOPOU U3BECTHO PA3JIOKEHUE 110
dbopmyne Teitnopa, MHOTOUIeHOM Telopa, cTeneHh KOTOPOro BEIOUpaeTCs
TaK, 4YTOOBI BEJIMYMHA OCTATOYHOIO YJIeHa HE MPEBbICHIIa BHIOPAaHHOE 3HAYCHUE
MOTPENTHOCTH, MOKHO HAXOIUTh MPUOIMIKEHHBIC 3HAUCHUS (YHKIIUH C
3aJJaHHON TOYHOCTEIO.

Haiinem npubnmkeHHOE 3HaUCHHE YHCIIa e, BHIYMCIUB 3HaYeHHEe MHOTOUJIEHA
Teitnopa mpu N=8:

e:1+1+l+l+...+lz2,71828.
21 3! 8!

[Ipu sTOM
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INPUMEPBHI PEHIEHUSA 3ATAY 11O TEME
«®@opmyna Teiiropa»

3agauya 1.
Pa3noxuTe MHOTOUJIEH

x°+2x* +6x° +x° —5x+7
TI0 CTENEeHsIM JIBy4wIieHa x + 3.
1) (x+3)° +2(x+3)* +6(x +3)° +(x+3)> = 5(x +3) +7
2) (x+3)° —(x+3)* +32(x+3)” —200(x + 3)* + 716(x +3) — 252
3) (x+3)° —38(x +3)* +92(x +3)° —156(x + 3)? + 627(x +3) — 404
4) (x+3)° +5(x+3)* —=33(x +3)> +117(x + 3)* +2209(x +3) -2
B)! (x+3)° —13(x +3)* +72(x +3)° — 215(x + 3)* + 1636(x + 3) - 212

Yka3zanue
Jlns BerumcieHus ko3 GUIIMEHTOB pa3iiokeHus npuMeHute hopmyiy Tewmopa:

()

a =2~ "7
" n!

Pemenne
Boeraucium ko3¢ duiiments MHOTOUNIEHA Teitnopa:

f(-3)=-243+162-162+9+15+7=-212=

=a, = f(=3) = 212 =-212;
0! 1
f'(x)=5x"+8x" +18x> +2x -5,
f'(-3)=405-216+1458 -6 -5=1636 =
f'(-3) 1636
1!
F(x)=20x" +24x> +36x +2,

—a, = = 1636;

f'(-=3) _ 430

=a, = =-215;

2! 2
F(x) =602 +48x+36, f"(~3)=540—144+36 = 432 =
L LY 2,

3! 6
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FO(x)=120x+48, fH(-3)=-360+48=-312=
fO(=8) _ 312 _

-13;
4! 24

=>a, =

®)(-3) 120
O(x)= fO(-3)=120 > a, =L () 120,
)= f7(=3) 5= "5 " 100

fO%)=..= f"(x)=0 npu n=6=

=a,=0 npu nxe.

CrneqoBaTeNbHO, Pas3joKeHHEe JAHHOIO MHOTOWIEHA MO CTemeHsM (x + 3) uMeer
BHI:

X +2x  +6x°+ x> =bx+7 =
=(x+3)" —13(x +3)* +72(x +3)* = 215(x +3)* +
+1636(x +3) —212.

3agaua 2.
Paznoxuth GyHKIHIO

fx)= 22 +2x-5"

0 CTETICHSIM X, TOJIB3Ysch hopmynoit Teitnopa.

Yka3anue
Breraucnure ag — ag mo popmyie

_f"0)

a - 7

ol

n

Pemenune

£(0)= (=5)° = =125 = a, = ~125;
fl(x)=3(x* +2x-5)*(2x +2), f(0)=150 =

a, :@:150;
1!
f(x)=6 4(x* +2x-5)(x+1)* +(x* +2x-5)* ,
£1(0)=30=>a, :%:15;
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!

f"(x)=6 x*+2x-5 5x*+10x-1 =
=6 (2x+2) 5x°+10x-1 +(10x+10) x*+2x-5 =

=12(x+1)(10x> +10x-26), f"(0)=-12-26=
-12:26

a; = -52;
3!
fY(x)=24(15x" +30x-13), f¥(0)=-72=
72
= a4 =—=— "
4!

G (x) = (5) 720
fOx)=24(30x+30), (x)=24(30720 = a; === =6
f(6>(x) = f(6)(0) =24-30=720=a, = % =1,

%) =..=0=a,=..=0.
B pe3ysbTaTe MoaydaeM:

f(x)= ¥ +2x-5 =

=x® +6x° —3x* —52x° +15x% + 150x — 125.
OtBet: x°+6x° —3x* —52x° +15x% +150x —125.

3anayva 3.
[Tomyunts MHOTOWIEH Teitnopa 2-i crenenu Ajid QyHKIUU
y=arctgx npu x,=0.

Ykazanue
TpebOyercs HaliTH

£

a,=f(0), a,=f(0) u a,= >

Pemenne
a, = arctg0 =0;

1
alz( 2) =1,
1+x° ),

,1'

a2=% 1+

Clie1oBaTelbHO, arctg X = X + 0(x°).
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OTBeT: x.

3agaua 4.
Hamucate MHOTOUNEH Telmopa n-ro mopsiaka s GyHKIuu

y=x"Inx npu x,=1.

Yka3anue
Jlst pemenust 3aaauu TpeOyeTcst HaWTH oOITUiA BUJT TPOU3BOAHON 71-TO TIOPSIIKA OT
JaHHOU (DYHKITHH.

Pemenne
Haiinem mozapsia MpOW3BOAHBIC HECKOJBKUX IOPSIKOB OT JaHHON (yHKIIWH, a
3aTeM mompodyeM noyunts o6t Bug Y (1):

y':lenx+x2-%=x 2lnx+1 , y'(l):l;

y”:2lnx+1+x-z:2lnx+3, y'(1)=3;

X
y=2=2x, y(h)=2
L (<) 2-(4-3)! ]
o =21y = V2O o a0y

o= CZ 23 gy < cay2-(n-3y:

Torna xoaddunments! Teitnopa paBHbL:
a,=y(1)=0, a,=y'(1)=1
_y@ _ vy _1

a, =<t =

3

N7 ag - ’
21 2 3! 3
(-1)""-2(n-3)! (-2

n! n(n—1)(n-2)

npu n=4 a,=

CnenmoBarteibHO,

x’ 11r1x=(x—1)+%(x—1)2 +%(x—1)3+

(-1)-2 4 (-)"*-2 " ;
P e e Ty Y e
OtBet:

x° Inx:(x—l)+%(x—1)2 +%(x—1)3+

()2
n(n—1)(n-2)

(x—1)"+o(x—-1)".
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3amgaua 5.
HamnmcaTts MHOTOUNEH Telmopa 27-1o nopsaka 1 QyHKIIN

y=cos’x npu x,=0.

Yka3zanue
[IpencraBeTe HYyHKINIO B BUIE
) 1+cos2x 1

COS" X =——— = —+—CO0S2X
2 2
Y UCTIOJIb3YWTE CTAHIAPTHOE Pa3JIoKEHHUE:
2 4 2n
cosx=1-2— 42— +(=1) —— +o(x>")
21 4! (2n)!
Pemienne
Ecan 0003Ha4nTh COS2X = t, TO
2 4 2n
cost:cost:1——+t——...+(—1)” +o(t*"!) =
21 4! (2n)!
2.2 4 _ 4 2n . 2n
B N U S Y
2! 4! (2n)!
Tornma
2 3.4 2n-1_.2n
cosPx=til 22X 2% — et (-1) 2 X +0((2x)*"") =
2 21 4l (2n)!
2 3.4 2n-1.2n
X 2y — e+ (1) 2" x +0o((2x)").
20 4l (2n)!
2 3.4 2n-1_2n
Orger: cosx=1- =5 4 2% — et (1) 2 x +0o((2x)*").
21 4l (2n)!
3ajauya 6.
BerancanTts npuOIMKeHHO L
p %
Yka3zanue
Bocnons3yiitecs hopmynoi
2 3
e rl+x+—+—.
2 6
Pemienne
1
11,1111 8
e 3 29 627 81

OTtser: 0,716.
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1.2.6. Monomonnocmo u Ikcmpemymeol
®dyukuus Yy = f(X) Ha3pIBaeTcs Bo3pacTalomeii (yobiBalomieii) Ha [ab], eciu

Vx,,x, €lab] maxux,umo x, <x,,
f)<f(x)  f(x)> fx,) -

Teopema 1. Eciu pyukmmst f(X), muddepenmupyemas wa [ab], Bo3pacraeT Ha 3TOM
otpeske, To f'(x) >0 Ha [ab].
Ecmu f(X) HenpepriBHa Ha [ab] u auddepenuupyema Ha (ab), mpuuem f'(x) >0
it a < X < b, To ata GpyHkums Bo3pacraeT Ha oTpeske [ab].
Jloka3aTenbCTBO.
1. ITycts f(X) Bo3pactaeT Ha [ab]. Torma mpu Ax >0
f(x+Ax)> f(x), moecmv f(x+Ax)— f(x)>0.
Ecnn xxe Ax <0,
f(x+Ax) < f(x), nosmomy f(x+Ax)— f(x)<0.

CrnenoBatesibHO, B 000MX CITydasix

fleran) - () _

Ax
3HaAYUT,
ggf(x+§£_f(x) :fr(x) >0,
4TO U TPeOOBAJIOCh JI0KA3aTh.
2. ITycth

f'(x)>0Vx elab]. Buwbepem x,,x,€lab]:x, <x,.
ITo Teopeme Jlarpanxa

f(6) = f(x) = f(S)(x, —x), %, <& <x,.
Ho no ycnosuro

f(£)>0, nosmomy  f(x,)> f(x,),

ciegoBatenbHo, f(X) — Bo3pacrarorias GyHKIHS.

3ameuanue 1. AHaJOrMYHYIO TEOpEMY MOXKHO JI0Ka3aTb W JJsl yObIBaromien
¢byukuuu: eciau f(X) yobiBaer Ha [ab], To f'(x)<0 na [ab]. Eciu f'(x) <0 Ha (ab),

to f(X) yOwiBaet Ha [ab].

3ameuanme 2. ['eomeTpuyecKkuil CMBICI JOKAa3aHHON TeopeMbl: ecliu (YyHKUHUS
BO3pacTaeT Ha oTpe3ke [ab], To kacarenpHas K ee rpadMKy BO BCEX TOYKaxX Ha
3TOM OTpe3Ke 00pazyeT ¢ 0cbio OXx OCTPBIN Yroil (MU TOPU30HTANIbHA).
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Puc. 1

Ecnu ke ¢yHKkuus yObIBaeT Ha paccMaTpUBacMOM OTpPE3Ke, TO KacaTelbHas K
rpaduky 3Toil QyHKIIMM 00pa3yeTr ¢ ocbio Ox Tymou yros (WM B HEKOTOPBIX
TOYKax napauieiabHa ocu Ox).

[
»

v

Puc. 2
Heo0xoaumoe ycjioBue 3KCTPeMyMa
PaHee ObLTO TaHO OMpeeIeHHe MaKCUMyMa 1 MUHUMYyMa (hyHKITHH.

Teopema 2 (neobxodumoe ycrnosue sxcmpemyma). Ilycts Gynkius f(x) 3agana B
HEKOTOPOM OKPECTHOCTH TOYKMU Xo. ECaM Xy SBISETCS TOYKOM OJKCTpeMyma
¢ynkuuu, To f’ (Xo) = 0 um He cymiecTByer.

JlokazaTenbCTBO.

JleiicTBUTENBHO, MPOU3BOAHASA B TOUKE Xy JHOO CyllecTByeT, 1nbo HeT. Eciau ona
CYILLECTBYET, TO IO Teopeme depma OHa paBHA HYJIIO.

IIpuMmepsbI.

1. OyukuMs Y = X* uMeeT MUHUMYM TipH x = (), mpuuem (x?)' = 2X = 0 mpu x=0.
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2. Munnmym QyHknuu Y = |X| gocturaercs mpu x = 0, mpuyeM MPOU3BOTHAS B
ATOM TOYKE HE CYIIECTBYET.

3ameuyanue. OTMETHM €II€ pa3, YTO TeopeMa 2 JacT Heo0Xoaumoe, HO He
JA0CTATOYHOE YCIIOBHE IKCTPEMyMa, TO €CTh HE BO BCEX TOUKax, B KOTOphIX f (X) =
0, pyHKIMS TOCTUTAET dKCTPEMyMa.

Mpumep. V dyukmur Yy = X* Yy ' = 3x° = 0 npu x = 0, ogHako (yHKIHs
MOHOTOHHO BO3pacTaeT BO Bcel 00J1acTH ONpeaAeIeHHUS.

Ecnu ¢yHkius onpeaeneHa B HEKOTOPOH OKPECTHOCTH
TOYKHU Xy ¥ €€ MPOU3BOIHASI B TOM TOUKE paBHA HYJIIO WU
HE CYIIECTBYET, TOUKA X HA3bIBACTCS KPUTHYECKOH TOYKOM
byHKIIUU.

TeopeMa 2 YTIBCPKAACT, YTO BCC TOYKH OSKCTPCMYMa HAXOIATCA B MHOKCCTBC
KPUTHYCCKHUX TOYCK ¢)YHK]_II/II/I

JlocTaToOYHbIE YCJOBHSA IKCTPEMYMAa

Teopema 3. Ilycts ¢ynkus f(X) HenpepbsIBHA B HEKOTOPOW OKPECTHOCTH TOYKHU
Xo, muddepeHpyemMa B MPOKOJIOTOM OKPECTHOCTH ATOM TOUKM M C KaxIAOu
CTOPOHBI OT 1aHHoM Touku f ‘(X) coxpaHser mocTosHHBIN 3HaK. Toraa:

1) ecmn f'(X)>0mpu x<Xouf (X) <O npu X > Xy, Touka xg SABISCTCS
TOYKOW MaKCUMYyMa;

2) ecmm f(X) <Ompu X <Xomf (X) >0 npu X > Xy, Touka xg SBISCTCA
TOYKOW MUHUMYMQ;

3) ecmm f (X) HE MeHseT 3HaK B TOYKE Xo , 3Ta TOYKA HE SIBJISIETCS TOYKOM
AKCTpPEMyMa.

Jloka3aTenbCTRO.
CrpaBeyIMBOCTh YTBEPKIAEHUS 3) claeayeT u3 TeopeMsl 1. Jlokaxkem yTBepKaeHUs

1) u 2). ITo popmysne Jlarpamxka f(x) — f(Xo) = f (§)(X — Xo), TAe X TPUHAIICIKUT
OKPECTHOCTH TOYKH Xp, @ £ JCKUT MEKAY X M Xo. Ecu f (§) > 0nmpu X < E<Xom f

(©) < 0mnpu xy <& <X, npuparienue Gyukuuu f(x) — f(Xy) < 0 mo 0de cTOpPoHBI Xy

, TO €CTb B pPacCMaTpUBAEMOW TOYKE JOCTHUTAeTCs MaKCUMyMm. Ecau xe
MPOU3BOJHAS IIPU X = Xy MEHSET 3HAK C «T» HA  «-», TOUKA Xg SABISIETCS TOUYKON
MuHUMyMa. CrenoBaTebHO, U3BMEHEHUE 3HAaKa MPOU3BOIHON B TOUKE X SBJISIETCS
HEOOXOJIUMBIM U JIOCTATOYHBIM YCIIOBUEM HATUYUS SKCTPEMYMa B 3TOM TOUKE.
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Teopema 4. Ilycts f ‘(X)) = 0 m y paccmarpuBaeMoil (DYHKIIMH CYIIECTBYET
HETIpephIBHAS BTOPAasi MPOM3BOIHAS B HEKOTOPOW OKPECTHOCTH TOYKH Xo. Toraa xo
SIBIISICTCSI TOUYKOM MakcumyMa, eciu f''(Xo) < 0, uiam TOYKOW MUHUMYyMa, €CIIH
f’(xo) > 0.

JlokaszarenbCTBO.

JlokaskeM 1iepByI0 4acth TeopeMbl. ITycth f7'(Xg) < 0. Tak kak mo ycimosuio f’’(X)
HETIPEphIBHA, CYIIECTBYET OKPECTHOCTh TOYKH Xo , B kotopoit f’’(x) < O.
Bcemomuum, gto f°(X) = (f (X))’ , u u3 ycmoBus (f'(x))” < 0 caenyer, uro f'(X)
yOBIBaeT B paccMaTpuBaeMoii okpectHocTH. [Tockombky f'(Xg) =0, f'(X) > 0 pm X
<X uf(X) > 0 npu X > Xo. Torma mo teopeme 3 TOUKa Xy SABJISAETCS TOUKON
MakcuMyMa (QYHKIIMU, 4YTO M TpeOoBajoCch JOKazaTh. YTBEpXKIeHUE 2)
JOKa3bIBACTCS aHATIOTUYHO.

Teopema 5. Tlycts dyukmus Y = f(X) n pa3 muddepenimpyema B Touke xo u f
(k)(xo) =0mnpu k=12,...,n-1,af ") (Xo) He paBHa Hyimr0. Toraa, eciu N — YeTHOE
yuciao (N = 2m), ¢ynkmusa f(X) wuMeeT B TOUKe Xg SKCTPEMyM, a HMMEHHO
maxcumyM 1pu T @™ (xo) < 0 1 murmmym mpu £ #™(xo) > 0. Eci e N — HeueTHOE
gucio (N = 2m — 1), To ToYKa Xo He SBJIIETCS TOUYKOH 3KCTpeMyMa.

Jloka3atenbCTBO.
N3 popmynsl Teitnopa cienyer, 4To

7= fa) = S0 o)

rjae & JeKUT MEXKITY X U Xq.
a) Ecim n = 2m — gernoe u f ®™(xo) < 0, To HaiifeTcsi OKPECTHOCTH TOUKH Xg, B

) 2 o o
xotopoii f @™ (x) < 0. ITycTh X IPUHAIIEHKUT YTOH OKPECTHOCTH, TOTA & TOXKE il

npuHaptexur, 1o ects f @™(€) < 0. Ho (X — Xo)*™ > 0 mpu x, He PaBHOM Xg ,

noaromy f(X) — f(Xo) < 0 Bo Bcel paccMaTpuBaeMON OKPECTHOCTH, CJICOBATEILHO,
TOYKA X( ABJSICTCSA TOYKOW MaKCUMyMa.

6) Eciir n = 2m — wernoe u f ®™(Xo) > 0, To TakuM ke 06pa3oM JOKa3BIBACTCS, UTO
Xo — TOYKAa MHHUMYMa.

B) Eci n = 2m - 1 — nederroe, T0 (X — Xo)*™" MMeeT pasHbIe 3HAKH MO Pa3HBIC
CTOPOHBI TOYKH Xg. [I03TOMY B OKPECTHOCTH 3TOW TOYKH, B KOTOPOM IPOU3BOAHAS
nopsiika 2M — 1 coxpaHsieT IMOCTOSIHHBIN 3HaK, mpupaimieHue (QYHKIUA MEHSET
3HaK NpU X = Xo. CJIe0BaTEIBHO, IKCTPEMYM B 3TOM TOUKE HE IOCTUTACTCS.
BbIBOJ: MPOBEPUTH HAJIUYHE SKCTPEMyMa B KPUTHUECKOW TOYKE MOYKHO TpeMs
criocobamu:

1)  ybemuthes, uto f’(X) MeHseT 3HAK TIPH X = X |

2)  ompenenuth 3HAK f7'(Xp) ;

3) ecmu f'’(Xx) = 0, wuccimenoBaTh MOPSJOK M 3HAK IPOMU3BOIHON, HE
oOpamatoieiics B 0 B paccMaTpruBaeMOl TOUKE.
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IIpuMmepsbI.

1. Onpenenum Tur skcTpeMmyma GyHkuuu Yy = X* - 3X + 7 npu x = 1. Touka x
= 1 aBnseTcs KpuTHYeCKO, Tak Kak Y’ = 3x* - 3X =0 npu x = 1. Tak kak mpu X < 1
y'<0,ampux>1 y’ >0, x=1-Touka MUHUMyMa. MOXHO OBbLIO YCTAaHOBUTH
ATOT (haKT U C MOMOIILIO BTOPOU MPOU3BOAHOM: Y = 6X —3 =3 > 0 mipu x = 1.
CnenoBarenbHO, QYHKIUS B 3TOW TOYKE TOCTUTAET MUHUMYyMa (Teopema 4).

2. VcenenyeM Ha skeTpeMyM GyHKmmio Y = X + X5, Yy’ = 5x* + 3x2 = x2(5x2 +
3)=0mpux=0.Ilpustom y"' =20+ 6X=0mpux=0, y"'=60x>*+6=6#0
mpu x = 0. [lopsaok mepBol HEHyJNEBOM NPOM3BOAHOM B TOouke x = O paBeH

HEYETHOMY YMCIy 3, CIEJOBaTelbHO, MO TeopeMe S5 (QYHKIUS HE HUMeEeT
HKCTpEMyMa B ATOU TOYKE, a TaK KaK KPUTUUYECKasi TOUKA €IUHCTBEHHA, (QYHKITUSI
BOOOIIIE HE UMEET IKCTPEMYMOB.

HauoOoabuiee 1 HaMMeHbIIee 3HAYCHUSA (PYHKIUM,
auddepeHurpyemMoil Ha OTpe3Ke

[Mycts ¢dynkmus y = f(X) muddepenuupyema Ha otpeske [ab]. Torma ona
HENpephIBHA Ha HEM, W 10 CBOHCTBY (YHKIIMH, HETPEPHIBHONH Ha OTpE3Ke,
JIOCTUTAET Ha ATOM OTpPe3Ke CBOET0 HauOOJIbIIET0 U HAMMEHBIIETO 3HaYeHus. Eciu
f(xX) umeer Ha [ab] KOHEYHOE YHMCIIO KPUTUYECKMX TOYCK, TO €€ HamOOJbIIce
3HaueHue Oyaer 00 OJHUM M3 €€ MAaKCHUMyMOB (2 WMEHHO, HauOOJBbIIUM
MaKCUMYMOM), JIN0O OYyIeT TOCTUTATHCS B OJHOM U3 KOHEYHBIX TOUEK OTpe3ka. To
e MOXXKHO CKa3aTh W O HAWMMEHbIIEM 3HaueHWW. M3 CKa3aHHOTO CIeAyeT, 4TO
MOMCK HauOOJbILIETO M HAUMEHBIIEro 3HaueHU AuddepeHuupyeMon pyHKIIMM Ha
OTpe3Ke MOXKHO MPOBOJIUTH TIO CIIEIYIOIICH CXeMe:

1) HalTH KpUTHYECKUE TOUYKH (DYHKIMH, IPUHAJICIKAIINE JAHHOMY OTPE3KY;

2) BBIYHMCIUTH 3HAYeHUS (DYHKIMM B TOYKaX « W D, a Takke B HaWJICHHBIX
KPUTUYECKUX TOYKaxX. HawmmeHbIllee U3 TMOJYyYEHHBIX YHCeT Oyaer
HAaWMEHBIIIMM 3HaYeHHEeM (DYHKIIMH Ha JAaHHOM OTpe3Ke, a HauboJbIee — ee
HanWOOJIBIITUM 3HAYEHHUEM Ha HEM.

IMpumep.
Haiinem nHaunOombliiee 1 HauMeHbIee 3HadeHust GyHknun y = X2 + 3x? - 9x —15

Ha otpeske [-4,4]. Yy =3x+6Xx -9 =0 mpu x = -3 u x =1 . IIpu sToM 00e
HalJICHHbIE KPUTUYECKUE TOUKH MPUHAJICKAT JAHHOMY OTpe3Ky. Brramcimm
3HaueHus pyHkuu npu x = -4, x = -3, x =1 u x =4,
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Takum oOpazoM, Hambonblliee 3HaYeHWE (YHKIIMM HA PACCMATPUBACMOM
oTpe3ke paBHO 61 W TPUHHUMAETCs Ha €ro MpaBOW TpaHUIIE, & HaUMEHBIIEe
paBHO —20 ¥ TOCTHTAETCS B TOYKE MUHIMYMa BHYTPH OTpE3Ka.

ITPUMEPBI PEHIEHUSA 3ATAY 110 TEME
«MoHOmMORHOCMb U IKCHPEMYMBL

3agaua 1.
HaiiTi unTepBanbl Bo3pacTaHust GyHKIHH
y = 1+x°
1-x*
Yka3zanue

Haiinure wHTepBasbl, NpUHAJJICKAIIME O00JaCTH oOmpeaAcieHus (QyHKIMH, Ha
KOTOPBIX €€ MPOM3BOIHAS MOJIOKUTEIbHA.

Pemenue
OO6unactb onpeneneHus QyHKIUU:
xe —o,-1 u -1,1 U 1,+0 .
HaitneM npon3BOIHYIO U UCCIIENYEM €€ 3HaK.
, 2x(1-x%)—(1+x°)(-2x) 4x

(1-x°) (1)
y>0 npu x>0=
C YYETOM 00JIaCTH ONpEeIeSICHUs MHTEPBAJIbl BO3PACTAHUS:
0,1 U 1,+ .
OtBer: 0,1 U 1,4+ .

3agauya 2.
HaiiTi Touky Makcumyma (pyHKITHH

y=x"+3x"—24x+5.

Yka3zanue
Tpebyercs HAWNTH KPUTUYECKYIO TOUKY, B KOTOPOM 3HAK MPOU3BOIHON MEHSETCS C
IIJTI0CA HA MUHYC.

Pemienne
OO6unactb onpeneneHuss QyHKIUU: —o0,+%0 .

Haiinem kpuTrnyeckue ToOUku QyHKIUU:
y' =3x" +6x—24=3(x" +2x-8),

Y=0=>x"+2x-8=0=>x=-4, x=2-
KPUTHYECKUE TOUKHU.
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HccnenyeM 3HaK NpPOM3BOJHOM HAa HHTEpBajaX, pas3lelE€HHBIX KPUTHYECKUMU
TOYKAMMU:

+ _ : -

N

v

OTtBer: x = -4.

3amaua 3.
Haiit Touky MuHMMyMa (DYHKITUU

Yka3zanue
He 3a0bIBaiiTe, 4TO KPUTHICCKMUMHU TOUKAMU (PYHKIIMH SBJISIOTCS HE TOJIBKO TOYKH,
B KOTOPBIX MPOM3BOJIHAS PaBHA HYJIIO, HO U TOYKH, B KOTOPBIX NMPOU3BOIHAS HE
CYyIIEeCTBYET (eciii cama (DYHKITHS OIpeiecHa B 3TON TOUKE).

Pemenne
OO6usactb onpeneneHuss QyHKIUU: —oo,+o0 .

2 -1 2 33x+2
'=1+=x3=1+ = .
ST 3x 3Yx

CDYHKHI/IH HMECT ABC KPUTHICCKHUEC TOYKM:

x:—2—87, ede y'=0, u x=0, ede y'Hecywecmbyem.

Hccnenyem 3HaK NPOU3BOJAHOM HA HHTEPBANAX, PAa3LACICHHBIX KPUTHYECKUMHU
TOYKaMU:

i max - min +

w7

Puc. 4

n
»

[Tpu 5TOM rpaduk GyHKIMH UMEET BU:
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¢ ----
v

Puc. 5
Oteer: x = 0.

3anaua 4.
HaliTn HauMeHblllee 3HaueHne (PYHKIIUU

y =169 - x*

Ha oTpeske [-5,12].

Yka3zanue
DyHKIMS, HETPEPhIBHASI HA OTPE3Ke, MPUHUMAET HA HEM HAUMEHbIIIEe 3HAUCHUE
a100 Ha TpaHuIle, 00 B KPUTHUUECKOM TOUKE, PACIION0KEHHON BHYTPH OTpE3Ka.

Pemenue
O6unactb onpeneneHus QyHKINH:
xe -13,13 ,
TO eCTh Ha oTpe3ke [-5,12] pyHKIusa onpeneneHa U HempepbIBHA.
Hatlinem kpuTHdeCcKue TOUKHU:
—2x B X

24169 -x* 169
EnuHcTBeHHAs KpUTHYECKast Touka Ha oTpeske [-5,12]: x = 0.
CrenoBaTellbHO, HAMMEHBIIIECE 3HAYCHHUE (PYHKIIMA MOXKET JJOCTUTAThCS B OJTHOW U3
Tpex To4eK: x = -5, x = 0 wm x = 12.

y(-5) =169 —25 =144 =12;

y(0)=+/169 =13;
y(12) =169 —144 = /25 =5.

Wtak, HauMeHblllee 3HaueHne PyHKIIUU

y=+169- x>

y'=

Ha oTpe3ke [-5,12] paBHo 5.
Ortser: 5.
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3amgaua 5.
Yucno 12 pa3noXuTh Ha JBa MOJOKUTEIBHBIX MHOXKHUTENS TakK, 4TOOBI CyMMa HX
KBaJpaToB OblJIa HAUMEHBIIIEH.

Yka3anue
Haiinure MunuMyM QyHKIIUM

2
f(x)=x? +(2) .
X

Penienue

. .. 12 o
HYCTI) X — OAWH U3 MHOXHTCIICH, TOIrJda BTOPOU: —, H Tpe6yeTc;1 HaUTH TOYKY
X

fx)=x>+ (E)Z

X
Oo6nacte onpenenenuss GyHKIUU: —©,0 U 0,+0 .

MUHUMYMa (QyHKIIHH

x* —144

3
X

fl(x)=2x+144-(-2)x> =2

CremoBaTeIbHO, KPUTHYCCKUE TOUKH:
x=4144 =12 =23 u x=-23.

[To ycnmoBUI0O MHOXKUTEIU JOJKHBI OBITH MOJIOKUTEIBHBIMHU, TTIO3TOMY HCCIIEIyEM
3HAK TIPOU3BOIHOM TOJILKO TpH X > 0:

- min +
0 \ " /
Puc. 6

Hraxk,

OtBet: 243 u 2/3.

1.2.7. Boinyknocme. Acumnmomot.
Oowan cxema ucciedosanus ynkyuu

KpuBas Ha3piBaeTCs BBINYKJI0M (00paleHHOH
BBINYKJIOCTHI0 BBEPX) Ha HHTEpBasie (ab), eciu
BCE TOUKH KPUBOH JIKAT HUXKE JTH000H ee
KacaTeJIbHOM Ha ’TOM MHTEPBAJIE.
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KpuBas Ha3pIBaeTCs BOrHYTOM (00panieHHoi
BBINMYKJIOCTHIO BHU3) Ha MHTEpBae (ab), eciu
BCE TOUKHU KPUBOM JIe)KaT BhIIIIE JI000i ee
KacaTeJIbHOM Ha 3TOM MHTEpBAJe.

v

Puc. 1

Hamnpumep, kpuBasi, 1300pakeHHas Ha PUCYHKE, BbIITyKJia Ha uHTepBaie (BC) u
BOrHyTa Ha nuHTepBane (4B).

Teopema 1. Ecnu f'(X) < 0 Bo Bcex Toukax uHTepBaia (ab), To kpusas y = f(X)
BBINyKJ1a Ha 3ToM uHTepBasie. Eciau f7’(X) > 0 Bo Bcex Toukax uHTepBajia (ab), To
kpuBas Yy = f(X) BorHyTa Ha 3TOM HHTEpBaJE.

JlokazatenbCTBO.

JlokaxkeM niepBoe yTBepkacHue TeopeMsl. [Tycts f7(X) < 0 Ha (ab).

Bribepem Ha uHTepBalie (ah) MPOM3BOIBHYIO TOUKY X = X M JJOKXKEM, 4TO BCE
TOYKHA KPUBOM Ha ’TOM MHTEPBAJIC JIEKAT HUKE ITPOBEACHHON B TOUYKE C
abciuccon xg KacaTeabHOM, TO €CTh OpANHATA JII000H TOYKH KPUBOU Ha
paccMaTprBa€MOM MHTEPBAJIE MEHBIIIE OPANHATHI KaCATEIbHOM.

v

Puc. 2
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YpaBHenue kpuBoii umeet Buj Y = f(X), a ypaBHEeHHE KacaTeIbHOW MIPU X = Xo:

y=f(x)+ f(%)(x —xp).
Torna

Y=y =f(x)= f(x) = f(x)(x = xp)-
[IpumenuB Teopemy Jlarpanxa, mosyyum:
Y=y = fe)(x=x0) = f(%)(x = %) = (f(c) = f (%)) (x = %),
TZI€ ¢ JISKUT MEXKIY X U Xg. [[pUMEHNM K IEpBOMY MHOXHUTEIIO PABOU YaCTH
IIOJIYYEHHOI'O0 PaBEHCTBA €el1lle pa3 Teopemy Jlarpanxa:
y=y=f(er)(c—xp)(x —x,)

(31ech ¢ — Mexay X U ¢). IlycTb X > X.

v

X0 c1 c X
Puc. 3
Torna
X, <c,<c<x, moeemv c—x,>0, x-x,>0, f'(c;)<0,
IIO3TOMY

y—y<0.
Ecnu xe X < X, TO
x<c<c <x,, nosmomy c—x,<0, x-x,<0, f"(c;)<0.

\ 4

X c c1 X0

Puc. 4
Ho npu 3TOM no-npexuemy
y-y<0.
Takum 00pa3zom, Jir0Oasi ToUKa KpUBOUM Ha TAHHOM MHTEpBAJIE JICKHUT HUKE
KacaTeJIbHOM B TOUKE ¢ abciuccoi xq. Clie10BaTesIbHO, KpUBAs SBJISIETCS
BBIITYKJIOM.
Btopoe yTBepkaeHuEe TeOpEeMbI I0Ka3bIBACTCS aHAJOTUYHBIM 00pa3oM.

Touka, oTAeNAoIas BHITYKIIYIO YacTh
HETIPEPBIBHOM KPUBOU OT BOTHYTOM, HA3bIBAETCS
TOYKO# nmeperuda.
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3ameuanue. Eciu B Touke neperunda cyiiecTByeT KacaTelibHasi K KpUBOH, TO B
ATOM TOYKE OHA MEepPeceKaeT KPUBYIO, IOTOMY YTO MO OJIHY CTOPOHY OT JaHHOU
TOYKHU KPUBas MPOXOAUT BBIIIE KACATEIHbHOM, a 10 APYTYIO — HUXKE.

Teopema 2 (neobdxo0umoe ycnosue mouku nepezuoda). Eciu B Touke Xo neperuda
KPHUBOH, siBJIstoLIeics rpadukom yHkiuu Y = f(X), cymectByer BTOpas
npousBogHas ' ’(x), To f’(Xy) = 0.

JlokazaTenbCTBO.

Tak kak pu x = xg

y=y=fx)y =y =f(x)
no ¢popmysie Telnopa nmoxyvyaem:
f'(x)
2
Ecau 661 f"(x,) # 0, pa3HOCTh Yy —Yy cOXpaHsia Obl TOCTOSTHHBIN 3HAK B HEKOTOPOU

(x—2x,)" +0(x —x,)°.

y—y=

OKPECTHOCTH TOYKH Xg , B TO BpeMsI KaK B TOUKE mepernda 3Ta pa3HOCTb J0JDKHA
MeHsITh 3HaK. CienoBareibHo, f''(Xg) = 0.

Teopema 3 ( 0ocmamounoe yciosue mouek nepezuba). Ecnu pynxnus y = f(x)
muddepeHpyema B TOUKE Xg , ABAXKbI AU depeHupyeMa B MPOKOIOTOM
OKpeCTHOCTH 3TOW Touku U f’’(X) MeHseT 3HaK IMPH X = Xg , TO Xg — TOYKA
neperuoa.

JlokazaTenbCTBO.

B Teopeme 1 mokazaHo, 4TO 3HaK pa3HOCTH Y — Y ompenaensercs 3HakoM f7’(Cy),

Tak Kak (C — Xg)(X — Xg) > 0 110 00e CTOPOHBI TOUKH Xo. CIe10BaTeIbHO, Y — Y
MEHSET 3HaK IIPH X = Xg, TO €CTh Xo — TOYKA eperuoa.

3amevanue. MOXXHO JOKa3aTh, YTO €CIU B YCIOBUAX TEOPEMBI S U3 JeKiuu 10
KpUTHYECKAas TOYKA HE SIBJISECTCS TOUKOW 3KCTPEMYMA, TO OHA SIBISETCS TOUKOU
neperuoa.

IIpumep. Haiinem nHTEpBasbl BHITYKIOCTH U BOTHYTOCTH M TOUYKHU Neperuda
byHKIUN

x°—6x" +x-12.
y'=3x"-12x+1, y"=6x-12, y"=0 npu x=2,
y'<0 npu x<2, y">0 npu x>2.

Taxum 006pazom, rpaduk PyHKITUU SBISETCS BBHITYKIBIM MPU X < 2, BOTHYTHIM
npu x> 2,ax =2 — TOYKa ero neperuoa.

ACHUMNTOTHI

Onpedenenue 23.4. llpsimast Ha3pIBaeTCss acCHMNTOTOM rpaduka Gynknuu y = f(X) ,
€CJIM PACCTOSTHUE OT IMIEPEMEHON TOYKH TOTO rpadrKa JI0 MPSMO CTPEMHUTCS K
HYJIIO TP YAAJICHUHA TOYKU B OCCKOHEYHOCTb.
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PaCCMOTpI/IM TPU BUAA ACUMIITOT U OIIPCACIINM CITOCOOBI MX HaxXOXICHHA.

1. BepTukanbHble aCHMOTOTHI — IIPSIMBIE, 33/1aBAEMbIEC YPABHEHUSIMU BUIA X =
a. B aToM ciyuae onpeeneHrue aCUMITOTHI OJITBEPKAACTCS, €CITU XOTs Obl OJMH
U3 OJTHOCTOPOHHUX MPEEI0B (PYHKIIMU B TOUKE @ OECKOHEYEH.

IIpumep. BeptukanbHoit acuMnToTol rpaduka GyHKIIUN

y= 1
x—1
sBysieTCA npsmast x = 1.

A y :
1
1
1
1
1
1
1
1
1
: | -
: »
: X
1
1
1
1
1

Puc. 5
2. ['opu30oHTANIBHBIE ACUMIITOTHI — IPSIMBIE BUJIA ) = . Takue aCUMITOTHI

nMeet rpaduk GyHKIHUH, TPeesl KOTOPOH MPHU X — 400 WIIM MPU X — —0 KOHEUYEH,
T.C.

lim f(x)=a.

X—>Fo0

IIpumep. ['opu3oHTaTBLHBIME ACUMOTOTaMU (DYHKITH Y = arctg X sBJISIFOTCS

T T
y:E (npu  x —>+4©) u y:—E (npu  x — —o).

A

y

Puc. 6
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3. HaknonHbie acuMnToThl — npsiMbie Buga Y = KX + b. Haiinem K u b.
[Tockosbky
X
0,

X
€CJIM ATOT MpPEJIeIT CYIECTBYET, KOHEUEH U He paBeH Hyto. OIHAKO Jaxe Ipu
BBIMTOJHCHUH STHX YCJIOBUN HAKIOHHASI ACHMIITOTA MOXKET HE CYIIeCTBOBATh. J1Jist
ee CyIIECTBOBaHUS TpeOyeTcs, YTOOBI UMEIICS KOHCUHBIN MPEIeN MPH X —> oo
pasnoctu f(X) — kx. DToT npenen Oyner paBeH b , Tak kak

npu x—owo f(x)—kx=b.

npu x—>ow f(x)=kx+b, lim

3ameuanue. Yncio BEpTHKAIbHBIX aCUMITOT rpaduka QyHKIUU HE OTPAHUYEHO, a
HAKJIOHHBIX U TOPU30HTAIBHBIX B CyMME MOKET OBITh HE OoJiee ABYX (IIpH X —> —oo
U TIPU X —> +0).

IIpumep.
OyHKIUA
Xt +1
x-1
nMeeT OCCKOHEUYHBIHN pa3phIB IpH X = 1, To ecTh X = 1 — BepTUKaAJIbHAs aCUMIITOTA.
limy =oo,

X—>0

MOATOMY TOPU30HTAIBHBIX ACUMNOTOT Irpaduk He umeeT. [IpoBepuM Hamuume
HAKJIOHHBIX aCUMITOT. JIJ1s1 3TOr0 BEIYMCIUM

2
1imm _ hmx_+1 ~1=k
x> x X—® x(x_l)
Torna
2
lim( () —kx) = lim |~ 2 x| =lim ¥ =1 —p,
X—0 ) U oy | x—0 x —7]

3aMeTuM, 4To 00a Mpezesia He 3aBUCAT OT 3HaKa OECKOHEUYHOCTH, II03TOMY IIpsiMast
y = X + 1 aBnsercss acuMOTOTOM rpaduka Ha 060mx KoHIax ocu OX.

OO0mas cxema uccijie0BaHus QyHKIIUN

Pe3ynbTaThl, MomydeHHBIC PU N3YYCHUH PA3TMYHBIX aCTIEKTOB ITOBEICHUS
GyHKIIUU, TTO3BOJISIOT CHOPMYITUPOBATH OOIIYIO CXEMY €€ HCCIIEIOBAHUS C IEITIO
MOCTPOEHUS Ka4eCTBEHHOTO rpaduKka, OTPAXKAIOIIETO XapaKTePHbIe 0COOEHHOCTH
noBeicHUs JaHHOU PyHKIMu. [{71s1 3TOr0 Tpedyercs onpenenuTh:

1)  oGnacte omnpenencHus GYHKIMH U €€ TIOBEJCHUE HAa TPAHUIAX 00JIaCTH
orpeeneHus (HallTH COOTBETCTBYIOIINE OJJHOCTOPOHHUE MPEJIeNIbl UITH MPeIeIbl
Ha OECKOHEYHOCTH);

2)  YETHOCTh U MEPUOJUYHOCTD (PYHKIINH;
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3)  WHTEepPBAJBI HEMPEPHIBHOCTU M TOYKH pa3phiBa (yKa3aB IPH 3TOM THIT
pa3pbiBa);

4)  wmymu GyHKIHUH (T.€. 3HaUeHus x , mpu kotopbix f(X) = 0) u obiactu
HIOCTOSTHCTBA 3HAKA;

5)  MHTEpBaJbl MOHOTOHHOCTH U 3KCTPEMYMBI;
6)  WMHTepBaJbl BRITYKJIOCTH U BOTHYTOCTH M TOYKH TIepernoa;
7)  acuMnOTOTHI rpaduKa QYHKIIHH.

3amMeTHM, 4TO MOAPOOHBIN OTBET HA NMEPBBIN BOMPOC (PAKTUYECKHU COACPIKUT
OTBETHI HA BTOPOU M OTYACTH HA CEIbMOW BONPOCHI. JI€HCTBUTENBHO, ECIIN B
00J1aCTh OTNpEENIECHHS HE BXOAAT OTIAEIBHO PACIIOIOKEHHBIE TOUKU U HallICHBI
OJIHOCTOPOHHUE Mpeeibl (PYHKIIMU B 3THX TOYKaX, TO TEM CaMbIM yKa3aH
XapakTep pa3pbiBOB. B 4acTHOCTH, €ciii Kako-1100 U3 3TUX OJHOCTOPOHHUX
IpenesioB OECKOHEUEH, Yepe3 TOUKY pa3phiBa (MM Yepe3 COOTBETCTBYIOLIYIO
rpaHully 00JaCTH ONPEEICHUs) IPOXOAUT BEpTUKaIbHas acuMiToTa. Eciu
o0nacTp onpezeneHus GyHKIUU HE OTpaHUYEHA CJIEBA WJIM CIIpaBa U Ha
OECKOHEYHOCTU COOTBETCTBYIOIIETO 3HAKA CYIIECTBYET KOHEUHBIN IIpee
GyHKIUH, TO Tpa@UK UMEET Ha yKa3aHHOM KOHIIE 0cl OX TOPU30HTAIBHYIO
ACUMIITOTY.

Ipumep. Uccnenyem pyHKIHIO

!

Cx-1

Yy

U TIOCTPOUM ee Tpaduk.
1. O6nacTp onpenesieHus QyHKITUU:

x € (—0; 1) U(1; +x).
[ToBeneHnue Ha rpaHuIIaX:

. oxt+1 .oxt+1
lim =-o0, lim = —0o0,
x—>-—0 x —7] x—-1-0 x -7
.ox*+1 .ox*+1
lim =400, lim = +o0.
x>1+0 xy — 1 x>+0 y —]

flen = E2 sk ),

—x—
CJIEI0BATENBHO, (DYHKIUS HE SIBJISETCA YETHON WJIM HEYETHOM (B ATOM Cilydae
TOBOPST, UTO paccMarpuBaeMasi pyHKIuUs 001iero tumna). OyHKIUs He SBIsSETCS
NEPUOANUYECKOH, TaK KaK nepruoanyeckas (yHKIuUs, HE paBHasi KOHCTAHTE, HE
MO’KET UMETh Mpeziesia Ha OECKOHEYHOCTH.
3. Tak kak QyHKUIHMS ABISETCS JIEMEHTApHOM, OHA HETIPEPhIBHA BO BCEH
o0nactu onpeaeneHus, T.e. NPOMEXYTKU HENPEPbIBHOCTH

x € (—wo; 1) U(1; +x).
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W3 oTBeTa Ha mepBbIN BOMPOC CleAyeT, yTo X = 1 — Touka pa3peiBa 2-ro poja (Tak
KaK OJIHOCTOPOHHUE MPEJEIbl B 3TOM TOUKE OECKOHEUHBI).

4, f(x) =0 HU IpU KaKKUX 3HAYEHUSX X (CIEA0BaTENIbHO, TpaduK GYyHKIUU HE
nepecekaet och Ox). f(X) < 0 mpu x < 1, f(X) > 0 mpu x > 1.
S. Jl7is 0TBETa Ha ATOT BOMPOC HAWEM MPOU3BOJIHYIO JAHHON (DYHKITHH.
, 2x(x—=1)—(x*+1) x*-2x-1
f'(x)= = =0 npu x=1%2.

(x=1)° (x=1)°
F(x)<0 npu xe(1-+2;1)U(L;1++2) -
WUHTEPBAIbl YObIBaHHUS (DYHKITHH;
F(x)>0 npu xe(—0;1-+2)e(1+/2;+w0) -
MHTepBaibl Bo3pacTanus Gynkuuu. [lpu x =1-+/2 ’(X) MeHseT 3HAK ¢ «+» Ha «-»,

CIIeJI0BATENbHO, X =1-+/2 - Touka Makcumyma. Ilpu x =1++/2 f’(X) mensieT 3HaK ¢
«-» Ha «», CII€I0BATEIBHO, X =1+ V2 - Touka MHUHHUMYMa.

Yy — (2x-2)(x—-1)* = (x* -2x-1)2(x - 1) _ 4
6- f (x) (x_1)4 (x_1)3

HU 1P KaKKUX 3HaueHusx x. CienoBarenbHo, (PyHKIMS HE MIMEET TOYeK reperuoa.
f'(x)<0 npu x<1, f"(x)>0 npu x>1,

#0

MO3TOMY Ha MHTepBaJie (—oo;1) (PyHKIMS BBINYKIA, a HA UHTEpBajie (1+w) -
BOTHYTA.
7. [Ipu oTBeTe Ha MEPBBIN BOMPOC TOKA3aHO, YTO X = 1 — BepTUKAJIbHAS
acumnToTa rpaduka Gyukiuu. Tam ke BBISICHEHO, YTO MPU x —> oo (DYHKIIHS HE
UMeeT KOHEYHOTO Mpefiena, CIeA0BaTeNIbHO, HE UMEET U TOPU30HTATBHBIX
acumnToT. HaknmonHast acumnTora y = x + 1 HaiijieHa B mpuMepe 2 HaCTOSILEH
JICKIIUH.

x*+1
[Toctpoum rpaduk byHkumu Y = —

Ha OCHOBC PC3YyJIbTATOB IIPOBCACHHOI'O

HCCICAOBaHUA.

\4
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IMPUMEPBI PEHIEHUSA 3AJTAY 110 TEME

«Buinyxknocms. Acumnmomur»
3agauya 1.
Haiiti uHTEpBasIBI BRIMYKIOCTH (YHKITUH

y=(x-5) +4x-7.
Yka3zanue

£7(x) <O0.

@yHKIMS BBITYKJIA IIPU YCIOBUU

Pemenne
OO6uactb onpeneneHus QyHKIUU: —o0,+0 .

y'=5x-5)"+4, y"=20(x-5)<0=>x<5.

OrBer: —0,5 .

3agaua 2.
Haiiti mHTEpBaIBl BOTHYTOCTH (DYHKITUH
2
X
y="—-3/x-2.
9
Yka3zanue

['panuIiaMu UHTEPBAJIOB BBIMYKJIOCTH U BOTHYTOCTU MOTYT OBITh HE TOJIBKO TOYKH,
B KOTOPBIX BTOpAs IMMPOU3BOIHAS paBHA HYJIIO, HO ¥ TOYKH, B KOTOPBIX OHA HE
CYILIECTBYET.

Pemenne
Oo6unactb onpeneneHuss GyHKIUU: —o0,+00 .

2 1 2
'=—x—-—(x-2)3,
¥=3 3( )
2 1( 2 > 2 2 -2
"= -= x—-2)3=—+—(x-2) 3.
> 3( 3j< ) =2420-2)
[IpencraBum BTOpPYO NPOU3BOAHYIO B BUJIE:
5
, 2 1 2 (x=2)%+1
y [— 1+ = :5%

(x-2)° (x-2)°
N HCCICAYEM 3HAK IIOJYYCHHOI'O BBLIPAXKCHMHA. KOpCHB 3HAMEHATeIsd: X = 2.

Harinem kopeHb unciuress.
5

(x-2)=-1, x-2=(-1)°=-1, x=1.
3HaK BTOPOM MPOM3BOIHOM:

[6; RS}
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®
b
\ 4

Puc. 8
CrnenoBaTelbHO, MHTEPBAJIBI BOTHYTOCTH: —°0,1 , 2,+00 .

OrBer: —©,1, 2,40 .

3ampaua 3.
Haiitu Touku nepernda pyHKUIUN

y=In(1+x%).

Yka3zanue
B Toukax meperuba BTOpas Mpou3BOAHAs MEHSET 3HAK, TO €CTh TpeOyeTcss HAaUTH
TOYKH, B KOTOPBIX )’ " = 0 UK HE CYIIECTBYET.

Pemenue
O6uactb onpeneneHuss QyHKIIUU: —o0,+00 .
, 2x . 2 14+x* =2x-2x 2 1-x°
y:1+x2, ) 1+x2° ) 1+22 "

y”:O:>1—x2=O, x ==1.

[IpoBepuM, MEHsSIETCA I 3HAK BTOPOM TPOU3BOIHOM B HAMJIEHHBIX TOUKAX.

v

Puc. 9

3Hauurt, x = +1 — ToukHM neperuda.
Oteert: x = +1.

3agaua 4.
[Mpu xakux 3HaueHUsIX a U b Touka (-2,0) CIy)KUT TOUKOH rmepernda JMHUN

y=ax’ +bx’ +5x—-6?

Yka3zanue
Jiis onipenenienus a u b TpedyeTcs peruTh CUCTEMY

{y"<—2> -0
y(-2)=0"
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Pemenue
y'=3ax’ +2bx+5, y"=6ax+2b.

Jliist Toro utoOsr (-2,0) Oblaa TOUKOM mepernoda, HykHo, yTo0s! Y *'(-2)=0.
6a(-2)+2b=0, b=6a.
[Tpu 5Tom Touka (-2,0) JeKUT Ha KpUBOM, TO ecTh y(-2)=0. [ToacTaBum B 310
paBeHCTBO b = 6a:
-8a+24a-10-6=0, 16a-16=0, a=1, b=é6.
OtBer: a=1,b=6.

3anayva S.

CKOJIBKO acUMITOT UMeeT rpaduk GyHKIUN
_2x°-5x+2
X -1

Yka3zanue
['paduk nmeeT BepTUKATbHBIE ACUMIITOTHI, €CJIH
dx,:lim f(x) = oo.

X=X

VYciioBue HanuuKs TOPU30HTAIBHOM aCUMITOTHI — KOHEUHBIN TIpees
lim f(x)=A.

X—>o0

Ecmm sToT mpeaen GeckoHedeH, PYHKIUS MOKET UMETh HAKIOHHYI) aCHMITOTY
P YCJIOBHUH, YTO

. x :

11mM:k¢0 |kl<o , lim f(x)—kx =b |bl<owo .

X—>too X x—>to0

Pemienne
HccnenyeM QyHKIMIO HA HATMYKUE ACUMIITOT Pa3HbIX BUOB.
1) x = +1 — Touku pa3peiBa 2-T0 Poja, MOITOMY MPsIMbIE X = +1 — TOPU3OHTATIBHBIE
aCUMITOTHI Ipaduka.

5 5+2
- 2L -
2) limwzlimx—xz=2<w.
X—>0 X — X—>0 1
1--
X

CrnenoBaTenbHO, TIpsiMasi y = 2 — TOPU30HTAIbHAS aCUMIITOTa Tpaduka Ha 0OoUx
koH1ax ocu Ox. [Ipu 3TOM HaKJIIOHHBIX ACUMIITOT Y (DYHKITNHU OBITH HE MOXKET.
Wtak, rpaduk nMeeT 3 aCUMITOTHI (JIBE BEPTUKAIBHBIX M OJJHY TOPU30HTAIIEHYIO).
OTger: 3.

3agaua 6.

ACHUMITOTHI KAKOTO BUIa UMEET rpa@uk QyHKIINU
2

y=xe*+1?
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Yka3zanue

I'paduk nMeeT BEpTUKAIBbHbBIE ACUMIITOTHI, €CIIH
dx,:lim f(x) = 0.

X—>Xg
YcnoBue HamMuMs TOPU30HTAIBHOM ACUMITOTHI — KOHEYHBIN IIPEAEI
lim f(x)=A.

x—>to0
Ecnu stoT mpenen O0eckoHedeH, (QyHKIUS MOXET MMETh HAKIOHHYIO aCUMIITOTY
IIPU YCIIOBUH, YTO
. x :
11m&:k¢0 |k|<oo , lim f(x)—kx =b |bl<eo .

x—>Feo  x x—>teo

Pemenue
1)Touka pa3psiBa pynknuu: x = 0. [Tpu aToM
2 e% o2
lim| xe*+1|=1+lim——=1+lim— =

x—>+0 x—>+0 1 t—>o0 t
X
2t N\ 2t
. (e . 2e
:1+llmu=1+hm—:oo.
t—o0 t' t—o0

Ecnu xoTst Obl OIMH U3 OJTHOCTOPOHHUX MPEEIOB B JTAHHOW TOYKE OECKOHEYEH,
yepe3 TOYKY MPOXOJUT BEPTUKAJIbHAS aCUMITOTA. 3HAYuT, X = 0 — BepTUKaIbHas

acUMITOTa rpaduka.

2
2) lim| xe*+1|=c0-14+1=00,

xX—®

CJICAOBATCIIbHO, TOPU30OHTAJIbHBIX ACUMIITOT HET.
2

x 2
3) 1imX L gim| e+ L |2140=1;
X—>0 x X—>®0 x
2
lim| xex +1-1-x |=

2

x _ Zt_
“lim| &1 41 =lim(e 1+1]:2+1=3.

X—>0 1 t—0 t

X

3Hauut, ipsiMas y = x + 3 — HaKJIOHHAs aCUMINTOTa Tpaduka.
OtBet: rpaduk UMEET BEPTUKAIbHYIO U HAKIOHHYIO ACUMIITOTY.

110



2. DYHKIIUU HECKOJIBKUX ITEPEMEHHBIX
2.1. TIPOU3BO/IHBIE
2.1.1. Ilpeoden u nenpepwienocmso. Yacmnoie npouszeoonsvle

[lepemennas Z (¢ oOmacTbi0 HM3MEHEHHMS Z) HasbiBaeTCs (YHKIHEH JIBYX
He3aBHCUMBIX NMepeMEeHHBbIX X,) B MHOXeCTBe M, ecnu Kaxaou mape (x,y) u3
MHO@eCTBa M 10 HEKOTOPOMY IpaBUJIy WM 3aKOHY CTaBHTCS B COOTBETCTBHUE
OJIHO ONpE/ICIICHHOE 3HAaYeHUe Z U3 Z.

MHoxecTBO M, B KOTOPOM 3aJlaHbl TEPEMEHHBIC X,), Ha3bIBACTCS 00J1aCTHIO
onpeaeseHnsi yHKINM, a CAMH X,y — €€ APryMeHTAMH.

Oo6o3nauenus: z = f(X,y), z = z(Xx,y).

IIpuMmepsbI.

1. Z=XYy,Z=X*+Yy?- QyHKUHH, ONIPEJEICHHBIEC ISl JIIOOBIX JEHCTBUTEIBHBIX
3HAYEHHH X, ).

2. z=\1-x"-y* -

(yHKIMsA, 067ACTBIO ONIPEIENEHNs KOTOPOU ABJIAIOTCS PELICHUs HEPABEHCTBA
x*+y* <.

3ameuanue. Tak kak napy uucen (x,y) MOXKHO CUATATh KOOPAUHATAMU HEKOTOPOH
TOYKM Ha TUIOCKOCTH, OyIe€M BMIOCIEACTBUU HMCIOJb30BaTh TEPMUH «TOUYKa» JJIS
napbl apryMeHTOB ()YHKLIHMH ABYX MEPEMEHHBIX, a TAKXKe ISl YHOPSI0YEHHOIO
Habopa uwmcen (x1,Xp,...,X,), SBISIFOIIUXCS apryMeHTaMu (YHKIUH HECKOJIBKUX
IIEPEMEHHBIX.

[Tepemennas Z (¢ o0macThio M3MeHEHHs Z) Ha3bIBaeTCsl (PYHKIMEH HECKOJIbKHUX
HE3aBUCHMBbIX MEePEeMEHHBIX X1,X,...,X, B MHOXECTBE M, eCiii KaxJaoMy Ha0opy
gucen (x1,X2,...,X,) M3 MHOXecTBa M 10 HEKOTOPOMY TMpaBHIIy WM 3aKOHY
CTaBUTCA B COOTBETCTBUE OJIHO OIpejaesieHHoe 3HaueHue Z u3 Z. Ilonstus
apryMEHTOB M 00JIACTH OIpeJeeHUs BBOASATCS TakK K€, KaK I (PYyHKIHUH JBYX
MIEPEMEHHBIX.

O603HaueHuUs:

z=f(x,%y,..,X,), Z2=2(X;,%X5,.., X,,).

T'eomempuueckoe uzobpasicenue GyHKyuy 08X nepemeHHbIX
Paccmotpum ¢dyskmmio z = f(X,y), omnpeneneHHyr B HEKOTOpoi obiactu M Ha

wiockoctd  Oxy. Torga MHOXKECTBO TOYEK TPEXMEPHOIO TPOCTPAHCTBA C
KoopauHatamu (X,Y,z), T1e

x,yeM,z=f(x,vy),
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aBiseTcsi TpadukoM (QYHKIIMUA JBYX MEPEeMEHHBIX. [I0OCKOIBKY ypaBHEHHE Z =
f(X,y) ompenesnsier HEKOTOPYIO MOBEPXHOCTh B TPEXMEPHOM NPOCTPAHCTBE, OHA U
OyZeT reoMeTpUYECKUM U300pa)KeHUEM paccMaTprUBaeMoi QyHKIIUH.

: z =f(xy)

!

%

Puc. 1

[IpuMepamMu MOTYT CIY>KUTh YPAaBHEHUS IIOCKOCTH
z=ax+by+c
¥ TIOBEPXHOCTEH BTOPOTO MOPSIKA:
Z = X*+y? (nmapaboJionj BpalieHus ),

z=yx*+y* (KoHyC) H T.1.

3amevanue. J[ng ¢yHkuuu Tpex u Oosiee MEPEMEHHBIX OyJeM TMOJb30BaThCs
TEPMUHOM «IOBEPXHOCTb B N-MEPHOM MPOCTPAHCTBE», XOTA H300pa3UTh
10T00HYIO TOBEPXHOCTH HEBO3MOKHO.

Jlunuu u nogepxnocmu yposHs

Jlns QyHKIMU OBYX TEPEMEHHBIX, 33JaHHON ypaBHeHweM Z = f(X,y), MOXHO
paccMOTPETh MHOKECTBO TOYEK (X,)) Tuiockoctd Oxy, ISl KOTOPBIX Z MPUHUMAET
OJTHO M TO € MOCTOSIHHOEC 3HAYCHHE, TO €CTh Z = CONSt. DTu ToukHu 00pa3yroT Ha
TUTOCKOCTH JINHUIO, HA3bIBAEMYIO JIUHHEN YPOBHSI.

IHpumep.

Haiinem n1uHUM YpOBHS IJi MOBEPXHOCTU Z = 4 — X* - Y2, 1IX ypaBHEHUS UMEIOT
BUa X*+y?=4 —C (c=const) — ypaBHEHHUS KOHIIEHTPUYECKHX OKPYKHOCTEH C
IIEHTPOM B Hayale KOOpAMHAT M C paguycamu ~4-c. Hampumep, mpu c=0
MOJIy4aeM OKpPYKHOCTb X> +Vy? =4 .

Jiis pyskuuu Tpex mepeMeHHBIX U = U (X, Y, Z) ypaBHeHwe U (X, Y, Z) = C

OTpEENsIET MOBEPXHOCTh B TPEXMEPHOM MPOCTPAHCTBE, KOTOPYIO HA3BIBAIOT
MOBEPXHOCTHIO YPOBHSI.
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IIpumep.
Jns dyskmum U = 3X + 5y — 7Z —12 MOBEpPXHOCTSIMU YPOBHSI OyAET CEeMENCTBO
napajuiesIbHBIX TJIOCKOCTEH, 3a/1aBaeMbIX ypaBHEHUAMH 3X + 5y — 72 -12 + ¢ = 0.

IIpenesn u HenpepbIBHOCTH GYHKIMU HECKOJIbKHUX MEepeMeHHbIX

BBenem noHsTHE §-0KPeCTHOCTH TOUKH My (X0 , Vo) Ha tuiockocTd Oxy Kak Kpyra
paamyca O ¢ IIEHTPOM B JIaHHOW TOYKE. AHAJIOTMYHO MOXKHO ONPENCITUThH O-
OKpPECTHOCTh B TPEXMEPHOM MPOCTPAHCTBE KaK Iap paamyca O ¢ IEHTPOM B TOUKE

My (X0, Vo , Zo). 4711 N-MEPHOTO MPOCTPAaHCTBA Oy/IeM Ha3bIBaTh O-OKPECTHOCTHIO
TOYkH M, MHOXecTBO Touek M ¢ KoopauHaTtamMu (X, X,,...,X,),
YAOBJICTBOPAOIIMMHA YCJIOBUIO

PIMM,) = (2, = 20)? + (2, = 20)? +.oot (3, = 20)2 <5,

ede  (x),x3,..,x0) —

n

KOOpJHUHATHI TOUKU My. THOTIa ’TO MHOYKECTBO HA3bIBAIOT «IIAPOM» B N-MEPHOM
MIPOCTPAHCTRBE.

Yucno A Ha3bIBaeTcs npeaeaoM QyHKIIMN HECKOJIbKUX
MePEMEHHBIX
flx,xy,..,x,)
B Touke My, eciim
Ve>0 F5=05(g)>0
takoe, uto | f(M) — A| < & mst moboit Touku M u3 o-
OKpeCTHOCTH M.

OO6o3HavyeHus:
A= lim f(M)= lim f(x,,x,,...,x,).

M—-M, XX
Xy —>xg

0
X, —>Xy,

Heobxoaumo yauTeiBaTh, 4TO MPHU 3TOM TOUKa M MOXKET MpuOIMKaThes K Mo,
YCIIOBHO TOBOPSI, 110 JIF0O0# TPAeKTOPUHU BHYTPHU O-OKPECTHOCTU TOUKU M.
[ToaTOoMy ciietyeT oTan4arh npeaen PyHKIUN HECKOIbKUX EPEMEHHBIX B OOIIEM
CMBICJIE OT TaK Ha3bIBAEMbIX MOBTOPHBIX IMPeIesI0oB, [T0Ty4aeMbIX

MMOoCJICA0BATCIIbHBIMU IPECACIIbHBIMU IIEPEXOJaMU IO KAXKJIOMY apryMCHTY B
OTACIBHOCTH.

IIpuMmepsbI.
1. [Toxaxem, 9TO QyHKIUSA
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Xy
x*+y?
He umeeT npenena npu M, crpemsimemcs k 0(0,0). leficTBuTensHO, eciv B
Ka4eCTBE JIMHUU, TI0 KOTOPOU Touka M mpuOImMKaeTcs K Hadairy KOOpAUHAT,
BBIOpATh MPSAMYIO Y = X, TO Ha 3TOU MPsIMOU

zZ =

B
X +xt 2
Ecnu xe TpaekTopueit ABIKEHUSI CUMTATh IPSIMYIO ¥ = 2X, TO
S 2x° 2
X +4x* 5
CrnenosarenbHo, nipeaen B Touke (0,0) He cymecTByeT.
2. Haiinem noBTOpHBIE Npeaesbl GyHKIIUH
. 2 2
f(x,y)zx yrr vy npu x—>0,y—>0:
xX+y
. x—y+x"+y’ —y+y’
p(y)=lim—L=—L I8 -y,
’“_’ xX+y y
limp(y) =limlim f(x,y) =-1.
y—0 y—>0 x—0

Ecau xe IMPOU3BCCTHU IMPCACIBbHBIC IICPCXOALI B 06paTHOM MMOPAOKE, IIOJIYYHUM:

X+ x°

w(x) =1irr01f(x,y): =x+1,
y—>

lil’Ioll//(x) =limlim f(x,y)=1.

x—=0 y—0

Taxkum 06pazom, MOBTOPHBIE MpeAebl OKa3aluCh Pa3IMYHBIMU (OTKyJa CIEIyerT,
KOHEYHO, 4yTo (PyHKIMs He umeeT B Touke (0,0) nmpenena B 0OBIYHOM CMBICIIE).

3ameuanue. M0OXXHO J10Ka3aTh, YTO U3 CYILIECTBOBAHMS MpeJiea B JAHHON TOUKE B
OOBIYHOM CMBICIIE U CYIIECTBOBAHMS B 3TOM TOYKE MPEIEIOB IO OTAEIbHBIM
apryMeHTaM CJIEIyeT CYyIIECTBOBAHME M PABEHCTBO IIOBTOPHBIX IPEIEIIOB.
OOpaTHOE yTBEpXKACHHUE HEBEPHO.

OyHKIUA
Jx, %5000 %,)
Ha3bIBAETCS HeMPEPHIBHOM B TOUKE
Mo My(x], %), ..., x°),

cClin
Jm (M) = lim, f(xy, %, %,) = F(My).

Ecnu BBeCcTH 0003HAYECHUSA

114



Af = f(M) - f(M,), Ax; =x, _x?r
AP = (A %) +(A x,)* +.+(A x, )2,
TO 9TO YCJIIOBHC MOKHO IICPCIINCATH B (bopMe

lim Af =0.

Ap—0

BrayTtpennss Touka My 001acTH onpeieICHHS
¢byukiuu z = f (M) Ha3bIBacTCs TOUKOI pa3pbiBa

(i)YHKHI/II/I, €CJIA B DTOUM TOYKE HE BBITTOJIHACTCSA YCIIOBHC
lim Af =0.

Ap—0

3ameuanne. MHOXECTBO TOUYEK pa3pbiBa MOKET 00OPa30BhIBAThH HA MIJIOCKOCTH WUJIU
B [IPOCTPAHCTBE JIMHHUU WUJIV MIOBEPXHOCTH Pa3pbiBa.

Ipumepsl.
1. OyHKIUA Z = X* + Y? HenpepbIBHA B JII000H ToukKe m1ocKocTH Oxy.
JleCTBUTENBHO,
Az =((x+Ax)* +(y + Ay)’ —(x* +y°) =
= 2xAx + 2yAy + Ax* + Ay?,

MOATOMY

lim Az = 0.

Ax—0

Ay—0
2. EnauncTBEeHHOM TOUKOM pa3pbiBa PyHKITUU

Xy
x*+y

sBisiercst Touka (0,0).
3. Jlns byHKIIN
x—y+x°+y’

flx,y) =

TUHUEH pa3pbiBa siBisieTcs npsimast x +y = 0.

X+Vy

Ceoticmea npedenos u Henpepul8HbIX QYHKYULL

Tak kak ompezaeneHus mpenejga M HENPEPBIBHOCTH s (PYHKIHMHM HECKOJIBKUX
IIEPEMEHHBIX MPAKTUYECKU COBIALAET C COOTBETCTBYIOIIMMU ONPEACICHUIMHA IS
(GyHKUMM OJHOM MEepPEeMEHHOW, TO s (YHKIMI HECKOJBKUX MEepPEMEHHBIX
COXPaHSIOTCSI BCE CBOICTBA MPEIEIOB M HEMPEPBIBHBIX (DYHKIIMM, JOKa3aHHBIE B
IIEPBOM 4aCTU Kypca, a UMEHHO:

1)  Ecawu cymiecTByroT

lim f(M)=A, lim g(M)=B5,
0

M—-M, M—->M
TO CYI]_[eCTBYIOT nu
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lim (f(M)+g(M))=A +B,

M—>M,
Jim Kf(M)=kA,
Jlim £(M)- g(M) = AB,

lim S _A (ecau B #0).
VoM g(M) - B

2)  Ecmm
fM) = f(xy,%,..%,), a x(P)=o(t,t,.01,),
Y IS JTF000TO | CYIIECTBYIOT MPEIEITBI
limg,(P) = x;

P->F,
¥ CYIIIECTBYET
lim f(M)=A, ede My(x],x5,...,x)),

M—M, "
TO CYIIECTBYET U MPEEIT CIIOKHOU (HyHKITHH
flx (b by, t)), Xo(E s b)) e X, (F Ey s 1))
npu t,—>t;, e0e (t,ty,..,t,)-
KOOpJIMHATHI TOUKHU P.
3)  Ecmu ¢pysakuu f(M) u g(M) HenpepsIBHBI B TOUKE My, TO B 3TOH TOUKE
HenpepsiBHBI U QyHkun f(M) + g(M), kf(M), f(M)-g(M), f(M)/g(M) (eciu g(My)
HE PaBHO HYJIIO).
4)  Ecnu dpyHKIMH
x(P) =@t 1y, 1)

HETPEPBIBHBI B TOYKE

B(t],t),...,t)),

a QyHKIUS '
f(M) = f(x,, %,/ X,)

HerpepbIBHA B TOUKE
0 .0 0 0
My(x),%5,...,x,), 20e x; =@.(F),

n

TO CIIOKHAsT QyHKITUS
FO(t by ety )Xot by sees )y X, (Fy b oo )

HENpepbIBHA B TOUKE Py.
5) Oynkuus

fM) = f(x;,%,...,%,),
HEIpEephIBHAS B 3aMKHYTOM OrpaHMYeHHON obsactu D, mpuHUMaeT B 3TON 00JacTH
CBOE HauOoJIbIIIee U HAUMEHbIIIEe 3HAYCHHUS.
6) Ecmu dyHKIus

fM) = f(xy,%5,...,X,,),
HENpephIBHAS B 3aMKHYTOM OrpaHndeHHoM obnactu D, mpuHuMaeT B 3T0i o6sactu
3HaueHus 4 u B, To oHa mpuHUMaeT B obsiactu D 1 mr060e mpoMekyTOIHOe
3HAYEHHUE, Jexallee Mexay 4 u B.
7)  Ecnu dpysHKImS

116



fM)= f(x, %5, X,),
HENpepbIBHASI B 3aMKHYTOM OrpaHndeHHOM obnactu D, mpuHuMaeT B 3T0il o6actu

3HAYEeHHUs PAa3HBIX 3HAKOB, TO HAMIETCS MO KpaliHEe# Mepe o/iHa TOYKa U3 001acTH
D, B xoTopoii f = 0.

YacTHbIE NPOU3BOIHDbIEC

PaccMmoTpum n3MeHnenue QpyHKIuu

f(M) = f(x;,%5,..,X,)
HpI/I 3aJIaHU N HpI/IpaHIeHI/I}I TOJIBKO OI[HOMy U3 €c aPFYMeHTOB — Xj , 1 HA30BEM €TO0

A f.

YacTHOH MPOM3BOAHOM PYyHKIIUN
fM)= f(x,%5,.0,%,)

[0 apryMEHTY Xj Ha3bIBACTCS

lim AS _ iy J U Xap oy X4 AXy oy %) = f(X1, X Xy %)

Ax;—0 Axi Ax;—0 Ax'

1

O6o3HaueHus:

of

ox,

Takum oOpa3oM, yacTHasi MPOU3BOJHAS (PYHKIMHM HECKOJIBKUX TEPEMEHHBIX
onpenensiercs GaKTUUECKH Kak MPOou3BOAHAS (YHKIUU OOHOU NEPeMEHHOU — Xi.
[ToaTOMy 171 Hee CIpaBeIJIMBBI BCE CBOWCTBA MPOU3BOIHBIX, JOKA3aHHBIE JIJIS
GbyHKIMMA OTHON MTePEMEHHOM.

3ameuanue. [Ipu mpakTHYECKOM BBIYMCICHUH YaCTHBIX MTPOU3BOAHBIX MOJIB3YyEMCS
OObIYHBIMU TIpaBwiIaMH guddepennupoBanuss GyHKIAU OJHON TEPEMEHHOM,
moJiarasi apryMeHT, TI0 KOTOpoMmy BeneTcs auddepeHIpoBaHme, MepeMEHHBIM, a
OCTaJIbHBIC apTyMEHTBI — TIOCTOSTHHBIMH.

ITpumepsl.

1. z=2x"+3xy-12y* +5x—4y +2,

fi (%5000 ,),

z,=4x+3y+5, z,=3x-24y-4.

2. z=x', z;:y-xyfl, z;:xylnx.
ou ou ou

3. u=xyz, —=Yyz, —=Xxz, —=

0z

p= & xy.

['eomempuueckas unmepnpemayus 4acmublx NPOU3E0OHbIX
@YHKYUU 08YX nepeMEeHHbIX

Paccmotpum ypaBHenue noBepxHoctd z = f (X,y) ¥ mpoBeeM MmIoCKoCTh X = CONSt.
BriGepem Ha IMHUU NIEpecedeHHtsl INIOCKOCTH C MOBEPXHOCThIO TOUKY M (X,)).
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g z=1(xy)

~ M

R,

Puc. 2
Ecnu 3amate aprymenty y npupanieHue Ay M pacCMOTPETh TOUKY 1 Ha KpUBOHM C
KoopauHaramu (x, y+Ay, z+Ayz), To TaHTeHC yrna, oopasoBanHoro cexymei MT c

A,z
MOJIOKUTENbHBIM HampaiienueM ocu Oy, OyneT paBeH A_y Ilepexons k mpeneny
Yy

0z
npu Ay —0, IOJYy4YUM, YTO YacTHas MPOU3BOIHAA 5 paBHa TAaHICHCY YIJa,

00pa30BaHHOIO KacaTelbHON K MOJYYeHHOU KPUBOW B TOUKE M C MOJOKUTEIHHBIM

0z
HanpasiieHueM ocu Oy. COOTBETCTBEHHO YacTHAsl IPOU3BOIHAS a— paBHaA TAaHT'€HCY
X

yriia ¢ ocbto Ox KacaTeabHOM K KPHUBOHM, MOJYYEHHONM B PE3yJbTaTE€ CEUCHHS
noBepxHocTh Z = f (X,y) MI0CKOCTHIO Y = CONSt.

IHPUMEPBI PEHIEHUSA 3ATIAY 11O TEME

«IIpeden u nenpepvienocms. Yacmnoie npouzeoonsvle»

3agaua 1.

OnpenenuTs BUI TUHUN YPOBHS QYHKLIUU
z=x" -y’
Yka3zanue

YpaBHEHUS JTMHUN YPOBHS:
f(x,y)=C C=const .

Pewenue
OmnpenenuM BUJI JIMHHMI, 3a1aBAEMbIX yPaBHEHUSIMH
x2 yz
x> —y*=C, —-—<-=1--eunepbosvL.
c C

OT1BeT: TunepooJIbI.
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3agaua 2.
Jlana o0OmacTh:

Puc. 3
U QYHKIIUH:
1 1
1) z=—4=+— 2) z=Jx+y+.Jx— 3 z=1/x—
) Jx \/g ) \/ Y \/ Y ) \/?
. y-1
4) z=Inxy 5) z =arcsin :
X

JInst kako¥ U3 HUX JJaHHAast 00JaCThb SBISETCS 0071aCThIO ONpeIeeHUs ?

Yka3anue
Haiinure oOmacth ompeAcneHus KaXI0W W3 JaHHBIX (YHKIHH, YYUTHIBas
COOTBETCTBYIOIIME OTrpaHUYCHUS (TOJAKOPEHHBIC BBIPAKCHHUS JIOJDKHBI OBITh
HEOTPHUIATSILHBIMU, JIOTApU(PMUPYEMbIC BBIPAKCHUS — IIOJOKUTEIBHBIMH,
3HAMEHATeNIu ApoOell — He paBHBIMH HYJIO, a apryMEHT apKCHHycCa MOJXKET
NPUHUMATh 3HAYCHHUS TOJIBKO U3 oTpeska [0,1]).

Penienue
Haiinem oGnacTh onpeeneHus: Kaxa0i U3 JaHHBIX (QyHKIIHM:

) 1 1 {x>0
Z=——t—=: .
ooy ly>0

DTa cucTeMa HepaBEeHCTB 33/1a€T MEPBYIO YETBEPTh KOOPAUHATHOM IIIOCKOCTH:
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Puc. 4
TO €CTh HE COBMAIACT C MPUBEJICHHBIM PUCYHKOM.

z=x+y+x—y: {x+y20:>{x2—y-

x-y=0 xzy

Nmenno >Ta o01acTh IIPUBCACHA HAa PUCYHKE.
) Z =4lX— \/_ \/— > 0 y < x2

) 2.
00J1acTh, OTpaHUYeHHAsI CHU3Y OChbio OX, a CBepxy — napabosoii y = x°:

A

y

Puc. 5

(x>0
{y>0
4) z=lnxy: xy>0= 0
{y<0

TOYKH, JIEKAIUE B IEPBOU U TPEThEU KOOPIANHATHBIX YETBEPTIX:
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5 z arcsin L —1£y_1£1:>
x x
y<l+x >1+x
y>1-x npu x>0, y<i-x npu x<0

/

,;;f‘

y=1l-x

Puc. 7

OTtBeT: npuBeIeHa 00JIaCTh ONpeAeIeHUs PYHKINH

z=x+y+x—y.

3agaua 3.
Haiitn noBTOpHBIE NTpEaEn

2 2

y=>0 x +y 2

=0 x +y

x—0 y—0

2 2
lim(lim Mj u hm(hm M]
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Yka3zanue
[Ipu BBIYMCIECHUM TpeAeia MO OAHOMY U3 apryMEHTOB OCTAJIbHBIE aApPryMEHTHI
BBICTYNAIOT KAaK MapaMeTPHI.

Pemienne

2 2 2
nm[nm%_%}nm(izjzz;
0| y=>0 x +y x—0 X

2 2 2
lim[lim 232—%) = lim (V—z] 1.
y=>0| x>0 x° 4 y y—0 y

2 2 2 2
Otser: lim limZ)Z—er2 =2, lim lim2x2—+y2 =1.
0| y—=>0 x +y y=>0 | x>0 x +y

3anaua 4.
HaiiTn yacTHbIe IPOU3BOAHBIE (PYHKIIUN

z=x"—5xy+3y* +6x—3y+12
B Touke (1,1).

Ykazanue
[Tpu nuddepenpoBannn PyHKIIMU HECKOIBKUX NEPEMEHHBIX 110 OJTHOMY M3
apryMEHTOB OCTaJIbHbIE APTYMEHTBI BHICTYMAIOT KaK MapaMeTphbl.

Pemenue
z. =2x-5y+6;, z.(1,1)=2-5+6=3;

z’y =-5x+6y-3; z;(1,1)=—5+6—3=—2.

Otser: z, =3, z,=-2.

3amgauya 5.
HaiiTi yacTHy10 NpoU3BOAHYIO 1O ¥ HYHKIUU
z=1+xy .
Ykaszanue

[TockonbKy U OCHOBaHUE CTETICHU, M TIOKA3aTelb 3aBUCAT OT ), Hy>)KHO MPUMEHUTD
dbopmyy gorapupmudeckoro qudPepeHInpoBaHus.

Pemenune

'
Y

zy= 1+xy * In(1+xy)’ ,y: T+xy ” yIn(1+xy)

= 1+xyy(1-ln(1+xy)+y- (1+xy)'y]=

1+xy
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= 1+xy y[ln(1+xy)+1xy J
+xy

Otser: z, = 1+xy y(ln(1+xy)+1fiy].

3anaua 6.
Jns byHKIMn
u=In x> +y*+z+1
HAWTH
u +u, +u, npu x=y=z=1

Yka3zanue
[Ipn auddepenumpoBannn (YHKIMH HECKOJBKHUX MEPEMEHHBIX IO OJHOMY M3
apryMEHTOB OCTaJIbHbIE APIYMEHTHI BBICTYIAIOT KaK IMapaMeTPBhI.

Pemenne
, 2
U, =— 21 X Hy Hz+l =— 32x ,
x4y +z+1 x4y +z+1
3
u (1,1,1)=—;
[(11,7)=3
U, =— 21 -x3+y2+z+1' =— 22y ,
x"+y +z+1 vox"+y +z+1
2 1
u (1,1,1)===—;
yLL)=7=7
u, = ! : x3+y2+z+1, = !

oyt +z+1 Xyt z+l’
u;(l,l,l):l; u;+u’+u;:§+l+1:l,5.
4 Y 4 2 4

OtBer: 1,5.

2.1.2. lugppepenuyuan. Ilpouszeoonvie cnoxcuvlx pynKkyuil

[Ipu uccnenoBanuu BOMPOCOB, CBA3AHHBIX C TU(PHEPEHIIUPYEMOCTHIO, OTPAHHYUMCS
ciydaeM (YHKIIMM TpeX TIEPEeMEHHBIX, ITOCKOJBKY BCE JIOKAa3aTeabCTBA IS
OOJIBITIETO KOTMYECTBA MIEPEMEHHBIX MPOBOISITCS TAK KeE.

MosnbiM npupamennem ¢yaxiuu U = f(X, y, Z) HazpiBaeTCs
Au= f(x+Ax,y+Ay,z+ Az) - f(x,Y,z).

Teopema 1. Ecnu yacTHbIE NPOU3BOIHBIE
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for for £

CYIIIECTBYIOT B TOUKE (Xq, Vo , Zo) U B HEKOTOPOU €€ OKPECTHOCTH U HEMPEPHIBHBI B
touke (Xo , Yo , Zo) , TO

Au = fi(X, Yo, Z) AX+ fy’(xorywzo) Ay +

+ (X0, Yo, 20) Az+ - Ax+ - Ay +y - Az,
rne o, f, y — 0eCKoOHeYHO MaJible, 3aBucsmme oT Ax, Ay, Az.
JlokazaTenbCTBO.
[IpeacraBum mosHOE npuparieHue AU B BUE:

Au=(f(xg+ A%, Yy +AY, 2o+ Az) = f(x0, Yo + AY, 2y + Az)) +
+(f (%, Yo + Ay, 2y + Az) = f(Xo, Yo, 2o + AZ)) +
+(f (%0, Yo, 2o + Az) = f(X0, Yo, %)),
r7Ie KaKJIas pa3HOCTh MPECTaBIsIeT co00i YacTHOE mMpuparieHue (PyHKIIUU TOIbKO
0 OJIHOM M3 MEepeMeHHBIX. 3 ycloBUsl TEOpeMbI CIeAyeT, YTO K ATUM Pa3HOCTIM
MOKHO IIPUMEHUTH TeopeMy Jlarpamxka. [Ipu 3ToM monydum:
Au = fl(x,+6Ax,y,+Ay,z, + Az)- Ax Jrfy'(xo,y0 +60,Ay,z, + Az)- Ay +
+ (X0, Yo, 2o + 0rAZ) - Az,
Tak kak 1o yCJIOBHIO TEOPEMBI YaCTHBIE TIPOM3BOIHBIE HEMPEPHIBHBI B TOUKE (Xo , Vo
, Zo), MOJKHO TPECTaBUTh UX B BUJIC:
fo(xo + O0Ax, Yy, + Ay, 2y + Az) = f(X, Yo, Z0) + €,

fy,(xO’yO +0,Ay,z, + Az) = f;;(xm]/wzo) +5,

fA(%0, Yo, 20 +O,A2) = f1(x0,Y0,20) + 7,

ede lima =1lim g =1limy=0.
Ax—0 Ay—0 Az—0

Teopema nokasana.

Mo>kHO MOKa3aTh, YTO
oAx + Ay + yAz = o(Ap),

rac

Ap = A + Ay* + AZ2.

HeiicTBUuTENBHO, O, S U Y — OeckoHeuHOo Maiibie ipu p —>0, a

OTpaHUYCHHBIE (T.K. UX MOJYJIA HE MPEBBIMIAIOT 1).
Torna npuparenue GyHKIIUA, yIOBIECTBOPSIONIEH YCIOBUSIM TEOPEMBI 1, MOXKHO
MPEJCTABUTh B BUJIE:

Au=A-Ax+B-Ay+C-Az+0(Ap),

ede

A= f(%0, Yo%),
B= fy,(xoryorzo)/
C = f:(%0, Yo, Zo)-
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Ecim npupamenne pyakiuun U = f (X, Y, Z) B Touke (Xg , Yo , Zg) MOXKHO TIPEJICTABUTH
B BUJIE
Au=A-Ax+B-Ay+C-Az+0(Ap),
TO QyHKIMA Ha3bIBaeTCs AupepeHIIUPYeMOii B 3TOM TOUKE, a BEIpaKEHHUE
A-Ax+B-Ay+C-Az -
IJIABHOM JIMHEMHOM YaCThI0 MPUPALEHUS WIK NOJHbIM AuddepeHuunaiom
paccMaTpuBaeMoil GyHKIUU.
O6o3nauenus: du, df (Xo , Yo , 2o)-
Taxk xe, Kak B ciiydae (pyHKIIUU OJTHOM NepeMeHHOH, AuddhepeHuaiaMu
HE3aBUCUMBIX [IEPEMEHHBIX CUUTAIOTCS UX IPOU3BOJIBHBIE TPUPALIEHUS, TO3TOMY
du=u, -dx+u, -dy+u. -dz.

3ameuanue 1. Urak, yrBepxkaeHue «¢pyHKuus guddepeHnrpyemMa» He
PaBHO3HAUYHO YTBEPKICHUIO «(YHKLIUS HMEET 4YacTHbIE IPOU3BOJIHBIC» - IS
muddepeHurpyemMocT TpeOdyeTcs €lle M HENPEePbIBHOCTh 3TUX IPOU3BOJHBIX B
paccMaTpruBaeMON TOUKE.
3ameuanmue 2. Eciu B ocienHeit Gopmysie CUUTaTh
du=u -dx, du=u -dy u du=u-dz

yacTHbIMH Ju(depeHnanaMu  AaHHOW (QYHKUMK (KaKk (QYHKIMUA OJHOIO W3
apryMEHTOB), TO MOXHO CKa3aTb, 4YTO MOJHBIM JuddepeHnran paBeH CyMMe
YacTHBIX AU (DHepeHIINANOB:

du=du+du+du.

Ilpumenenue ouppepenyuana k nPUOIUNCEHHBIM BLIYUCTICHUSM

[lo anamorum c¢ nuHeapu3anued GYHKIMM OJHOW TMEPEMEHHON MOXKHO TpHU
MPUOJIMKEHHOM BBIUMCIECHUM 3HAYEHUN (YHKIMH HECKOJbKUX IEPEMEHHBIX,
muddepeHurpyemMoid B HEKOTOPOW  TOYKE, 3aMEHATh €€  MpUpalleHue
muddepenunanom. Takum o0pa3oM, MOXKHO HaXOAUTh MPUOIMKEHHOE 3HAUYEHUE
(YHKUIMY HECKOJBKUX (HApUMED, ABYX) MEPEMEHHBIX MO popMyIie:

f(x,y) = f(x0,Y0) + fi(X0,Yo) - Ax + fy,(xO’yO) -Ay,
TIe
Ax=x=%, Ay =Y ~ Y-
IMpumep.
Brraucnuth npubinkeHHOe 3HaUCHUE

J1,02° +1,97°.
floy)=yx'+y’

u BbIOepeM xg =1, yo = 2. Torna Ax =1,02-1=0,02; Ay =1,97-2=-0,03.
Haiinem

Paccmotpum dyHKIINIO
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F(%0,Yo) 3%, 51 1
0770 2\/xo Ty T 2J1+8 2’
3 3.4
f(xoryo yo =

2\/x0 +y5 2\/1+8
CnenoBatenbHO, yuuThiBas, uto f (1, 2) = 3, monyuum:

J1,02° +1,97° z3+%-0,02+2-(—0,03)=2,95.

JAu¢ppepenurpoBanue CI0KHBIX QyHKINH

[Tycts aprymentsl pynkmun z = f (X, y) ABASAIOTCS, B CBOIO OYepeb, PyHKIUIMU
HEepPEMEHHbIX U U U: X = X (1, v), y =y (u, v). Torna Gynkiusa f Toxe ectb pyHKIMSA
OT # ¥ U. BBIsSICHMM, KaK HalTH €€ YaCTHBIC MPOU3BOHBIC 110 APTyMEHTaM U U U, HE
aenasi HeIOCPEICTBCHHOW TTOICTAHOBKU
z=f(x(u, v), y(u, v)). IIpu sToM OyaeM npeanoIaAraTh, YTO BCE PaCCMATPHUBACMBIE
(YHKIIHM UMEIOT YaCTHBIC IPOU3BOIHBIC TI0 BCEM CBOUM apryMEHTaM.

3amaauM apryMeHTy u npupamienne Ay, He u3MeHsS apryMeHT v. Torma

Az=g-Aux+i-Auy+a-Aux+ﬁ-Auy
Ox oy

Ecnu ke 3aath npupamieHue TOIbKO apryMeHTY U, MOJIYYUM:

Az:g-Avari-Avera-Avarﬂ-Avy
Ox oy

Pa3nenm o6e yactu nepBoro paBeHcTBa Ha Au, a Broporo — Ha Av u mepeiaeM K

npeaeny COOTBETCTBEHHO TIPHU
Au—>0 u Av—0.

VYdrem npu 3TOM, 4TO B CHIIy HEIPEPBIBHOCTU (QYHKIUN X U )
ImA,x=limAy=limA x=1limA y=0.

Au—0 Au—0 Av—0 Av—0
CrenoBaTeibHO,

oz _ oz 6x ozoy 0z _ 0oz 6x oz oy

ou  oxou 6y6u ov  oxdo 6y00

PaccMOTpUM HEKOTOpBIC YaCTHBIC CITyUYaHu.
[Mycte X = x(t), y = y(t). Torna pyukuus f (X,y) sBiasercs pakTudecku QyHKIUCH
OJTHOW TEepPeMeHHOW t , U MOXKHO, MCIIOJIb3YS MOJyYCHHBIC (OPMYJIBI M 3aMEHSS B
HUX YaCTHBIC TPOM3BOJHBIC X U ) 1O U W U Ha OOBIYHBIC MPOHM3BOJHBIC TO {
(pazymeercs, ipu ycioBuu auddepenuupyemoctu ¢pynkmmii X(t) u y(t) ) , momydursb

i |

BBIPpAKCHHUC IJIA ——

dt
df _of dx 6f dy
dt  ox dt 8y dt’
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[Ipenmnonoxum Temnepp, 4TO B KadyecTBE t BhICTymaeT mepeMeHHas X, TO €CThb X U Y
CBS3aHBl COOTHOIIEHHEM y = ) (x). [Ipu 3TOM, Kak W B MOpeabIAyIIeM cliydae,
¢ynkuus f sausgercs GyHKIMend omHON NepeMeHHON x. Vcmomb3ys mpeablayInyo
dbopmyny mipu t = X ¥ y4UThIBasi, 4TO

x
dx
II0JIyYHMM, 4TO
/A
dx ox dydx’

OOpatuM BHUMaHUE Ha TO, YTO B 3TOH (OopMyIe MPUCYTCTBYIOT ABE MPOU3BOIHBIC
¢dyHKIMM f 110 apryMeHTy x: clieBa CTOUT TakK Ha3blBacMas MOJIHASI MPOU3BOIHAS, B
OTJIMYME OT YACTHOM, CTOSIIEN CIIPABA.
IIpumepsbI.
_ _ _ o oz 0z
1. Ilyctes z = xy, tae x = u? + v, y = uv? Hainem o i —
IPEeIBAPUTETHLHO BHIUUCIUM YaCTHBIE MPOU3BOJIHBIE TPEX 3aJIaHHBIX (PYHKITUHU 110
KKJIOMY U3 CBOMX apTyMEHTOB:

r _ r _ r_
z.=Y, Z,=X%, x, =2u,

. s aToro

r_ r .2 " _
x,=1, vy, =v", vy, =2uv.

Tornma
0z 2 2 2 2 2.2 3
a—:y-2u+x-v =uv” - 2u+(u”+0)o° =3u"v" +0’,
u
0z 2 2 2 2
a_:y.1+x.2uv:uz; +(u” +v)2uv =2u v + 3uv”.
v
(B oxoHuUaTenbHBIN pe3yabTaT MOICTABIIAEM BBIPAKEHUS I X U Y KaK QyHKIIUN U
U o).

2. Haiinem moyiHyr Mpou3BOAHYIO GYHKIMU Z = Sin (X + y?), Te y = COS X.
% = cos(x +1°)+cos(x +y°)- 2y -(~sin x) =
x
= cos(x +cos’ x)(1-2sin xcos x) =

= cos(x +cos” x)(1—sin 2x).
HNuBapuantHocTh popmbl auddepeHunalia

Bocnonb3oBaBImch GOpMynaMu JUI YaCTHBIX HPOU3BOAHBIX CIOKHOH (DYHKIHUH,
BBIpa3UM HONHBIN auddepenunan pyukuuu z = f (x, y) , rae x = x(u,v), y = y(u,v),
yepe3 quddepeHuasl IepeMeHHbIX U | U:

dz =L e+ Zay = (2 gy Xy +
ox oy ox Ou ov
= %a—x+%a—y du + %a—x+%% dvz%du+%dv.
Ox Ou 0Oy ou Ox 0v 0y Ov ou ov

Y gy + Y ) =
ou ov
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CrnenoBatenbHo, popma 3anucu quddepeHinana cCoXpaHseTcs sl apryMEHTOB U
U U TaKkoW ke, KaK U Uil (YyHKIUH 3TUX apryMEHTOB X M ), TO €CTh SIBJSIETCS
WHBAPUAHTHOM (HEU3MEHHOMN).

INPUMEPBI PEHIEHUSA 3AJTAY 110 TEME

«/Augppepenyuan. Illpouseoonvie cnoxcnoi hynkyuuy

3agaua 1.
Haiiti yactHbiil quddepennnan QyHkuuu

u=x*+y*+z°
o nepemMeHHor ympu x = -3,y =4,2=0, Ay =0,1.
Yka3anue

Yactuslii gud depenuman

ou
dyu(xoryorzo) = @(xor]/()/zo) - Ay.

Pemenne
ou_ 2y _ y .
dy 2y ey
ou 4 4
—(-3,4,0)= ———==-=0,8;
ay( ) J9+16+0 5
d,u(-3,4,00=0,8-Ay=0,8-0,1=0,08.
Ortger: 0,08.
3agaua 2.
Haiitu nonueiit nuddepenman GyHKkuuu
zZ= arctgﬁ.
y
Yka3zanue
[Tomuerit auddepeniman GyHKIUN
dz = o dx + o dy.
ox oy
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Pemenune

!

1 (x) vy 1y
ox (sz y v +x* y x2+y2'
1+ = *

OtBer: dz = ydazc;xgly
x*+y

3anauva 3.
Bsrunciuts npubmmkerHo (0,98)%%,

Yka3zanue
Paccmotpute QyHKIHMIO Z = X’ ¥ BOCHIOIB3yHTECH (GOPMYIIOi

f xo+Ax Yy, +AY = f(Xy,Y)+df (X0, Yo)-

Pemenue
PaccmoTpum (ynknuro Z = X’. HalizeM ee 4acTHbIE IPOU3BO/IHBIE:
r_ y-1 T Y
z,=y-x"", z,=x In x.

Ilycth
x=1 y,=2, Ax=-0,02, Ay=0,03.
Torma
O, 98)2’03 ~1% + z'(1,2)Ax + z;(1,2)Ay =
=1+2-1-(-0,02)+1-0-0,03=1-0,04 =0, 96.
OTtBer: 0,96.
3agaua 4.

. 0z
Haiittu —, ecimn
ov

v
z=x"Iny, x=—, y=u+bv.
u

Yka3zanue

Bocnonssyittecs Gpopmyroit
o _dox oy
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Pemenne

o 0z
Harinem yacTHbIE MPOU3BOAHBIC, KOTOPHIC UCIIOJIb3YIOTCS IIPH BEIYUCICHUH 8_ :
)
0z oz x° ox 1 ©
—=2xIny, —=—, —=—, —y=5-
ox oy y Ov u Oov

Torna

2
a—Z:2xlnyl+x—-5.
ov u

y
OcTraeTcst N0ACTaBUTh B 3Ty (OPMYJITY BBIpAKEHUS I X U Y Yepe3 U U U:

2
%:ZEIn(u+50)1+U—2- L
ov u u u- u+bv

2
u u”(u+5v)

5=

:%(ZIn(u+5v)+ >v j
u u+5v

0z v
Oteert: %

(21n(u+50)+ >v )
v u

u+>5v

3amgaua 5.
dz
Hantu —, ecom
dt

z=arctg(xy), x=>5cost, y=>5sint.

Yka3anue
Bocnons3yiitecs hopmynoi
dz_ozdx Gzdy
dt  oxdt oydt’

Penienue
Z_ 1y
ax 1+ xzyz y 1+ xzyz ’
% = 1 X = X ;
ay 1 4 xzyz 1 + nyz ’
d_x:_5sint, d—y:5cost.
dt dt
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dz Y :
—= -(=5sint) +
dt  1+x°y° (-osint) 1+x°y?

_ 5sint(-5sint)+5cost-5cost
1+x%y?
25(cos’t—sin’t)  100cos2t

T 1+25c0s t-25sin’t 625sin’2t+4 "

Orper: @ _ 100cos2t
T dt 625sin’2t+4°

-5cost =

3agaua 6.

dz
Haiiti mostHyI0 TPOM3BOIHYIO . Ipy X = 2, €CIH
X

X
z=arcsin—, y=+x+1.

Y
Yka3zanue
Bocnonesyiitecs hopmyioin
dz_oz oz dy
dx Ox Oydx
Pemenue
oz_ 1 1_~y 1__ 1 |
ox > oy 22 4 [2_ 2’
1_3%y y —-x Y Yy —x
Y
oz __ 1 (_1j__ y _x__ o«
oy 2 yZ yz_xz ]/2 yily _xz’
Ty
d_y_ 2x x
dx  2\Jx?+1 xP+1
dz 1 X X

E_Jyz—x2_y\/y2—x2.\/x2+l_

_ yNx©+1 - _ X +1-x° __ 1
y\/yZ—xz-\/x2+1 241102 +1 o+
dz 1 1
Z@=-—5-%

X 1+4 5

OTBeT: —.
5
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2.1.3. Hesagnwote pynkyuu. Illpouzsoonsie vicuiux nopsaoxkos

@yHKIUSA Y OT X, ONpeaensieMasl ypaBHEHUEM
F(Xxy)=0,
HAa3bIBACTCs HESIBHOM (PYHKIUEI.

KOoHEYHO, [ajeKo HE KaXKI0€ ypaBHEHHE IIOJOOHOrO BHUIA ONPENEISeT ) Kak
OIHO3HaUHYIO (1, TeM Ooliee, HenpephIBHYIO) GyHKIMIO OT x. HanpuMep, ypaBHeHUE
DJIJIUIICA

x2
2

3a/1a€T ) KaK JBY3HAUYHYIO0 (PYHKIIMIO OT X!
b
y=t—+a’—x* o1a xe[-aal
a

VYcnoBus CylecTBOBaHUS OAHO3HAYHOW U HEMPEPBIBHON HESIBHOM (DYHKINU
ONPEAEISAIOTCS CIEAYIOUIEH TEOPEMOIA:
Teopema 1 (6e3 nokazarenbctBa). [1ycTs:

1) dyukmus F (X,y) onpenencHa u HenmpepbIBHA B HEKOTOPOM MPSAMOYTOJIbHUKE
Xg—ASx<x,+A, Y,—AN=sysy,+A

2
2

LA

C LIEHTPOM B TOUKE (Xg, Vo );
2) F(Xo,Y0)=0;
3) npu mocTossHHOM X F (X,Y) MOHOTOHHO Bo3pacTaeT (WIn yObIBacT) ¢
BO3PACTaHHEM ).
Torna
a) B HCKOTOPOI OKPECTHOCTH TOUKH (Xg , Vo ) YPAaBHEHHUE
F(Xvy)=0
orpeeseT y Kak OJHO3HAYHYI0 PYHKIHIO OT Xx: Y = f(X);
0) pu x = xg 3Ta QYyHKIKUS MIPUHUMAET 3HaueHHE Vo - T (Xo) = Yo
B) Gynkius f (X) HenpepbiBHA.

Haiinem npu BBINOJHEHUN YKAa3aHHBIX YCIOBUM Mpou3BoaHYt0 (yHKImH Y = f (X)
1O X.
Teopema 2. Ilyctb hyHKIIMSA y OT X 3a7a€TCS HESIBHO YpaBHEHUEM
F(x,y)=0,
rne pynkuus F (X,y) yaosnerBopsiet yciaoBusM Teopemsl 1. [Tyctb, kpome TorO,
E(xy), F(xy)-
HempepbIBHbIE (DYHKIIMK B HEKOTOpo# obsactu D, copeprkaiiieid TOUKy (X,)),
KOOPIMHATHI KOTOPOH YOBJIETBOPSIIOT YPABHEHHUIO
F(xy)=0,
puYeM B ITOH TOUKE
F(x,y)#0.
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Toraa GyHKLHSA ¥ OT X ©UMEET MPOU3BOIHYIO

y - Ey)
T Ey)

I[OK&S&TCHBCTBO.
BBI6epeM HCKOTOPOC 3HAYCHHUC X U COOTBCTCTBYIOIICC EMY 3HAUCHUC ). 3a,ZIaIII/IM X

npupaiienne Ax, Torna Gyakuus Y = f (X) moayuut npupamenue Ay . [Ipu atom
F (x)y) =0, F (x+ Ax, y+Ay) = 0, moatomy F (x+ AX, y+Ay) — F (x,y) = 0. CneBa

B 3TOM PaBEHCTBE CTOUT MOJIHOE NpupaineHue GyHkuu F (X,y), KoTopoe MOXHO
MPEICTaBUTh B BUJIE!

F(x+Ax,y+Ay)—-F(x,y) :2—FM+%Ay+an+,BAy =0.
x
Ay
Pa3nenus 00e yacTy NOTy4E€HHOTO paBeHCTBA Ha AX, BBIPa3UM U3 HETO '
x
oF
ﬂ _ 87 +a |
Ax g + ﬁ
%

B npenene npu AX — 0, yuuTsIBas, 4To

gr_{})azgg})ﬂ=0 u F =0,

MOJIy4YHM:

Teopema nokasaHa.
IIpumep. Haiinem vy, , ecnu

In/x* + > = arctg

X

Haiinem
, 1 2x 1 - X+
Px:E 2 2 2'_]2/: 2 yz/
x“+y 1+y72 X x“+y
X
F':l 2y 1 1_ y—x
Y2y 1+y§x X’ +y
X
Torna
, _X+y
Y x—y'

IIpousBoaHbie u (U epeHuaANbI BHICIIMX MOPAIKOB

YacTHble mpon3BoaHble QyHKIMHN Z = f (X,Y) ABISFOTCS, B CBOIO OYEpEIb,
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GyHKIMSAMU TiepeMeHHbIX x U y. ClieoBaTenbHO, MOXHO HAWTH MX YacTHbBIE
IPOU3BOHBIE IO ITUM NepeMeHHbIM. OO03HAYUM UX TaK:

2 o) = (Flw)
ai;y = fa (. y)=(fi(xy),; a(z/azx = fr(6,y) = (flx )
2 o) = (L),
Y

Takum 00pa3oM, MOJIy4EHbl YETHIPE YaCTHBIE MPOU3BOAHBIE 2-TO MOPAJIKA.
Kaxyto U3 HUX MOKHO BHOBb HpoAuddepeHurpoBaTh MO X U MO Y U MNOJYyYUTh
BOCEMb YAaCTHBIX MPOU3BOJHBIX 3-ro mopsaka v T.h. Omnpenenum IpOU3BOAHbBIE
BBICILIUX IOPSIKOB TaK:

YacTHOW NMPOM3BOAHOM N-T0 MOpsAAKAa (PYHKIIUU
HECKOJIBKUX IIEPEMEHHBIX Ha3bIBAETCs IepBast
NPOM3BOJIHAS OT MPOU3BOAHOM (N — 1)-ro mopsiaka.

YacTHple  mpoM3BOJHBIE  00JIalal0T  BaXXKHBIM  CBOMCTBOM:  pe3yJbTar
mudepeHInpoBaHusl HE 3aBUCUT OT Mopsaka aud@epeHunpoBanus (HamnpuMmep,
fo = T ). JlOKaXeM 3TO yTBEPIKACHHE.
Teopema 3. Eciiu dynkuus Z = f (X,y) 1 ee yaCTHBIC IPOU3BOIHBIC

fir fys Fiyr fia
OTpe/iesieHbl U HEMPEPBIBHBI B TOUKE M (X, ) U B HEKOTOPOU €e OKPECTHOCTHU, TO B
JTOM TOUYKE

fi= i

JlokazaTenbCTBO.
PaccMmoTtpum BeIpaxeHue

A=(flx+Ax,y +Ay) = fx+Ax, ) = (f(xy + Ay) = f(x,y))
¥ BBEJIEM BCTIOMOTaTENIbHYIO (DYHKITHIO
@(x) = f(x,y+Ay) = f(x,y).
Torna
A =p(x + Ax) — p(x).

W3 ycrmoBust TeopeMbl ciieayert, uto o(x) auddepennupyeMa Ha oTpeske [X, X+AX],
MMO3TOMY K HEM MOKHO IPUMEHUTh Teopemy Jlarpanxa:

A=Ax-¢'(X), ede Xe[x,x+Ax].

Ho ¢'(x)= f{(x,y +Ay)— fi(X,y)-
Tak kak B OKpecTHOCTH Touku M ompezenena f,,, f, mabdepennupyema Ha

orpeske [Y, Y + Ay], 103ToMy K NOJy4€HHON pa3HOCTH BHOBb MOKHO MPUMEHUTH
TeopeMy Jlarpanxka:
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LEy+Ay) - fi(X,y)=Ay- fo (X, ), 20e yelyy+Ayl.
Torna
A=Ax-Ay- f] y(a_c v).
N3MeHnM MOPSIOK CIaraeMbIX B BBIPAXKEHUU IS A:
A=(f(x+ 0%,y +Ay)— F(x,y +Ay) ~(F(x+Ax,y) — f(x,y)
¥ BBEJIEM JIPYTYIO BCIIOMOTATEIbHYIO (DYHKITHIO
w(y) = f(x+Ax,y) - f(x,y), moeda A=y(y+Ay)-w(y)
[IpoBens te ke npeoOdpa3zoBaHus, YTO U I ¢(X) , MOIYYHM, UYTO
A=Ay-Ax-fr(%,y), ede Xe[x,x+Ax]yely,y+Ayl.
CnenoBaTelbHO,
Ax-Ay- f1,(%,5) = Ay - Ax- (X, 9), fu (%, 7) = [ (X, Y)-
B cuny HenpepsiBHOCcTH f) 1 )
lim £1,(%,) = £2,(x,y), lim, f(%,5) = fa(x)-.
Ay—0 Ay—0
[TosTomy, mepexons k npenaeny npu AX — 0,Ay — 0, moaydaem, 4To
fo () = fr(x,y),

YTO U TPEOOBAJIOCH JOKA3aTh.
CaeacrBue. YKa3aHHOE CBOWCTBO CIIPaBEIIMBO JJIsl IPOU3BOIHBIX JTIO00TO
nopsizika v i71st GyHKIHHA OT JIF0OOTO YuCia EPEMEHHBIX.

JAuddepenunalbl BICHIUX NOPAIKOB

Juddepenunanom BToporo nopsinka Gpyaxmuu U = f (X, y, Z) Ha3pIBaeTcs

d2u = d(du) = d(f}”d +a—udy+a—udzjz
ox oy

0z

d(a”jd vd| M ay + d[a”)dz—
ox 8y 0z
2 2 2
_ O e a—dy +a—dz +
o’ oy’ oz’
2 2 2
U gy +2 2 ez 22 gy,
0x0oy 0x0z 0z

AHQJIOTHYHO MOKHO onpeAenuTh auddepenimanst 3-ro 1 00ee BHICOKUX
TIOPSIIKOB:

Huddepenunanom nopsiaka K HazpiBaeTCs MONMHBIN TU(GEpEHITAT OT
muddepenmmana mopsiaka (k—1): d“u=d (d *“*u).

Ceoticmea oughghepenyuanos gvicuiux nopsaokos
1.  k-it mupdepernman SBIsIeTCS OTHOPOIHBIM IEJIBIM MHOT'OWICHOM CTEIeH! K
OTHOCHUTENHHO TU((HEepPeHIINATIOB HE3aBUCHUMBIX MIEPEMEHHBIX, KOd(hhUiineHTaMmu
IPY KOTOPBIX CIIY>KAT YACTHBIC MPOU3BOIHBIC K-TO MOpsIKa, YMHOKCHHBIC Ha
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IEJI0YUCIICHHBIC TIOCTOSTHHBIC (TaKKe ke, KaK MPU OOBIYHOM BO3BEICHUU B
CTEIICHbD):

{k}
du = (%dxl +£alx2 +...+£dxn] flx,%5,..,x,).
1 2

n
2. Jluddepenmmansl nopsaka Bbllie IEPBOr0 HE MHBAPUAHTHBI OTHOCUTEIHHO
BbIOOpA NIEPEMEHHBIX.

INPUMEPBHI PEHIEHUSA 3ATAY 11O TEME
«Hesasnwie pynkyuu. Ilpouzeoonsie svicuiux nopsaoKoe»

3agaua 1.
dy

Haiitu 7, B TOUKE (1,0), ecnu
x

xe’ +ye* —e”¥ =0.

Yka3zanue
Bocnonbsyiitecs hopmyioin

dy F
—~=——2, 20e F(x,y)=0-
dx F e Fxy)

ypaBHEHHE, 3aJ1a0Iee HESIBHYIO (DYHKITHIO.

Pemenue
F =e’+ye* —ye¥; F/(1,0)=1+0-0=1;
Py’ =xe! +e* —xe"; Fy’(1,0)=1+e—1=e.
1

dy
—(1,0)=—-~.
dx( ) e

OrBeT: ——.
e

3agaua 2.
®ynkius z = z(X,Y) 3a1aHa HESBHO:
3x* +y° —2z" +xyz—2x -5y -6z +12 =0.

. Z
Hantn —.
ox

Yka3zanue
Ecnu x, y — He3aBHCUMBIE TIepeMeHHbIE, a GyHKIH Z = Z(X,Y) 3a7aHa HESIBHO:
F(x,y,2)=0,
TO
%z__E
ox  F
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Pemienne
Haiinem mnonHyro mnpousBogHyro (yHKIMH F 1o mnepeMeHHoM x, cuutas y
HE3aBUCHUMOM MEPEeMEHHOM, Z — HEU3BECTHON (DYHKIMEH OT X, U YUUTHIBAsA TO, YTO
byukiusa F ToxXaeCTBEHHO paBHA HYIIIO, CJIE0BATEIBHO, U JIFO0As ee MPOU3BOIHAS
TOK€ paBHA HYJIIO.

dF OF OF OoF oz
dx 0Ox oy 0z Ox
Otcronma
oz_ K
ox F
F =6x+yz-2, F =-4z+xy-6,
Oz bx+yz-2 bx+yz-2
ox  —Az+xy-6 4z—xy+6
0z 6 -2
Oter: — = SXTYETL
ox 4z-xy+6
3agaua 3.
TR N 0’z
z=In y+x"+y~ . Haumu :
ox0y
Ykazanue
Bocnonbsyiitecs hopmyon
(&)
oxdy \ox),
Pemenne

0z 1 >
PV A A
y+w/x +y
B 1 2x B X
- 2 2 2 2 2 2 2 2
y+\/x +y 2\/x +y \/x +y y+\/x +y
YHIpocTuM MOJIy4YeHHOE BhIpaXKEeHHUE:
X x y+x’+y’
XAyt Y+t +y - Ayt y+ iyt g+’ -
_ xy+1,x2+y2 __y+ [x2+y2:_ y +1.

\/x2+y2 yz_xz_yz x\/x2+y2 x\/x2+y2 X
Tenepp HaliieM YaCTHYIO TPOU3BOHYIO 3TOM (PYHKIIHHU TIO )
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r JE+yi -y 2y
B 1{ y ] B 2«/x2+y2_
T x 2] x x* + 12 -
X +y , y
1 Pyt -y x
T e 3
x2+y2 2 x2+y2 2
o 0’z x
TBET: =- .
axay X2+y2 %
3agaua 4.
5
u=e". Haumu 8—u3
oxdydz
Yka3zanue

[Tpomud depenmupyiite GyHKIHIO MO X, 3aTEM IMOJIYYSHHOE BBIPAKCHHE — T10 ), a
3aTeM pe3yibTaT — TPU pasa 1o Z.

Pemenue
au xyz ! xXyz
—=e¥ xyz =yze";
0x ¥
0’ '

v, ye' =z e¥ +y-xze™ =e" z+axyz® ;
ox0oy y
o’u
0x0Yyoz
=e™ xyz+x’y’z2" +1+2xyz =e
o'u
oxdyoz’

=e" 3x'y’z+x7y’z" +ay +Bxy +2x7y’z =
— o2 @2y22+x3y322 +4xy)
5
axgﬁ _ xyexyz €x2}/22 n xsyazz n 4xy)€xyz qxz}/Z + 2x3y3z)
=" @x'y’z+x'y's +4x’y’ +5x7y +2x°yz )
_ xzyzexyz fyzzz +7xyz + 9)

xyz

=xye™ z+xyz® +e¥ 1+2xyz =

xyz

3xyz +x*y’z* +1 ;

xyz

=xye™* Bxyz+x°y’z" +1 +e* 3xy+2x*y’z =
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2 xyz

OtBer: Xy’e x*y*z° +7xyz+9 .

3agauva S.
HaiiTi 3HaueHne napameTpa a, mpu KOTOPoM (QyHKITUS

z=e" xcosy-+aysiny

YIOBJIETBOPSIET YPABHEHHIO

0’z 8%z

—2 + —2 = O

ox" oy
Yka3zanue

HailiguTe cOOTBETCTBYIOLIME TPOU3BOAHBIE 2-T0 TIOPSAIKA, & 3aTEM ONPENEIUTE
3HAYEHUSA d, IPU KOTOPHIX YKa3aHHOE PABEHCTBO BBIMOIHAETCS B KAKON-JIHOO
KOHKpETHOU Touke (Hampumep, pu x =y = 0).

Pemenne
oz . X
8_x:e xXcosy+aysiny +e cosy =
=e" (x+1)cosy+aysiny ;
oz . . N
y:e (x+1)cosy+aysiny +e cosy =
=e" (x+2)cosy+aysiny .
2—2:6" —xsiny +asiny+aycosy ;
Y
0’z

J:e" —XCOSY +acosy+acosy—aysiny =
=e" (2a—x)cosy—aysiny .

IIockombKy ycnoBue

0’z 0%z
—+t—= 0
ox oy
JIOJDKHO BBITTOJHATHCS TIPH JIFOOBIX 3HAYSHUSX X U Y, TToyioxkuM x =y = (. Torma

2
%(0,0):1- 2.140 =2,
X

2
%(0,0):1- 20-1-0 =2g;
Y

2+2a=0=a=-1.

CrnenoBaTenbHO, IMOO yKa3aHHOE PABEHCTBO BBIMOJIHICTCS AJISl 6Cex 3HAYCHHH X, Y
npu a = -1, mubo 3a7ada He nMeeT perieHuil. HaiieM 3HaueHne BEIpaKEeHUS
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0’z 0%z

_+_
ox* oy’
npu a = -1:
2
%:e" (x+2)cosy—ysiny ;
X
’z
— =¢" ysiny—(x+2)cosy ;
ay2
&’z 0’z . .
?Jr@_f:e (x+2)cosy—ysiny +ysiny —(x+2)cosy =0.

Utak, ipu a = -1 QyHKIIUS
z=e" xcosy-+aysiny
YIOBJIETBOPSIET YPABHEHHIO
0’z 0’z
ox" oy

MIpU BCEX X, .
OtBer: a = -1.

3anauva 6.
Haiitu nuddepenuman 2-ro nopsiaka ot GyHKIMH
z=xy’ +x°v.

Ykazanue
Bocnonbsyiitecs hopmyon
2 2 2
Pz=22 0 42 9% qray+ T2 a2,
ox oxoy oy
Pemenue
%2 _p +3x%y, % _ 3xy’ +x°,
ox oy
2 2 2
a—f=6xy, 0z =3y +3x7, a—§=6xy-
ox oxoy oy

dz = 6xydx® +2 3y* +3x* dxdy +6xydy® =
=6 xy(dx® +dy*)+ y*+x* dxdy .
OtBer: dz=6 xy(dx’ +dy’)+ y*> +x° dxdy .
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2.2. TEOMETPUYECKUE IMPUJIOKEHUS ITPOU3BOJHBbIX
2.2.1. @opmyna Teinopa. Ilpouzsoonas no HanpaeieHuio

[Tycte pyukuus z = f (X, y) sBusercs quddepenippyemMoii B OKpeCTHOCTH TOUKH M
(X0, Vo). Toraa ee 4acTHBIC MPOU3BOTHBIC
(X0 Yo) U fy’(xOIyO)

SBJSIFOTCS  YTJIOBBIMH  KOX((PHUIIMECHTAMH KacaTeIbHBIX K JIMHHAM IepeCceYCHUs
noBepxHoctd Z = f (X, Y) ¢ IUIOCKOCTSMH Y = yo U X = Xg, KOTOpbIE OYyAyT
KacaTeJbHBIMU M K camon moBepxHocth z = f (X, y). CocraBuM ypaBHEHHE
IUIOCKOCTH, TPOXOMASAILICH dYepe3 OSTHU mpsMble. Hampapisiomme BEKTOPbI
KacaTeIbHBIX HMEIOT BHU]I

1,0, fi(x0, ) u O,1,fy’(x0,y0),

IIO3TOMY HOPMAJIb K IINIOCKOCTHU MOKHO IIPEACTABUTH B BUJIC UX BEKTOPHOT'O
IMPOU3BCACHUA:

_ ' '
n= _fx(xmyo)/_fy(xoryo)/l .
CHGHOBaTeHBHO, YPaBHCHHUC IINIOCKOCTH MOKHO 3aIIMCAaTh TaK:

of (x,, of (%o,
Z=z,+ f (% yo)(x_x0)+ f (x, yO)(y—yo),
0x oy
20e  zy = f(Xo,Yo)-
[TnockocTh, onpeaerseMast 3TUM YpaBHEHUEM, Ha3bIBACTCS
KacaTeJbHOH IJIOCKOCThIO K rpaduky Gpynkuuu z = f (X, y) B

TOYKEe ¢ KoopAuHaTaMu (Xo ,)o ,Zo )

W3 onpenenenuss nuddepennupyemMoit QyHKIUM CIEAyeT, 4YTO MpHUpAIlCHUE
¢dbyskun f B OKpecTHOCTH TOYKH M MOXHO TIPEJICTAaBUTh B BUJIC:

Az = Of (X9, Yo) AX + Of (X9, Yo) Ay+o(p), uau
ox 0
2=+ L) oy Tltod (o),
ox oy

CrnenoBaTenbHO, PA3HOCTh MEXAY ammidkatamMu Tpaduka (QyHKIMU U
KacaTeJbHOMN TJIOCKOCTH SIBISIETCS O€CKOHEYHO Mayiol 0oJiee BHICOKOTO TMOPSIKA,

yeM p, ipu p —> 0.

[Tpu sTom muddepernnan ¢pyukiuu f nmMeeT BU:

of (x, of (x
dz = f ( oryo)(x_x0)+ f ( 0/]/0)(]/_%),
ox oy
YTO COOTBETCTBYET NPHPALICHHUI0 ANIUIMKATBHI KACATEJIbHON INIOCKOCTH K
rpaguky pyakuuu. B sTom coctout reomerpruueckuii cMpica auddepenimana.
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HenyneBoi BEKTOp, EPIEHANKYIISPHBIA KacaTeIbHON IIOCKOCTH
B Touke M (xo, yo) moBepxHoctu Z = f (X, ¥), Ha3bIBaeTCs
HOPMAJIBIO K TOBEPXHOCTH B 3TOM TOUKE.

B KauecTBe HOPMAaJIM K PacCMaTPHBAEMOI OBEPXHOCTH yJJ00HO MPUHATH BEKTOP
. ’ ;
-n=f/(x,Y), fy(xoryo)r_l .

v

M (Xo,Yo)

Puc. 1
Hpumep.
CocTaBUM ypaBHEHHE KACATEJIbHOM IUIOCKOCTU K IOBEPXHOCTU Z = XY B Touke M
(1, 1) HpI/I Xo = Yo — 1 Zy =1,

z(L1)=1z,(1,1) =1

CrnenmoBaresbHO, KacaTelbHas IJIOCKOCTh 3a/1aeTcs ypaBHeHuem: z =1+ (x — 1) +
(y—1), wm x +y—2z—1=0. I[Ipu 5TOM BEKTOp HOpPMaJld B JAHHOW TOYKE
noBepxHoctu umeet Bua: N = {1; 1; -1},
Haiinem npupaienue anmiukar rpaguka GyHKIHY U KacaTeIbHOU MJIOCKOCTH MpHU
nepexoje ot Touku M k Touke N(1,01; 1,01).
Az = 1,012 - 1 = 0,0201; Azg = (1,01 + 101 -1) - (1 +1 - 1) = 0,02
CnenmoBarteibHO,
dz = Az,.= 0,02. ITpu 5Tom Az — dz = 0,0001.

®opmy.ia Teisiopa 1ist yHKUMH HECKOJIbKUX MEPEMEHHbIX

Kak u3BectHo, ¢pyHkiuio F(t) mpu yclIoBUH CyIIECTBOBaHHUS €€ MPOU3BOIAHBIX IO
nopsAA0K N+1 MOXKHO Pa3nokuTh 1Mo dopmyne Teinopa ¢ OCTATOYHBIM WICHOM B
dbopme Jlarpanxka. 3anuiiem 3ty hopmyiny B nuddhepeHnranbHou dpopme:
— 1 2 1 n 1 n+1
AF(t,)=dF(t,) + Ed F(t)+...+ ad F(t,)+ (e 1)] d""F(t,+0-At),
2de t—t,=At=dt F(t)—F(t,) = AF(t,)),0< 0 < 1.
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B st0it dhopme popmyny Telnopa MOKHO pacnpoCTpaHUTh Ha Ciydail (QyHKIAN
HECKOJIbKUX TIEPEMEHHBIX.

PaccmoTpuM ¢yHKIu0 aAByX mnepeMeHHbIX (X, Y), MMEMOIIyI0 B OKPECTHOCTH
TOYKH (X , Vo) HEMIPEPBIBHBIC MPOU3BOAHBIC TI0 (N + 1)-if MOPSIIOK BKIIOYUTEIHHO.

3amaiuM apryMeHTaM X W y HEKOTOpble mpupamieaus Ax U Ay W pacCMOTPUM
HOBYIO HE3aBUCHMYIO MIEPEMEHHYIO t:
x=x,+t-Ax,y=y,+t-Ay 0<t<1.
DT GOpMyIIBI 331aI0T MPSMOJIMHEHHBIA OTPE30K, COSAMHSIONIUN TOUKA (Xg ,)o) U
(xo+Ax,yo+Ay). Torma Bmecto npupamenus Af(Xo,Yo) MOXHO paccMaTpuBaTh
NpUPAIICHHE BCIOMOTATEIbHOW (DYHKIIMH
F(t) = f(xo+t AX, yot+tAy),

paBHoe AF(0) = F(1) — F(0). Ho F (t) sBisteTcss pyHKIMEH 01HOW TIEPEMEHHOM t,
CIICZIOBATENIbHO, K Hel mpuMeHuMma (opMmysa, NPUBEICHHAs B Havaje pasjera.
[Tomygaem:

AF(0) = F(1)— F(0) = dF(0) + %sz(O) +...

+ld”F(0)+ L
n! (n+1)!

OTMeTuM, 4YTO TpPHU JUHEUHOU 3aMEeHE IMEepEeMEHHbIX Au(depeHranbl BhICIIUX
MOPSJIKOB 00J1a/1al0T CBOMCTBOM MHBAapUAHTHOCTH, TO €CTh

dF(0) = f.(xy, Yo )dx + fy,(xorl/o)dy = df (X, Yo)
d*F(0) = (X, Yo)dx® +2 £}, (%, yo)dxdy +

+ y"y(XO’yO)dy2 = dzf(xoryo)r

d"'F(0) =d"" f(x, + OAx, y, + ONy).

[ToncraBuB 3TH BBIpAKEHUS B MNpEAbIAYHIYI0 (opmyidy, moiaydyuM (opmy.ry
Tennopa 1 pyHKIUM ABYX NIePEeMEHHbIX:

Af (%, Yo) = f(X0 + Ax, Y + Ay) — f(xo, o) =

1
= df (x,,Y,) + Edzf(xwyo) Tt

1
(n+1)!

d"'F(0).

+l’d”f(x0,y0) + d””f(x0 +0Ax, y, + 6Ay),
n!

20e 0<0<1.

3ameuanue. B nuddepenumansuoit dopme Qopmyna Teinmopa ana cmyuas
HECKOJIbKMX MEPEMEHHBIX BBIMJISIIUT AOCTATOYHO MPOCTO, OJHAKO B Pa3BEPHYTOM
BUJIC OHA BecbMa rpomosaka. Hampumep, gaxke 1ist GyHKIIMHM ABYX HMEPEMEHHBIX
NEPBbBIE €€ YIeHA BBITISAIAT TaK:
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f(xo+ A%, Yo +Ay) = f(X0,Y0) =

=[fi(x0, yo)Ax + £, (%o, Yo)Ay] + [f (%o, Yo)Ax™ +

+2fxﬁ,(xo,yo)AxAy + f;;(xo,yo)Ay ] +
—[f;Zx(xo,yo)Ax +3 iy (X0, Yo) AX*Ay +

+3fm (xoryo)AXA]/ +fyyy(x0/y0)Ay3]+
HpOI/BBOI[HaH 110 HaAIIpaBJICHUIO. Fpalll/leHT

[Tycte pynkmus U = f (X, Y, Z) HenpepbiBHA B HEKOTOpoH obiactu D m mMeer B
TOM  00JAaCTM  HENpEpBIBHBIC  YacTHbIC  NPOW3BOJAHBIC.  BpiOepem B
paccMmarpuBaeMoii obmactd Touky M(X,Y,Z) ¥ mpoBeiaeM W3 Hee BEKTOp S,

HaIPaBJIAIONIMEe KOCHHYCHI KOTOporo COSq, CO0S3, C0Sy. Ha Bektope S Ha
paccrostaun AS 0T ero Havyana Haiaem touky Mi(x+Ax, y+Ay, z+Az), rae

As = \/sz +Ay? +AZ%
[IpencraBuM nosHoe npuparieHue pyakuuu f B Buse:

Au =iAx+iAy+iAz+5Ax+gAy+/lAz,
ox oy 0z

20e limd=lime=1limA=0.
As—0 As—0 As—0

[Tocne nenenust Ha AS noyryyaem:

Au 6fo of Ay afg+§&+ Ay+i¥
As  ox As ayAs 0z As As  As As’

[Tockonbky
Ax A
— =Cosq, —y:cosﬂ, E=cosyf,
As As As
MPEIBIAYIIEE PABEHCTBO MOKHO TIEPENUCATh B BUJIE:
Au 0 0 0
Au_of cosa+—fcos,é’+—fcosy+5cosa+gcos,6’+icosy
As  Ox 0z

[Ipenen oTHOLIEHUS

A
4 npu As—0
As

Ha3bIBACTCS MPOM3BOAHOM oT pyHkmmu U = f (X, Y,
Z) M0 HAMPaBJIEHUIO BeKTOpa S 1 0003HaYaeTCs
ou

6_5.
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[Ipu sTOM

ou_of of of

=—-C0Sa +——CoS f# + =COSy.
0s Ox oy g 0z 4

3ameuanue 1. YacTHble IPOU3BOAHBIE SBIIAIOTCS YACTHBIM CIYy4aeM ITPOU3BOAHOM
10 HarpasJieHnto. Harmpumep, npu

T T
a=0, ==, y=—
F=5 7%
MOJTy4aeM:
au:gcoso+icos +icos :g.
O0s Ox oy 0z 2 ox

3ameyanne 2. Bpime onpenemsuics TEOMETPUYECKHMHA  CMBICI — YAaCTHBIX
NPOU3BOAHBIX (PYHKIMU JBYX IIEPEMEHHBIX KaK YIJIOBBIX KO3((UIIMEHTOB
KAacaTeJIbHbIX K JIMHHUSAM ME€pEeCceYeHUs: MOBEPXHOCTH, SBIIAIONICHCS TIpadukoM
(YyHKUHMH, C MIOCKOCTAMU X = Xo U ) = )o. AHQJIOTMYHBIM 0Opa3oM MOKHO
paccMaTpuBaTh MPOM3BOJHYIO 3TOW (YHKIMHU TO HampapieHuio | B Touke M(xg ,
Y0) Kak yrJIOBOW KOX(PQHIMCHT JIMHUU TEPECEYCHUs] JTaHHOW IMOBEPXHOCTH W
TUTOCKOCTH, MTPOXOsiiieit uepe3 Touky M napamienbao ocu Oz u npsmoii |.

BekTop, KoopinHaTaMu KOTOPOTO B KAXKJA0U TOUKE
HEKOTOPOH 00J1aCTH SIBJISIOTCS YaCTHBIE
npousBoaHbie GhyHKIMU U = f (X, Y, Z) B 3T0# TOUKE,
Ha3biBaeTCs rpaaneHTom ¢yukmuu U = f (X, y, z).

O06o3HaueHue:
o o o
ox’ oy’ oz

Ceoticmea epaduenma

grad u =

ou
1. TIpousBoaHas 5 10 HANPABIICHIIO HEKOTOPOTO BEKTOpA S paBHseTCs
S
pOeKIMK BekTopa grad u Ha BexTop S.

JlokazaTenbCTBO.

EnvHUYHBIA BEKTOp HampaBlieHUus S mMmeeT BUJ €s ={cosa, cosP, cosy}, mo3Tomy
npaBasi yacte (Gopmynsl (4.7) mpenctaBiseT coOOM CKaJspHOE IMPOU3BEICHUE
BEKTOPOB grad U u €, TO €CTh YKa3aHHYIO MPOCKIIHIO.
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2. Ilpow3BogHass B JaHHOM TOYKE II0 HAMPaBICHUIO BEKTOpa S UWMeeT
HauOoJIbIlIee 3HAUYCHUE, paBHOE |grad U |, ecim 3TO HampaBJiICHUE COBIAIACT C
HaIpaBIICHUEM TPaAJIUCHTA.

Jloka3aTenbCTBO.

O0o03HaunM yros Mexay Bektopamu S u grad u uepes . Torma u3 cBoricTa 1

CJIEIYET, YTO

ou
— =| grad u|-cos e,
0s

CIICZIOBATEIIbHO, €€ HauOOoJIbIIIce 3HAYCHHE JJocTHTaeTes pu =0 u paBHO |gradul.

3. IIpownsBojHas 1O HAMpPaBICHUIO BEKTOPa, MEPIECHANKYIIPHOTO K BeKTopy grad
U, paBHa HYJIO.
Jloka3zaTeynbCTBO.

B sTtom cinyuae

T ou
=—, cosp=0, —=0.
? 2 ? 0s

4. Ecmu z = f (X,y) — yHKIMS IBYX IEPEMEHHBIX, TO

grad f = {j,@}
ox oy
HarmpasJIeH MEePHCHIUKYIAPHO K JuHUU ypoBHs f (X,y) = C, mpoxoasiiel depes
JTAHHYIO TOYKY.

IHPUMEPBI PEHIEHUSA 3ATIAY 11O TEME

«lIpouzeoonan no nanpaenenuro. I paouenmy

3agaua 1.
CocTaBuTh ypaBHEHHE KACATEIBHOM IJIOCKOCTH K TIOBEPXHOCTH

z:arct‘gE 6 mouxke (2,—2,—2)
y 4

Yka3zanue
YpaBHEHHE KacaTeIbHOM MJIOCKOCTH K MOBEPXHOCTH
z=f(x,y)
B TOYKeE (X0, Yo, Zo) AIMEET BUI:

Z=zy+ of (%, Yo) (x—2x,)+ of (%, Yo)

o oy (Y —Yo)-
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Pemenune

, 1 1 , 1
Zy = 2 o xz_y'_ 2 Zx(2,—2):—1;
1+~ Y Y
y
1 ( x} X 1
z = - |=- ;ozl(2,-2)=——
Y 2 2 2 2 4
D
Y
[ToxpcTaBuM 3TH 3HAYECHUS B YPABHEHUE KACATEIbHOM MIJIOCKOCTH:
T 1 1
z=———-—(x-2)——=(y+2);
L (x=2) -y +2)

4z=-m—-x+2-y-2;
x+y+4z+7x=0.
OtBer: x+y+4z+7=0.

3agaua 2.
CocTaBuTh ypaBHEHHE KacaTEeJIbHOM IIOCKOCTH K TOBEPXHOCTH

X +y’+2° +xyz—6=0
B Touke (1,2,-1).

Yka3zanue
Haiinute yacTHbIC MPOU3BOAHBIC Z TIO X U ) KAK MPOU3BOIHBIC HESIBHOU (PYHKIIUHU:
oz F oz K

aTE o E

Pemenne
F(x,y,2)=x>+y’ +2° +xyz—6=0.

F/ =3x"+yz, F/(1,2,-1)=3+2(-1)=1;
Fy=3y*+xz, F)(1,2,-1)=3-4+1(-1)=11;
F'=3z"+xy, F(1,2,-1)=3+1-2=5.
0z 1 oz 11

12-1=-, @(1,2,—1) =—=

ox 5

YpaBHEHHE KacaTEIbHOU TNIOCKOCTH:

1 11
=1-=(x-1)-—(y-2),
2=-2(x-1)-—(y-2)

5z=-5-x+1-11y +22,
x+11y+5z-18=0.
OtBet: x+11y+5z-18=0.

147



3ampaua 3.
CocTaBuTh ypaBHEHHSI HOPMAJIM K TTIOBEPXHOCTH

z=x*+y* +xy

B Touke (0,4,2).

Yka3zanue
bynem Ha3piBaTh HOPMAIBIO MOPSMYIO, MPOXOISIIYI0 YEpe3 JaHHYI0 TOUYKY
MEPIIEHAUKYJISIPHO KACaTEIbHOW IIJIOCKOCTH, IPOBEICHHOM 4Yepe3 ATy TOUKY.
Toraa KAaHOHUYECKHE YPABHEHHSI HOPMAJIU BBITJIAIST TaK:

X—X% _ Y=Y _Z27%

fo(%,Yo) fy'(xorl/o) -1

Pemenune

0,4)=2 +4-4;
2

X

r_ ’

=Tty
X +y

f_ Y : _4 4
Zy—ﬁ‘l‘x, Zy(0’4)_§+0_2'

CHGI[OB&TCJIBHO, KaHOHHWYCCKHC YPABHCHUS HOPMAJIN:

E_y—4_z—2
4 2 -1
L X _y-4 _z-2
OtBert: 1 > R
3agauya 4.

Haiitu mpousBoaHyt0 PyHKITUN
z=3x"-2xy +3y” +2x
u Touke M(2,-4) no nanpasnenuto Bekropa MN, eciim N(-1,-8).

Ykaszanue
[Mpoussonnas ¢pyukuuu z = f (X, y) B Touke (Xo, o) 1O HanpasicHuto |, 3amaHHOMY
BEKTOPOM & = (X, Va4, Za), AMEET BUJL:

oz ,
gl:fx(xo,yo)cosw+fy(x0,y0)cos,6,
20e cosq = -8 ,cosﬁzh_

al |a]

HanpaBJIAIOOIMEC KOCUHYCBI HAITPABJICHUA l.

Pemenne
z.=6x-2y+2, z.(2,-4)=12+8+2=22;

z) =-2x+6y, z,(2,~4)=—4-24=-28;

Y
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MN =(-1-2,-8+4)=(-3,-4),

| MN |= \/(—3)2 +(—4)> =5, cosa= —%, cos B = —%.

%:22.(_§j_28.(_éj:ﬂ:4_6:9’2.
ol 5 5 5 5

OTtBer: 9,2.

3ampaua 5.
Haiiti mpou3BoaHyt0 GyHKIIUU
u=In(x+y*+z%
B Touke (3,2,1) mo HampaBieHHIO, O0Opa3ylolleMy C KOOPAUHATHBIMH OCSIMU
pPaBHBIE TYIIbIE YIJIbI.

Ykazanue
au ! ! !
a = f2(X, Yo, 2p)COS X +fy(xoryorzo)cosﬂ + f2(Xo, Yor20)COS ¥,
IpUYeM
cos’ o +cos® f+cos” y =1.
Pemenue
S R P
X+y +z 8’
, 2 1
u, = %, u,(3,2,1)=—
x+y +z 2’
2
u, = % , u(3,2,1)= 2
xX+y +z 8
Haiinem Hampapisioiie KOCHHYCHI HampaBjieHus |, HCmons3yst CBOWCTBO

HaNpaBJSOIINAX KOCUHYCOB:
cos’a+cos’ B+cos’y =1, a=pf=y=

1
—3cos’a=1, cos’a==, cosa=cosfB=cosy=———
3 B ’= 5

(MOCKOJIbKY KOCHHYC TYIIOTO yIila OTPULIATENICH).

Torna
0z 1(1 1 3 1
—(3,2,1)=—- -
az( ) ﬁ(s 2 8) J3

Ormer: 7oL
TBCT. al \/g

3amgaua 6.
Haiitu rpagueHT QpyHKInu
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U= \/4x2 +y° —4z7°

B Touke A4(6,10,-5).

Bocnomnb3yittech hopmynoit

Yka3zanue
ou ou ou
gradu=4—,—,—.
Ox Oy 0Oz
Pemenne
u _ 8x 3 4x
o 2Jax 1y -4z Jax+yi-42?
a—u(6,10, -5)= 24 = 2—4 =2;
ox J144+100-100 12
M _ / , 6,10,-5)= 02,
oy \/4x2 + yz —47> 0Oy 12 6
ou —4z ou 20

5
P2 Me10,-5)=2 =2,
0z \/4x +y —4z 6]/ 12 3

55
du=\2,—,—|.
grad u ( . 3)

55
OrBer: gradu= (2,—,—)
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2.2.2. Ikcmpemymuol

Touka My (X0, Yo ) Ha3bIBaCTCS TOYKOI MaKCHUMYMa
byukuuu Z = (X, y), ecau T (X, , Yo) > T (X, y) ams Bcex
TOYEK (X, ¥) U3 HEKOTOPOH OKPECTHOCTU TOUKU M.

Touka My (xg, Vo ) Ha3bIBaCTCS TOUKOH MUHHEMYMA
bynxiun z = (X, y), ecmm (X, , Vo) < f (X, y) 115 Bcex
TOYEK (X, ) U3 HEKOTOPOH OKPECTHOCTU TOUKH M.




3ameyanue 1. Toukn MakcCuMymMa 1 MUHUMYMa Ha3bIBAIOTCS TOYKAMU
IKCTPeMyMa (QYHKIIMH HECKOJIbKUX TEPEMEHHBIX.

3ameuanue 2. AHaJOTMYHBIM 00pa30M ONpPEAEIIAETCS TOUKA IKCTpEMyMa ISl
(GYHKIIUM OT JIF0OOT0 KOJIMYECTBA IEPEMEHHBIX.

Teopema 1 (HeoOXxoauMbie ycloBUsl dkcTpemyMa). Eciu My (xo , yo ) — Touka
skcTpemyMa ¢yHkiuu Z = f (X, y), To B 3TOH TOUYKE YacTHBIC MPOU3BOJHBIC
MEPBOTO MOPsIKA JAHHON (PYHKIIMH PaBHBI HYJIIO WM HE CYIIECTBYIOT.
JlokazaTenbCTBO.
3adukcupyem 3HaYeHHE MEPEeMEHHOW y, cumTtasi y = yo. Torma dynkmus f (X, Vo)
Oyner QyHKUMEH OJAHOW MEPEMEHHOW X, JJISI KOTOPOW X = Xy SIBISETCS TOYKOMU
skcTpemyma. CiaenoBaTensHo, o TeopeMme depma

fi(%, ) =0
VI HE CYIIECTBYET. AHAJIOTUYHO JOKA3bIBACTCS TAKOE K€ YTBEPKIACHHUE IS

1, y,(xoryo)-

Toukun, mnpuHaLIEKamUEe 00JacTh  ompeneNeHus (QPYHKIUU  HECKOJbKHX
NIEPEMEHHBIX, B KOTOPBIX YACTHBIE MPOU3BOAHBIE PYHKIIMU DPABHBI HYJIO WU HE
CYILLECTBYIOT, HA3bIBAIOTCS CTALMOHAPHBIMM TOYKAMHU 3TON (PYyHKIUU.

3ameuanne. Takum o00pa3oM, H3KCTPEMyM MOXET JOCTUTAThCA TOJBKO B
CTAIl[MOHAPHBIX TOYKAX, HO HE 0053aTeJIbHO OH HAOII0JAETCs B KAXKJIOM U3 HUX.
IIpumepsil.

1. Haiinem cranmonapHyto TOuky (pyHKimm Z = X*> + Yy2. Jljs 3TOTO peuum
CUCTEMY YPAaBHECHUU

zl =2x=0, z’y:Zy:O,

oTKyna xo = yo = 0. O4eBUAHO, 4TO B 3TOM TOUKE (PYHKLUHS UMEET MUHUMYM, TaKk
kak ipu x =y = 0z = 0, a mpu oCcTaNbHBIX 3HAYCHUSIX aprymMmeHToB Z > 0.

2. Jist gyHkimu Z = Xy cranuoHapHoi Toukoi Toxe sBusercs (0, 0), HO
9KCTpeMyM B 3Toi Touke He mocturaercs ( zZ (0, 0) = 0, a B OKpeCTHOCTH
CTaIlMOHAPHON TOYKW (DYHKIMS TPUHUMAET KaK TIOJOKUTEIbHBIE, TaK W
OTpHUIIATEIbHBIC 3HAUCHHUS ).

Teopema 2 (moctatouyHble YCIOBUS OKCTpemyma). IlycTh B HEKOTOpOW
OKPECTHOCTH TOYKH My (Xo, Vo ) , SBJISIOIICHCS CTAlIMOHAPHOW TOYKON (HYyHKIIUU
z =1 (X, y), ota QyHKIIUS MMEET HEMpPEPHIBHBIC YaCTHBIC MPOM3BOJIHBIC 10 3-TO
nopsiJiKa BKIIFOUUTEIbHO. O003HAYUM

0° 0° 0°
a_szc(xoryo):A/ axgy(xOIyo):Br a{(xwyo)zc-
Torna:

1) (X, y) umeet B Touke My makcumyM, eciiu AC — B? >0, A< 0;

2) f(x,y) umeer B Touke My munumyM, eciit AC —B?> 0, A > 0;

3) BKCTpPEeMyM B CTAllMOHAPHOM TOYKe OTCyTCTBYET, eciii AC — B? < 0;
4) ecaun AC — B2 =0, He0OXOAMMO JOIMOJHUTEIBHOE HCCIIECA0BAHNE.
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JlokazaTenbCTBO.
Hanumem ¢opmyiy Teiinopa Broporo mopsiaka mis Gpyukouu f (X, y), momus o
TOM, YTO B CTAllMOHAPHON TOYKE YACTHBIC MTPOU3BOJIHBIC TIEPBOTO MOPSAIKA PABHBI
HYJIIO:

Af = f(xo+Ax, Yo+ Ay) — f(xo,Yp) =

= %(AAXZ +2BAxAy + CAy?) + oy (Ap)°,

ede  Ap=\AX+Ay?, lim a, =0.

Ecnu yron mexny otpeskom MoM , toe M (xo+Ax, yo+Ay), 1 ockto Ox
0003Ha4HTh ©, To Ax = Ap C0Sp, Ay = Apsing. ITpu stom hopmyna Teiinopa

MIPUMET BUJ;
Af = % Ap (Acos® @ +2Bcospsin g +Csin® ¢ + 2a,Ap).

[Tycts A#0. Torga MOXHO pa3feiuTh U YMHOKHUTH BBIPAXKEHUE B CKOOKax Ha A.
[Tomyuum:

. 2 _ R2\ o2
Af:%(Ap)z((Acos¢+Bsm¢))A+(AC B7)sin §0+20‘0A:0j

PaccMoTpuM Teneps deThipe BO3MOKHBIX CITydast:
1) AC-B*>0,A<0. Torna

. 2 — R2%\qin?2
((Acosgo+len§0)A+(AC B’)sin ¢j:—m2<0,

u Af = %(A,o)2 —m” +2a,Ap <0

npu octatouHo Manbix Ap. CrnenoBarenbHO, B HeKOTopor okpectHOCTH My T (X0
+ AX, Yo + Ay) <f (Xo, Yo), TO ecTb My — TOUKa MaKCHUMyMa.
2)  Ilycts AC—B2>0,A>0. Torna

Af = %(Ap)2 m* +20,Ap >0,

1 My — Touka MUHUMYyMA.
3) Ilycte AC-B?< 0, A> 0. PaccMoTpum npupaiieHue apryMeHTOB BJIOJIb JIyda

¢ = 0. Toraa u3 paHee 10Ka3aHHOIO CIEIYET, YTO
1
Af = E(A,o)2 A+20,Ap >0,
TO €CTh NpPU JBMKEHUU BJOJb 3TOT0O Jiydya (yHKIHMS Bo3pacTaeT. Ecmu ke
HepeMeIaThes BAOIB JIyda (o = (g Takoro, 4to tg ¢y = -A/B, T0

_ n2
Af = %(Ap)2 (ACTB sin® g, + ZaOApj <0,

CJIeI0BATEIbHO, NP ABUKEHUH BAOJb ATOrO Jydya QyHKIMUS yObIBAET. 3HAYUT,
TO4YKa My HE SABJISIETCS TOUKOM IKCTpEMyMa.
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3") Ilpu AC — B? <0, A <0 1oka3aTenbCTBO OTCYTCTBHSI SKCTPEMYMa MPOBOAUTCS

aHAJIOTUYHO TIPEIBIIYIIEMY.
37)YEcmm AC—-B?*<0,A=0, 0 B=0. I[Ipu aTOM

Af = %(A,o)2 sin(2Bcos @ +Csing) +2a,Ap .

Torna npu noctaToyHO MajbiX ¢ BeIpakeHue 2B cosy + C sing 6mmsko k 2B, To

€CTh COXpaHSET MOCTOSIHHBIN 3HAK, a SiNy MEHSIET 3HaK B OKPECTHOCTH TOYKH M .

3HauuT, OpUpanieHue (QYHKIUU MEHSET 3HAK B OKPECTHOCTU CTalMOHAPHOMU
TOYKH, KOTOpasi TO3TOMY HE SIBJISIETCSI TOUKOU SKCTpEMyMa.

4) Ecm AC - B*=0, a (p:arctg(—gj, Af :%(Ap)zanAp:, TO €CTh 3HAaK

NpUpAIICHUS ONpeesieTcss 3HaKoM 2qyg. [Ipu 3ToM A BBISICHEHHS BOMpoca O

CyIICCTBOBAHHUH 3KCTPCMYyMa HGO6XOIII/IMO HaﬂbHeﬁﬂlee HCCICOOBAHUC.

IIpumep. Haiinem Touku 3xcTpeMyma QYHKIHH Z = X - 2Xy + 2y* + 2X. J{ns
MOMCKA CTAllMOHAPHBIX TOYEK PEIIUM CHCTEMY
z,=2x-2y+2=0
z,=2x+4y=0"
Wrak, crannonapuas touka (-2,-1). [Ipu atom A = 2, B=-2, C=4. Torma AC — B?
=4 > 0, cneaoBaTeIbHO, B CTALIMOHAPHOMN TOUKE TOCTUTAETCs SKCTPEMYM, a
UMEHHO MUHUMYM (TaK Kak A > 0).

Yc10BHBI IKCTPEeMYM

Ecnu aprymentsl pyHkiwn f (X1 , X2, ..., Xn) CBSI3aHBI JOTTOJHATEIHBHBIMU
YCJIOBHUSIMH B BUe M ypaBHEeHHH (M < N):

O, X, %y,..,%, =0,
@y Xy, Xy,.%, =0,

@, X1,%y,..,%, =0,

rac (byHKI_II/II/I @i KMCIOT HCIIPECPBIBHBIC YaCTHBLIC IMTPOU3BOAHBLIC, TO 3TH YPABHCHHA

Ha3bIBAIOTCS YPABHEHUSIMHU CBA3M.

Okcrpemym ¢yakmua f (X , X ,..., X,) IOPHU BBINOJHEHWH YpPaBHEHHUH CBA3M
Ha3bIBACTCA YCJIOBHBIM IKCTPEMYMOM.

3ameuanne. MOXHO NPEMNIOKUTH CIEIYIONIEE T'€OMETPUUYECKOE HMCTOJIKOBAHUE
YCIIOBHOT'O 3KCTpeMyMa (DYHKIIMHU JBYX NMEPEMEHHBIX: MYCTh apTryMeHThl QyHKIUU

f(X,y) cBszanbl ypaBHeHUEM (x,y) = 0, 3amalOUMM HEKOTOPYK) KPUBYIO B

miockoctd Oxy. BoccTaBUB M3 KaKI0M TOYKM 3TOM KPUBOM MEPNEHAUKYIISPHI K
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wiockoct Oxy 10 mepecedeHuss ¢ ToBepxHocThio Z = f (X\y), mosyunmm
IPOCTPAHCTBEHHYIO KPUBYIO, JIC)KAIIYIO Ha MOBEPXHOCTH Haj KpuBoi o(x,y) = 0.

3amaga COCTOMT B TMOWCKE TOYEK JKCTpEeMyMma TOJYyYEeHHOW KpPUBOH, KOTOpBIEC,
pasymeeTcs, B OOIIeM Ccllydae HE COBINAJAalOT C TOYKAMH OE3yCIOBHOTO
skcTpemyma GyHKIuu f(X,y).

f(x.y)

v

(x,y)=0

Puc. 1
OnpenenuM HEOOXOAUMBIE YCIIOBUS YCIOBHOTO dKCTpeMyMa Ui PYHKIUU ABYX
NIEPEMEHHBIX, BBES IPEABAPUTEIBHO CIEIYIOIIEE ONPEEIICHUE:

OyHKIUA
L x,%,,.x, =f X,%,...,X, +4,Q, X;,X;,...,X, +

A0, X, X500 X, Fot A0 X, Xy, 00X,
T/ \j — HEKOTOPBIC MTOCTOSTHHBIC, HAa3bIBaeTCA (PyHKIMEH

Jlarpan:ka, a yucna \; — HeonpeaeJeHHLIMIA MHOKUTEJISIMH

Jlarpanaxa.

Teopema 3 (HEoOXOOMMBIC YCIOBHS YCIOBHOTO DJKCTpEMyMa). Y CIOBHBIM

sxcTpemyM ¢yukimn Z = f (X, ) npu Hamuuuu ypaBHeHus cBsa3u ¢(x, y) = 0 Moxer

JOCTUTAThCS TOJIBKO B CTAI[MOHAPHBIX TOUKaX (QyHKIUHU JlarpaHika
Lxy=fxy+ilp x,y .

JlokazaTenbCTBO.

YpaBHEHHE CBS3M 33Ja€T HESBHYIO 3aBUCUMOCTD ) OT X, IIOATOMY OyJeM CUUTaTh,

YTO y €cTh (YHKIHS OT X. y = y(x). Torga Z ectb cioxkHas QyHKIHS OT X, U €€
KPUTHYECKNE TOYKH ONPEAEIAIOTCS yCIOBUEM:
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dz_of o dy_,

dx ox oy dx

13 ypaBHEHUS CBS3U CIIEYET, YTO
o9 + O dy =0.
Ox Oy dx

YMHOXUM TIOCIIETHEE PABEHCTBO HA HEKOTOPOE YUCIIO A U CIIOKUM C
peabIAyIuM paBeHCcTBOM. [lomyunm:

i+gd_y _|_/1 a_¢+a_¢d_y :O,

U
Ox Oy dx Oox Oy dx

(i+ia—¢j+ g+/1a—¢ d—y:L;+L'd—y:O.

ox  ox oy oy )dx Y dx

HOCJ’IGILHCG PaBCHCTBO JOJIKHO BLIIIOJIHATHCA B CTALIMOHAPHBIX TOYKAX, OTKYyJda
CICOYCT:

L;=g+la—¢=0
ox ox

L :g+ﬂa—¢=0.

Yoy oy
@(x,y)=0

[Tonydyena cucrema Tpex ypaBHEHUN OTHOCUTEIBHO TPEX HEU3BECTHBIX: X, J U A,

IpUYEM MEpBbIE [Ba YPABHEHUS SIBISIIOTCA YCJIOBHUSIMHU CTAallMOHAPHOW TOYKHU
¢bynkuuu Jlarpanxa. Mckmouas u3 cucrteMsl (5.6) BcnoMoraTelibHOe HEM3BECTHOE

)\, HaxoaAnM KOOPAHWHATLEI TOYCK, B KOTOPLIX HCXOAHAA (bYHKI_II/ISI MOXET HMCTH

YCJIOBHBIN 3KCTPEMYM.

3ameuanue 1. IIpoBepky HanuuMsl YCIOBHOIO 3KCTPEMYMA B HAWJACHHOW TOYKE
MO>KHO IPOBECTH C IOMOILIBIO HCCIEIOBAHMS YACTHBIX MPOU3BOJIHBIX BTOPOTO
nopsaka pyHkiuu Jlarpanxa no aHajaoruu ¢ TEOPEMoit 2.

3ameuyanmne 2. Touku, B KOTOPBIX MOYKET JOCTUTAThCSA YCIOBHBIA IKCTPEMYM

¢yakmmn  f (Xy , X2 ,..., X,) TpU BBINOJHCHUW YpPAaBHEHHWHA CBSI3U, MOXKHO
ONPEACTHUTh KaK PEIIeHHs CHCTEMBI

155



IIpumep. HaiineM ycioBHBIN SKCTpEMYM (PYHKIUU Z = XY TpH yclIoBuu x +y = 1.
CocraBum ¢ynkmmro Jlarpanxka L(X, y) = xy + A(X +y—1). Cucrema s

OIIPCACICHUA CTAIMOHAPHBIX TOUYCK IIPHU 3TOM BBITIVIIAUT TAK:

y+4=0
x+A4=0,
x+y=1

otkyaa -2A=1, A=-0,5,x =y =-A=0,5. IIpu atom L (X, Y) MO’KHO MpEICTABUTH B

BUJIE

L(x,y)=-05(x-y)2+0,5<0,5,
M03TOMY B HaliJICHHOH cTanmoHapHo# Touke L (X, y) mMeeT MakcuMyMm, a Z = XYy —
YCJIIOBHBI MAKCUMYM.

Haxo:xneHne Han0O0JbIINX H HANMEHBIINUX 3HAYECHUH
[Tycts ¢ynkmms U = f (Xy , X2 ,..., X,) OIpeaesieHa U HEMPEPbIBHA B HEKOTOPOM
OrpaHUYEHHOM W 3aMKHYTOM MHOXecTBe D M nmeeT Ha 3TOM MHOXKECTBE
KOHEYHbIE YacTHbBIE MPOU3BOJHBIEC (32 HCKIIOYEHHEM, OBITh MOXKET, OTAEIbHBIX
touek). Torna ata pyHkuus nocturaetr Ha D cBoero HauOOBIIETO U HAUMEHBIIIETO
3HaueHus (CM. CBOMCTBa HempepbiBHbIX (yHkmil). Ecim 510 3HaueHue
JIOCTUTaeTCs BO BHYTPEHHEW TOYKE MHOXKECTBA, TO, OUEBHUIHO, 3Ta TOYKA JIOJKHA
ObITh CTAIIMOHAPHOW; KPOME TOT0, HAMOOJbIIEE U HAMMEHbBIIEE 3HAYEHUE MOMKET
nocTUratbes Ha rpanuie MHoxecTBa D. Tlostomy nmst onpenenenust HaMOONIbILIETO
Y HauMEHbIIEro 3HaYeHui PpyHKIMu Ha MHOXkecTBe D Tpebyercs:
1)  HaliTH cTanMoOHApHBIC TOYKU (DYHKIUH, puHAAIeKanme D, U BIYUCIUTH
3HaYCHUS (PYHKIUU B ITUX TOUKAX;
2)  HaiiTh HawOoJIbIIeEe M HaMMEHbIIICe 3HAUCHUE, TPUHUMAeMOe (PYHKIHEH Ha
rpa"uie MHoxectBa D;
3)  BbIOpaTh HAaMMEHbIIEe W HAWOOJIBIIEEe W3 MOJYYCHHBIX YHCEJ, KOTOPhIE H
OyAyT SIBISTbCSI HAaUMEHBIIMM W HAUOOJBIINM 3HAYECHUSMHU (PYHKIMH Ha BCEM
MHOXkecTBe D.
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IIpuMmepsbI.
1.  Haiigem HanGombliee 3HaueHUue QYHKIMKH Z = SIN X +Siny —sin (X +Yy) B
TpeyronbHuke co cropoHamu x = 0, y =0, x + y = 2n. CTannoHapHbIe TOUKA
OTIPEICIISIOTCS U3 PEIICHHST CHCTEMBI
{z; =cosx —cos(x+y)=0
!/

z, =cosy —cos(x+y)=0’

OTKyJa
2sin(x + Z) sind =0
2 2
X X
2sin(—+1y)sin—=0
(2 ) >

EnnHCTBEHHOM BHYTPEHHEW TOUKOM JAHHOT'O TPEYTOJIbHUKA, SBIISIIOLIECHCS
pElIeHNEM TIOJTyYeHHON CUCTEMBI, OyIeT

27 27 _ 343

(—,—j, 6 xomopou z=-——.

33 2
DTO0 3HaYEHUE OKA3bIBAECTCA HAUOOJBIIIMM U HA BCEM PACCMaTPUBAEMOM
MHOXXECTBE, TaK Kak Ha ero rpanuie Z = 0.
2. Haiinem nHanGosbiiiee 1 HauMeHblee 3HaYeHust QyHKIMKU Z = X +y? - 12X +
16y B oOmacTu X* + y* < 25.

'=2x-12=0

{Z; =2y+16=0"
OTKyna x =6, y = -8 — Touka, He Jexalias B 3aJlanHoM Kpyre. CienoBareibHoO,
HauOOJbIIIeE ¥ HAUMEHbBIIIEE 3HAYCHUs aHHas (QYHKIMS TPUHUMAET HA TPAHUIIC
00J1acTH, TO eCTh Ha OKpyX)HOCTH X + y? = 25. CocTtaBuM (yHkuuto Jlarpanxa

L(x,y)=x>+y2-12x + 16y + \(x> +y? - 25).
Ee cranmoHnapHble TOUKH HAMAEM U3 CUCTEMBI
2x—-12+ Ax =0
2y+16+ Ay =0.
x>+ yz =25
[Tomyunm
6
144
8
T
100 o5
(1+4)

X

otkyna A\; =1, \; = -3. CnenoBarensHO, CTAIIMOHAPHBIMHA TOYKAMU SIBIISTFOTCS

(3, -4) u (-3, 4). B nepBoii u3 HuX Z = -75, Bo Bropoit Z = 125. D1u yucna
SBIIIOTCSI HAMMEHBIIIMM U HAauOOIBIIIMM 3HAYSHUSIMH Z B 3aJJaHHOW 00JIaCTH.
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INPUMEPBI PEIHTIEHUSA 3ATAY 11O TEME
«IKCcmpemymody

3agaua 1.
Haiitu cTarmonapHyro TOUKy GyHKIIUU

z=4x"—4xy +5y° —16x +24y.

Yka3zanue
B cranmonapHoy Touke

Pemenue
z, =8x—4y-16, z, =-4x+10y+24.

CJ]GI[OB&TCJIBHO, KOOPpANHATLI CTaHHOHapHOﬁ TOYKH MOKHO HAWTHU KakK PCUICHUC
CHCTCMBI

8x—4y-16=0 2x-y—-4=0 x=1
4x110y+24=0 |2x+5y+12=0  |y=-2"
Ortert: (1,-2).

3anayva 2.
Haiitu Touky MUHMMYMa (DYHKIIUU

z=xy—Inx+3y*>-5y.

Yka3zanue
[lycts My — cTanimoHapHasi TOUKa,
a—ZZ(M)zA 0’z (M,)=B a—ZZ(M)zc D=AC-B
ox2 ’ oxoy 0 ’ 20 ’ '

Torna My siBnsieTcst Toukoit MuanMyMa, eciau D > 0, A > 0.

Pemenue
Haiinem crarmonapHbie TOUYKHA (PYHKITUU:

z;zy—%, z, =x+6y—>5.

1 x=5-6y

y——=0 x=5-6y
X =5 1 :>62—5 1_0:>
x+6y-5=0 |V 5 ¢y ¥ THTIT
X, =2 x, =3
= 1, 1.
3/125 ]/125

Wtak, cranimoHapHble TOUKH QYHKIUN —
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Hccnenyem ux Ha 3KCTpEMYM.

" 1 n n
zl =7 zy, =1, z, =6.
Ml(Z,l): Azl,le,C=6,D=§—1=1>O,
2 4 2 2
A>0—-min,
M2(3,1j: Azl,le,C=6,D=g—1:—1<0—
3 9 3 3
HET 3KCTpEMyMa.
omer: (21
TBET: | 2,7 |-
3anmaua 3.
Haiitu sxcTpeMym QyHKIIUN
z=xy
npu yciosuu 2x + 5y + 3 = 0.
Ykazanue

Hailigute sxcTpemym QyHkuuu Jlarpanxa
L(x,y) =xy + A(2x + 5y + 3).

Pemenue
Uccnenyem Ha skcTpemyMm GyHKIUIO Jlarpanxa
L(x,y)=xy+A(2x+5y+3):

Li=y+24, L,=x+54,

[ .3
y+24=0 y=-22 28,
x+54=0 =1 x=-51 =< x:—Z.
2x+5y+3=0 -104-104+3=0 3
y= 10
Hccnenyem HAMAEHHYIO TOUKY Ha DKCTPEMYM:
zZ=xy ) .
5y°+3 , 10y +3
__sy+3=mz=— zwz(— o j - -5<0.
= 5 y
CrneioBartesnbHO, (—%—%j —TOYKa YCJIOBHOI'O MAaKCUMyMa, U 3HaUeHUE (PYHKIIUU

B OTOM TOYKE paBHO
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_E(_ij_i
4\ 10) 40

OT1BeT: 2 — max.
40

3anauva 4.
Ha mapa6oute

y=x°
HAWTH TOUKY, ONMMKAUIITYIO K IPAMOM X — ) = 2.

Yka3zanue
Paccrostaue ot Touku M(xg, yo) 10 PSAMOM x — y = 2 onpeaensercs mo Gopmyiie
d= | %~y — 2] :|X0—y0—2|.
12417 V2

CrnepnoBatenbHO, TpeOyeTcsl HAUTH MUHUMYM (PYHKIUU

|x—y—-2|
xX,Y)=———
f(x,y) 2
IIPH YCIIOBUHU
y=x".
Pemenue

Paccrostauie ot Touku M(xg, yo) 10 IpsAMO# x —y = 2 ompeaensercs no hopmyJie
d= | X0 — Yo — 2] :|x0_y0_2|‘
V12412 V2
CrnenoBatenbHO, TpeOyeTcss HANTH MUHUMYM (PYHKITUN

_|x-y-2|
f(x,y)= NG

IIPU yCIIOBUH

y=x"
CocraBuMm (pynkiuto Jlarpanxa:
Loy =22V =21 0 5 ey
2
1) x-y-220=
x—y—2 2
=>Lx,y)=—=—+4 x" -y,
(x, ) 2 Y

L =424y, L =——1;

T2 2
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(1 ( 1
— +2Ax=0 |A=-———
J2 J2
1 1
— =029 x== -
2 1 772
2
y=x _1
u C y 4

HE BBIIIOJHEHO YCIIOBHE HA 3HAK MOAMOAYJIBHOTO BBIPAKCHHUS.
2) x-y-2<0=

-Xx+y+2 ’
——+A x -y,
2 Y

L =422, L =—=—4;

x \/5 2
1
——424x=0 |1=—0
2 2
1

2

1

= L(x,y) =

—_

1
———i=0 ={ x=
J2

.2
y=x Y=

z3)
=>|=,= |-
2 4
4

cTalioHapHas Touka. [Ipu s3Tom
A=L" =24=+2>0,B=C=0,D=+2>0.

CrnenoBaresibHO, HalJIEHa TOYKA YCIIOBHOTO MUHUMYMA.

OtBer: (1,1)
2°4

3apayva S.
HaliTu MHOXECTBO 3HAaUEHUI (PYyHKIUN

z=xy B obaacmu x*+y°<1.

Yka3zanue
Haiinute HanbombIiee 1 HAMMEHbIIIEE 3HAaUCHNE (PYHKITUU B JTaHHOU 00J1acTH,

KOTOpBbIE MOTYT JOCTHraThCsi JMOO Ha TpaHule, JUOO B CTAIlMOHAPHOW TOYKE
BHYTpPH O0JIACTH.

Pemienune
Haiinem ctarimoHapHbie TOUYKH (QYyHKIIUH:

Z,:y Z,:x3{y:O:>(OO)—
X 7 :[/ x — O 7
cranmoHapHas Touka, Z(0,0) = 0.
Jlns onpesenieHus] HauOOJIBIIIEr0 ¥ HAMMEHBIIIETO 3HAUYeHUS (DYHKIUKM Ha TPaHHIIe

0GIACTH HaiiIeM YCIOBHBIN SKCTpeMyM (GYHKIMHI Z = Xy IpH ycaosun X~ + y* = 1.
CoctaBum pynkuuio Jlarpanxa:
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L(x,y)=xy + A(x* +y*> - 1).

Lo =y+2x, L, =x+22y.
y+2ix=0 y=-2Ax
x+2Ay=0=1{ x(1-44%)=0 :ﬂ:i%.
X +y’=1 x*(1+44%) =1

1 1
X, =—= Xy =——=
1) A:E:szzl, \/E, ﬁ
2 __ 1 _ 1
Y1 2 Y 2
X, = 1 X, = 1
3= = s =TT
2) ﬁ:—1:>2x2:1, \/E, \/E
2 _ 1 __1
Y3 2 Yy 2

Wtak, HalAEHBI YEThIPE CTALIMOHAPHBIE TOYKH:
1 1 1 1
M| == M|-—=—4=
1(& JE) 2( V2 \/5)
1 1 1 1
M,| —=,—| M,|-——,—|.
3(& \/5) ”‘( V2 «/ij

[Ipu sTOoM

1 1

zZ(M))=z(M,)=—=, z(M;)=z(M,)=—.

2 2
CrnenoBaTelbHO, HAUMEHBIIEE U HAMOOJIbLIEE 3HAYEHUS TOCTUTAIOTCS HA TPaHULIe
00nacTH, a Tak Kak (yHKLHS HENpepbIBHA, OHA NMPUHUMAET BHYTPH 00JIACTH BCE
IPOMEKYTOUHbIE 3HAYEHUS MEXAY HAWMEHBIIMM W HauOOJBIIMM, TO €CTh

o . 11
MHOKECTBO €€ 3HAUCHHI B TaHHOW 00J1aCTH — {—E,E :
1

OtBert: [—1,—}.
22
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CIIPABOYHBIN MATEPHAI

OcHogHble diemenmapHble QyHKyuu
Crenennas pyHknus y = x", a €R.
[MokazarenpHast pynkuus y =a',a>0,a=1.
Jlorapudmuueckas ¢pynknus y=logax, a >0, a= 1.

©0o~NP

X,y =SecC X,y = COSecC X.

TpuronomeTrpuyeckue GyHKIUMHU: Y = SIN X,y = COS X, y =tg X, y = Ctg

10.06partHbie TpUroHOMETpUYEeCcKHe QYHKIMU: Y = arcsin X, y = arccos X,

y = arctg x, y = arcctg X, y = arcsec X, y = arcCcosec X.

Onpeoenenue npeoena

Yucno A nazvisaemces npedenom gynxyuu y = 1(X) npu x, cmpemsawemcs k xo, eciu

Ve>0 36=95(g)>0
makoe, umo
|f(x)-Al<e npu |x—x,|<6.

O06o3HaueHue:
lim f(x) = A.

X=X

1-i1 3ameuamensvnuiii npeoen
. sinx
lim =1
x—0 X

Cneocmeus u3 nepeoco sameuamesibHolco npeOeJm
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sin kx sinkx

1. lim =klim k-1=k.
x—0 X kx—0 kx

2 1im B S 1 g
=0 x =0  x coskx

3 lim s.mkx zlimsmkx ' X :kl:k.
0ginmx 0 x sinmx m m

4. lim—tgkx:lim% x _k

=0 tomx 0 x tgmx m

5. lim arcsix _ lim _y =1, ede y=arcsinx.
x—0 X y—0 Slny
6. lim28Y _ i Y — 1, ede y=arctgx.
x—0 X y—0 tgy
2
2sin? Y sin
7. 1mi—S%Y _fim 2 _ojim| 2| =2(tp=1,
x—0 X x—=0 X x—=0 X 2 2
2-11 3ameuamesibHblil npeoen
: 1Y
lim (1 + —) =e
X—>w0 x
Cneocmeus uz 6mopozo 3amevamesibH020 npeoena
1 tm P g L
x—0 X -0 x

1

= In(lim(1+x)*)=lne=1.

R =

=limIn(1+ x)

x—0 x—0
2. lima _1=IimL=1na-limLzlna,
=0 x -0 log,(1+v) =0 In(1+y)
ede a>0, y=a -1.
3. limex_lzlnezl.
x—0 X

T'unepboonuueckue gynkyuu

et —e "
shx =
2
et +e”
chx =
2
et —e”
thx = —
e’ +e
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e*+e "

cthx = ———
e’ —e

Onpeoenenue npou3eo0HoIl

f’(xo) - lim f(X) _f(xo)

X=Xy X=X,

Ypasuenue kacamenwvnoi
Y=Yo=f(x)(x—%,) uau
Y=Yo+f(x)(x—x)

Ilpasuna ougpghepenyuposanusn
1) (f(0)+gx) = f(x)+g(x)
2) (kf(x)) =kf'(x), ede k=const
3 (f(x)- &) = fF1(x)g(x) + f(x)8'(x)

1) Ecu g(x)=0,mo [m} _ f()8(0) - f(0)g )
8(x) (%)

Tabauya ocHo6HbIX NPOU3BOOHBIX

Ne | £ | f'(x) | Ne | f(X) S (x)
1 (C 0 9 |ctgx 1
sin? x
2 Ix* |ax*t ]10]shx chx
3 |a* [|a‘lna |11 |chx shx
4 | |¢e 12 | thx 1
ch?x
5 |Inx |1 13 | cthx 1
X sh?x
6 |sinx | cosx |14 |arcsinx 1
1-x?
7 |cosx|-sinx |15 |arccosx| 1
1-x°
8 | tgx 1 16 | arctgx 1
cos’ X 1+ x?
17 | arcctgx |
1+ x?

Jozapugpmuueckoe oughgpepenyuposanue

f(x)=f(x) Inf(x)

!
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Ilpasuno Jlonumana

M npu lxlixal f(x) = lxlilul g(X) = O(OO)

Dopmyna Teinopa

f@= o+ H (x-a)+ L0)

T (x—a)’ +...

+_f(”)(a) (x—a)"+R (x)
n!

Yacmmuuvle npouszeoonvie

A
i: lim —x"f =
axi Ax;—0 Axi
~ lim Fxy, Xy X+ Ay X)) = F(X, X0y Xy X))

Ax;—>0 Ax.

1

IJIOCCAPUM

acuMnToTa rpaduka QyHKIIUN — IpsiMas, PaCCTOSIHUE OT KOTOPO# /10 IEpeMEHHOU
TOYKH Tpaduka GyHKIUUA CTPEMUTCS K HYJIIO TIPH YIAICHUH TOYKHU B
OECKOHEYHOCTh

0ecKoHe4YHO Ooabmasi yHKIUSA TpU x — x, — PYHKIUS, Ipeies KOTOPOM nmpu

X —> X, paBeH OECKOHEUHOCTHU
0ecKoOHe4YHO Majiast PYHKIMS TIPH x — x, — QYHKIHUS, TIPEAes KOTOPOU IpH
X —> X, paBEH HYJIIO

BEPXHHAA I'PaHb (CyNpeMyM) MHOKECTBA, OTPAHUYEHHOT'0 CBEPXY — HAUMEHbIIIEE
13 YHCEJI, OTPAHUYMBAIOIINX €r0 CBEPXY

BOTHYTasi KpUBas — KpUBasi, BCE TOUKU KOTOPOH JIeXKaT BBILIE JIF000i ee
KacaTeJIbHOM Ha pacCMAaTpUBAEMOM MHTEpBAJIE

BBINyKJIasi KPUBasi — KPUBas, BCE TOUKU KOTOPOI JiexaT HUXKe JIF000H ee
KacaTeJIbHOM Ha pacCMAaTpUBAEMOM MHTEpBAJIE

runepoonyeckne PyHKIUMHU — PALIMOHATIbHBIE (PYHKIIMU OT MMOKA3aTEIbHBIX
byHKIUH

rpagueHT (PyHKIMHU — BEKTOP, KOOPAMHATAMHU KOTOPOTO B KaKJI0M TOUKE
HEKOTOPOI 00J1aCTH SBISIFOTCS YaCTHBIC IPOoU3BOAHbIC GyHKIMK U = f (X, Y, Z) B
JTOM TOUYKE

auppepeHunan pyHKUMU — IJIaBHAs JIMHEWMHASA YaCTh IPUPALCHUS
nudpepenuupyemas GyHkuus — QyHKIM, IPUPALIEHHE KOTOPOH MOXKHO
HpeICTaBUTh B BUIE Ay = AAX + 0(Ax)

HHBAPHAHTHOCTD - HCU3BMCHHOCTD
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HH(UHYM — CM. HW)KHSS TPaHb

KacaTreJbHas MJIOCKOCTh K MOBEPXHOCTH — MIOCKOCTh, IPOXOIAIIAs YEPE3
TOYKY IMOBEPXHOCTH MEPIEHIUKYIISIPHO HOPMAJIU K MMOBEPXHOCTH, TPOBEICHHOMN B
JTOM TOYKE

KpUTHYEeCKHE TOYKHM QYHKIUU OJHOU NMEPEMEHHON — BHYTPEHHUE TOYKH 00J1acTh
OTIpeJIeIICHHs], B KOTOPBIX MPOU3BOAHAS (DYHKIIMK paBHA HYJIIO WM HE CYIIECTBYET
JuHeapu3zanus GyHKIUM — 3aMeHa pupaieHus QyHkiuu nuddepeHimanom
JIMHHUA (MIOBEPXHOCTH) YPOBHS — MHOKECTBO TOUYEK U3 00JIACTH OMPEICICHUS
(GYHKIIMN HECKOJBKUX MEPEMEHHBIX, Ha KOTOPBIX (DYHKITHS MPUHUMAET OAHO U TO
e MOCTOSTHHOE 3HAYCHHE

MHOKeCTBO — aKCHOMaTHYECKOE MTOHSITHE, HEKOTOPasi COBOKYITHOCTh OOBHEKTOB
HATypaJbHbI# Jorapum — gorapudm ¢ OCHOBaHHEM €

HesiBHas1 pyHKuusi — QyHKIUA y OT X, onpenensemas ypaBaenuem F (X, y) =0
HUKHASA TpaHb (MHGUHYM) MHOXKECTBA, OTPAHUUEHHOTO CHU3Y — HauOOJIbIIIee U3
YKCell, OFPaHUYMBAIOIINX €r0 CHU3Y

o0parHast pyHKUMA — QyHKIUSA X = (()), CTAaBAILIAs B COOTBETCTBHE KaXKIOMY
3HaueHHio0 QyHknuu y = f(X) 3HaueHHe ee aprymMeHTa x

oto0paxkeHue X Ha Y — 3aJJaHME COOTBETCTBUS MEXY KaXK/IbIM 3JIEMEHTOM
MHO’K€CTBa X ¥ KaKUM-JINOO 37IEMEHTOM MHOXeCTBa Y

MOBTOPHBIN Npees QyHKINN HECKOJIBKUX NEPEMEHHBIX — IPEIE, MOIy4aeMbli
MOCIIEI0BATEIHLHBIMU TPECIBHBIMH MEPEXOJAMH M0 KaXIOMY apryMEHTY B
OTJEIBHOCTH

NOJIHAs MPOU3BOAHANA (PYHKIIMH HECKOIBKUX MEPEMEHHBIX —

npupanieHne apryMeHTa — I3MEHEHUE apryMeHTa (pa3HOCTb X — X)
npupamenue GyHkmuu — usmeHenue Gyuakmuu (pasHocts T (X) —f (Xg))
NPOU3BOJAHAS — TpeAesl OTHOIICHHWS TNpUpameHuss (YHKIUU K MPUPALICHUIO
apryMeHTa, €CJii MpupalleHue apryMeHTa CTPEMUTCS K HYJIO

MyCTO€e MHOKECTBO — MHOKECTBO, HE COJIEprKalllee HU OJTHOTO 3JIEMEHTa
ciaoxHasi GyHkuusa — QyHKIMS, apryMEHTOM KOTOPOH sIBIIsieTCs (PyHKITUS
CTAlHOHAPHBIE TOYKH QYHKIIUU HECKOJIBKUX MEPEMEHHBIX — BHYTPEHHUE TOUKU
o0acTu onpeaeneHusi, B KOTOPbIX BCE YaCTHBIE MPOU3BOIHBIE (PYHKIIMU PaBHBI
HYJIIO WM HE CYLIECTBYIOT

CyNpeMyM — CM. BEpXHSs IPaHb

TOYKa MakcumMymMma (yHkiun f — Todka, B KOTOpoit QyHKIUS IPUHUMAET
3Ha4YeHHe, OOJbIIIee e¢ 3HAYCHH [T TF000W TOUKU U3 HEKOTOPOH OKPECTHOCTH
JTAHHOM TOYKH

TOYKa MUHUMYMA QyHKIUH f — Touka, B KOTOpO# (DYHKIIHS MPUHUMAET 3HAYCHHE,
MEHbIIIee €€ 3HaYCHUM AJid 10001 TOUKU U3 HEKOTOPO OKPECTHOCTH JTAHHOMN
TOYKH

TOYKA Nepernda — TOUKa, OTJEISIONIAS BHITYKIIYIO YaCTh HEMPEPHIBHOW KPUBOIA
OT BOTHYTOM

TOYKA Pa3pbiBa — TOUYKA, B OKPECTHOCTH KOTOPOU (DYHKIIMSI HEMPEPHIBHA, a B
CaMOM TOM TOYKE — HET

TOYKA IKCTPEeMyMa — TOUYKa MaKCUMyMa WJIM MUHUMYyMa
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YPAaBHCHUSA CBA3H — JOINOJIHUTCIIbHBIC COOTHOIICHM:, CBA3BIBAOIINE ApI'YMCHTBI
q)YHKHI/II/I HCCKOJIBKUX IICPEMCHHBIX

YCJOBHBIH IKCTPEMYM — SKCTpeMyM (YHKITUH HECKOJIBKUX TIEPEMEHHBIX TIPU
HaJIU4Ynuunu ypaBHeHI/Iﬁ CBA3H1

q)aKTopl/la.]I n! yucaa N — IMPOU3BCACHUC ITIOCJICAOBATCIIbHBIX HATYPAJIbHBIX YHUCCJI
1-2-3-...-(n-1)n

q)yHKIII/IH— COOTBCTCTBHC, IIPU KOTOPOM KAXKAOMY HHUCIIY U3 HCKOTOPOTI'O
MHOKECTBA COITOCTABJIACTCA OAHO OIIPCACIICHHOC YUCJIO

(yHKIHS, HeMpepbIBHAS B TOUKeE X — QYHKIUSA, TIPEIEN KOTOPOM MPHU x — X,

paBeH 3HauYCHUIO (DYHKIIMU B TOYKE X

(GyHKIMs. HenmpepbIBHAS HA 0TPe3Ke — QYHKIIMS, HEPEPhIBHAS B KAXK0M TOUKE
OTpe3Ka

YyacTHasi Npou3BoAHasA GYHKIIMN HECKOJBKUX TIEPEMEHHBIX — IMPe/Iesl OTHOIICHUS
npupaiieHus QyHKIUKA K TPUPAIICHUIO OJTHOTO U3 apTyMEHTOB, €CIIU MpUpaIeHNe
JTAHHOT'O apryMEHTa CTPEMUTCS K HYJIIO

YHCJIa HATYPAJIbHBIE — IEJIBIE MTOJ0KUTEIbHBIC YACIIA

YK CJIa PAalMOHAIBHBIE — YKCIIA, TPEJCTABUMBIC B BUJIE OECKOHEUHOU
MEePUOANYECKON JECATUUHON TpoOu

4ucJI0 e (~ 2,7) — 0OCHOBaHHE MMOKa3aTeIbHON (YHKIMH, IS KOToporo (e')’ = '

YHCJI0Bas MOC/I€I0BATEIbHOCTh — YUCIIOBas (DYHKITUS, 00JIaCTh ONpeAeTICHUS
KOTOPOH — MHOXECTBO HaTypaIbHBIX YHCEIT

IKBHBAJIEHTHbIE 0€CKOHEYHO MaJible — OECKOHEYHO MaJible, TIPeIesl OTHOIICHUS
KOTOPBIX PABEH CIUHUIIC

3jieMeHTapHast PyHKIus — QyHKINS, 3aJaHHAs] C TIOMOIIIHI0 OCHOBHBIX
AJIEMEHTAPHBIX (PYHKITUH U TOCTOSHHBIX C TTOMOIIIbIO KOHEYHOTO YUCIa
apu(PpMETUIECKUX OTepalui U B3TUS GYHKIUUA OT GyHKIIAU
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OBO3HAYEHUA

N MHOYKECTBO BCEX HATYPAIbHBIX YHCEI
Z MHOYKECTBO BCEX IIEBIX YUCEI
R MHOYKECTBO BCEX PAIMOHATBHBIX YHCEI
[a; b] 3aMKHYTBIH MPOMEXYTOK (OTPE30K) ¢ KOHIIaMu a U b
(a; b) OTKPBITBIN IPOMEKYTOK (MHTEPBAJ) C KOHIIAMU a U b
e OECKOHEUYHOCTh
| X | abCoIOTHAs BeMYMHA (MOJTYJb) YMCa X
f(x 3gauenue ¢pyHkuuu f B TOUke x
y
D(f) obnacth onpenenenus GyHkuy f
Ax pHPALICHUEC apTYMCHTA X
Af npupaiieane GpyHkuu f
f'(x) npousBoaHas pyHknuu f B Touke x
df nuddepeHiman GyHKIuu
f0(x) IPOM3BOIHAS /1-TO MOPSIKA
lima, npese MociIeI0BaTeIbHOCTH

n—>0

lim f(x)

X—>a

npenaes (GyHKIMA B KOHEUHOM TOUKE

lim f(x)

X—>0

npeaen GyHKIMY Ha O€CKOHEUYHOCTH

sh x TUNIEPOOTNYECKUN CHHYC
ch x THIIEPOOTMYECKUN KOCUHYC
th x rUnepoOINYECKUN TAHT€HC
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cth x runepO0IMUYeCKU KOTaHT€HC

In x HaATYypaJIbHBIH JJorapudm (Joraprdm ¢ OCHOBaHUEM €)
of YyacTHas MPOU3BOIHAS (PYHKITUU
o f HECKOJIbKHUX MEPEMEHHBIX
1
o" f qacTHas IpOU3BOJHASA 1n-TO IOPsaKaA

3HAK IMPUHAIJIC)KHOCTH

3HaK CJICAO0BAaHHNA

S

=

= 3HAK PAaBHOCHJIBHOCTH
U 3HAK 00BbEIUHEHHUS
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