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HeonpeneaeHHblil HHTErpaJ

1.1.1. Ilepeooopasnasn. Heonpedenennwlit unmezpan u e2o ceoiicmaea.
Tabauunsvle unmezpansl. 3amena nepemMeHHON U UHMEZPUPOBGAHUE NO
Yacmam 6 Heonpeoel1eHHOM uHmezpae

Oyuknus F(X) HaspiBacTCs NepBOOOpPa3HOM (1171s1)
¢bynkiuu f(X) Ha HEKOTOPOM MHOKECTBE 3HAUEHHUH X,
ecin F'(X) = f(X) Ha 3TOM MHOKECTBE.

Teopema 1. Eciu dpynkium F(X) 1 G(X) SBISIOTCS TIEpBOOOpPa3HBIMH OJTHOM M TOW
ke pynakmuu f(X) Ha HEKOTOPOM MHOXKECTBE, TO HEOOXOJMMBIM H JOCTATOYHBIM
yCIIOBUEM 3TOTO0 sBjsieTcs To, uto G(X) = F(X) + C, rne C — nro6ast MoCToOsTHHAS.

JlokazaTenbCTBO.

1. Ilycte F(X) - mepBooOpasnas f(X), To ectb F'(X) = f(x). Torma mis mo6oro
gucia C (FX)+C)=F'(x) + C'=F'(x) + 0 =1(x), Toects F(x)+C
- nepBooOpaznas f(X).

2. Ilycts F(X) u G(X) — aBe pasnudHble MEPBOOOPA3HBIC OJHOW M TOU JKE
dyukuun f(x). Torma (F(X) — G(x))'= F'(X) - G'(x) = f(x) — f(x) = 0,
cnepoBatenbHo, F(X) — G(X) = C (mo caenctBuio u3 teopemsbl Jlarpanika).
Teopema nokasaHa.

Takum oOpa3zom, ecau (QYHKIUS Ha JaHHOM MHOXECTBE HMMEET OJAHY
nepBooOpa3Hyl0, TO OHAa HMEeT HX OECKOHEYHO MHOro, IMpPUYEeM BCE OHHU
OTIMYAIOTCS JPYT OT JIpyra MOCTOSTHHBIMU CIIaraéMbIMHU.

CoBOKYITHOCTh BcexX TepBooOpasHbix (ynkiuu f(X) Ha
HEKOTOPOM MHOXECTBE Ha3bIBACTCS ee
Heonpe/eJIeHHBIM HHTETPAJIOM.

O6o3HaueHue: If(x)dx =F(x)+C.

f(x) mpu »TOM HasbiBaeTCa mOAbIHTEerpalbHOM (QyHKIMedH, a f(x)dx —
HO/IBIHTEIPAIbHBIM BBIPAKEHHUEM.



CBoiicTBa Heonmpe/eJIeHHOT0 HHTErpasia

1.d If(x)dx =d(F(x)+C) =F'(x)dx = f(x)dx.
2. [dF(x)= [F'(x)dx = [f(x)dx=F(x)+C.

3. [(f(x)+g(x)dx= [f(x)dx+ [g(x)dx.

JleCTBUTENBHO,
J(F(x)+ 8(x))dx = F(x) +G(x) +C,
a [f(x)dx+ [g(x)dx = F(x)+C, +G(x)+C,.

Ho, mockonbky C;+C, — Opou3BOJIbHAs MOCTOSIHHAs, BBIPAKEHUS B JIEBOM H
IIPaBOM 4acCTAX PaBHBI.

4. [If (x)dx = kF(x) + C, = k(F(x) + %) = k(F(x)+C) =k [ f(x)dx.

3amevanue. Bce nepeuncieHHbIE CBOMCTBA (OPMYITUPOBATIMCH U TOKA3bIBAIUCH B
NPENOI0KEHNH, YTO Ha HEKOTOPOM MHOXECTBE CYIICCTBYIOT MEPBOOOpa3HbIC
byukuuii f(X) u g(x), paBusie coorBeTcTBeHHO F(X) 1 G(X).

TabauvHbIe HHTErPaJIbl

W3 ompeneneHusi mepBooOpa3HOM W HEOIMPENeICHHOT0 HWHTErpana CledyeT, 4To
TAONHMIy OCHOBHBIX WHTETPAIIOB MOXXKHO TIOJYYHUTHh W3 TaOIMIIBI OCHOBHBIX
MIPOM3BOJHBIX, CUNTAs MPOU3BOAHBIE TAOIMYHBIX (DYHKIMH TOIBIHTETPATbHBIMU
byHKIUAMH, a caMu GYHKIIUU — UX IEPBOOOPA3HBIMH.



1 a+1
jx“dxz il +C,a#-1.
a+1
2 jﬂ:1n|x|+c.
X
3 X
jaxdlea +C,a>0,a=1;
na
Iexdx=6x+C.
4 jsinxdx=—cosx+C.
5 _[cos xdx =sinx+C.
6 dx
Icoszx:tgx+C.
7 dx
J-sinz - =—ctgx +C.
8 _[shxdx=chx+C.
9 Ichxdx=shx+C.
10 I df =thx +C.
ch™x
11 J'Zf = cthx +C.
sh™x
12 d« 1 . X L X
=—arct¢=+C=—-=arcctg=+C.
13 J'Lzarcsin£+(j=—arccos£+(l
a’—x z 4

MoxHO 100aBUTH K 3TOM TaOauIE €Ile HECKOJbKO (popmyn, He
HEIOCPEJICTBEHHO W3 TaOJIMIIBI TPOW3BOJHBIX, HO YIOOHBIX I BBIYUCICHUS
MHOTHX UHTETPAJIOB, 8 UMEHHO:

CIEAYIOITUX



=
+C.

=—1In
x> —a®> 2a

14 _[ dx 1

xX+a

15 dx o>
Iﬁ=1n|x+ xziaz |+C

Jloka3aTenabCcTBO CHPABEUIMBOCTH 3TUX (GOpMyJN Ipeuiaraercs
CaMOCTOSITENIBHO.

[Ipumepsr.

dx = Ix_;dx + j x%dx 4 Ix_idx =

1 _[( 1 N 1 N 1)
AV Wx Wx
1 3 2 4 3
=2x2+Cl+§x3+C2+§x4+C3=

=2\/§+%3/x_2+§(*/x_3+c.

2. J.tgzxdx: ISinzxdxz jmdxzj ax__ Idx:

COS2 X COS2 X COS2 X

=tgx+C, +x+C, =tgx +x+C.

3ameHa mepeMeHHON B HeoMpeaeJeHHOM UHTerpaJe

IIPOBECTH

Teopema 2. Ilyctb dyHKIHA f(X) onpeneneHa Ha MHOXeCTBE X, a pyHKIUs ¢(t) —
Ha MHOXecTBe D, mpuuem ¢(t)e X Vied. Torma, ecmmn ¢ynkmus f(X) nmeer

nepooOpasnyro F(x) Ha X, a ¢(t) mupdepenunpyema va O, To
[flo(t)e Byt = [f(x)dx.

JlokazaTenbCTBO.

d _ dF do(t) _ /
EF(co(t))— io dt = f(p(t))p'(t),

nostoMmy ¢ynkuus F(p(t)) sBasercs nepBooOpasnoit dynkmmu f(e(t)) ¢'(1).

CraenoBaTteibHO,

[Flo(t)e' (Dt = F(p(t)) +C.



C npyroit cTopoHsL, mpu X = @(1)

[ f(x)dx = F(p(t)+C.

B IMOJIYUYCHHBIX (i)OpMYJ'IaX PaBHBI IIPABBIC 4aCTHU, CJICAOBATCIIbBHO, paBHLI U JICBLIC,
4dTO AOKA3bIBACT CIIPABCAINBOCTD YTBCPIKACHUSA TCOPCMEIL.

3ameuanue 1. @opmyny

[flo®)otyat= [fodx (1)

HAa3bIBAIOT ()OPMYJIOH HHTETPUPOBAHUSA MOACTAHOBKOM.

3ameuanue 2. Yacto y100HO OBIBAa€T MUCMOJB30BaTh 3Ty (HOPMYIy «B OOpaTHYIO
CTOPOHY»:

[f)dx=[flpt)p'vat, (2)

TO €CTh 3aMEHATH MEPEMEHHYIO X (yHKIMeH HOBO# mepemenHoi t. ®opmyna (2)
HOCHUT Ha3BaHHE (POPMYJIbI HHTErPUPOBAHMS 3AMEHOM NEPEMEHHOM.

®opmyinbl (1) u (2) moOKa3bIBAIOT, YTO BHJ MEPBOOOPA3HON HE M3MEHSETCS IMPHU
3aMEHE HEe3aBHCHMOMN MEPEMEHHOH x Ha (QyHKIUIO ((f), TO3TOMY UX Ha3bIBAIOT
(popMmysiaMn HHBAPMAHTHOCTH UHTETPUPOBAHMSI.

[Ipumepsr.
1. J‘sin2 tcostdt = J‘sin2 t(sint)'dt =

sin® f
3

+C.

3
= szdx:x—+C:
3

[Tpu 5ToM ObLIa cliejaHa MoACTaHOBKa X = Sin t.

2.

j“ﬁdx: 1t+2t(t2)'dt=

141 2ﬂdt 2( +Idt) 2In [£]+£)+C

ln\/¥+\/_ —Inx+2Jx+C.

WuTerpan ObL BEIUUCIEH C TIOMOIIBIO 3aMEHBI EPEMEHHOM: X = {2,



®opMyJia HHTETPUPOBAHMSA O YACTAM

Teopema 3. Ecin byakiuu u(x) u v(x) aubdepeHIHpyeMbl Ha HEKOTOPOM

MPOMEXKYTKE, 1 HA HEM CYIIECTBYET MHTErpa I vdu, TO Ha HEM CYIIECTBYET W

UHTErpal Iudv, npu4em

J udv =uv - Ivdu.

Jloka3aTenbCTRBO.
d(uv) = vdu + udv, nosromy udv = d(uv) — vdu. IlpounterpupyeM o0e YacTH
MOJYYCHHOTO PABECHCTBA, YUUTHIBAS, YTO

[d(uw)=uv+C.
Torna
j udv = jd(uv) - jvdu = UV — I vdu,

4TO M TpeOoBaloCch Jo0Ka3zarh. CylleCTBOBaHME HHTErpajia B JIEBOM YacTu
PaBEHCTBA CIEAYeT U3 CYIIECTBOBAHUS 00OUX MHTETPAJIOB B MPABO YaCTH.

[Tpumep.
j X Ccosxdx = _[ xd(sinx) =
=xsinx— Isinxdx =xsinx—cosx +C.
IIpumeps! pemieHus 3a1a4
3amgauya 1.

Bpranciaute uHTErpa

_[(\/1;+ %/1;+ g}})dx'

Yka3zanue
1

[IpencraBpTe cllaraeMble B BUAC CTCICHEH: —— =X 2 U T.]I.

N

Pemenune




1 2 3

2 3

_x1 x2 +C 2x += \/7+ \/_+C
> 3 4

2 4
OtBer: 2x/§+53/x_2+§3/x_3+C.

3agaua 2.
Brraucnuth uHTETpan
x’—x3"+5
[Eox8 5y,
X
Yka3zanue

Pa3nenure Ha 3HaAMEHATeNb KAaXJOE ClIaraéMoe€ YHUCIHTEN MO OTACIBHOCTH W
HalUTe MePBOOOPA3HBIC MOTYUCHHBIX ()YHKIIHMA.

Pemenne

j—xs —xx3x hl 5dx = J.(xz —-3" +%)dx -

3 x
_X 3 SIn|x|+C.
3 In3

3 X
OrtBert: x———+51n|x|+C.
3 In3

3agaua 3.
Brrunciaute uHTErpal

J.—(x_?))z dx
x(x*+9)

Yka3zanue
PackpoiiTe CKOOKM B YUHUCITUTENE U CTPYNIUPYHTE ClIaraeMble TaK, YTOOBI KaXK10€
U3 HUX UMEJIO OJWH OOIINI MHOXKHUTENH CO 3HAMECHATEJIEM.

Pemelme
_[ xX— 3) J‘x —6x+9

x+9 x+9

_J-(x2+9)—6xdx_J- X496 e
I x*+9) T N x(x?+9) x(x*+9))




=J.(1—6- 21 )dx=1n|x|—6-1arctg£+C=
X x"+9 3 3

=In|x]| —2arctg§ +C.

OtBeT: In| x| —Zarctgg +C.

3agaua 4.
Brraucnuth uHTETpan

J-3—2c052x Ir.

sin® x cos® x

Yka3zanue
Bocnons3yittecs popmynamu

cos2x=cos’x—sin*x u sin‘x+cos>x=1.

Pemenne

3—-2cos2x 3sin® x+3cos’ x —2cos® x +2sin® x
I dx=j dx =

sin® xcos® x sin® x cos® x

5sin® x + cos’ x 5sin® x cos’ x
= _[ -2 s —dx= J- .2 . T2 7o X =
sin” xcos” x sin“xcos”“x sin“xcos” x

:J.( 52 + -12 jdx=5tgx—ctgx+C.
cos x sin”x

Otser: 5tgx —ctgx +C.

3ajaua 5.
Beruucnute uHTErpal
1
I dx
2-+/x
Yka3zanue
Crenaiite 3aMeHY:
t=+/x.
Penienune

CnenaeM 3aMeHy:

t=/x.

Torma



1 2tdt  (2t—4)+4
d =
J-2—\/x =T J -2

(2t Jar=-2ea [ -2 -

=2t+4In|t-2|+C=-2Jx +4In|Jx -2|+C.
OtBer: —2/x +41n|/x —2|+C.

dt =

3agaua 6.
BbIunciuTh HHTErpaj
arcsin® x
aresin ¥
V1-x
Yka3anue
Bocmone3yitTech T€M, 9TO
dx i
= = d(arcsin x).
1-x
Pemenne
Iarcsm X jarcsin3 . dx
Ny Ny
3 t=arcsinx
= jarcsm xd(arcsin x) _[ t°dt =
£ arcsin® x
=—+C=——"+C.
4 4

. 4
arcsin x
OTtBert: T +C.

3agaua 7.
Beruucnute uHTErpal

jx"‘ 32x° = 3dx.

Yka3anue
Cnenaiite 3aMeHy:

t=2x" -3,

Pemenune
CnenaeM 3aMeHy:

t=2x"-3, dt=(2x"—3)dx=10x"dx.
VMHOKHB M pa3[einB MOAbIHTErpaibHOE BhIpaKeHHE Ha 10, momy4ynm:



Ix4 R2x° = 3dx = % J'\3/2x5 —3-10x*dx =
1 1
== [2x* -3d(2x" -3 j Fdt =

3agaua 8.
Brrauciauth uHTErpa

I (3x —2)cos4xdx.

Yka3zanue
[Tpumenute hopMyIly HHTETPUPOBAHHUS 110 YaCTAM, U = 3x — 2.

Pemenune
[Ipumenum dhopmyIry HHTETpupoBaHus 1mo yactsam. I[lycts u = 3x - 2, Torna

dv=cosdxdx, v= _[ do = _[ cosdxdx =

= 1 Icos 4xd(4x) = 1 sin4x.
4 4
CraenoBaTteibHO,

I(3x —2)cos4xdx =(3x —2)%sin 4x— J% sindx-d(3x-2)=
= 1(3x—2)sin4x—§ jsin4xdx =
4 4
1 ) 3
=—(3x-2)sin4x+—cos4x+C.
4 16

OTtBert: %(3x —2)sin4x + %cos 4x+C.

3agaua 9.
Beruucnute uHTErpal

I xarctgxdx.

Yka3zanue
[TpumenuTe hopMyTy HHTETPUPOBAHUS 110 YACTSIM, U = arctgx.
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Pemenune

dx
1+x2

u=arctgx, du=(arctgx)'dx=

2
dv=xdx, v= dex:x—.
2

x> ex® dx

xarctex dx = arctgx -— — |—- -
'[ & § 2 2 1+x2
2 2 _
= arctgx ——1 (x +1)2 1dx=
2 1+x
S| 1
=arctgx-——— || 1— dx =
8 2 ( 1+x2j

2
X
=arctgx-——— x—arctgx +C=
8 5 9 8

(x* +1)arctgx —x
2

+C.

(x* +1)arctgx —x
2

+C.

OT1BeT:

1.1.2. Komnnekcuule uucna, ux uzoopaxcenue Ha nioCKoCmu.
Anzedopauueckue onepayuu Ha0 KOMNIEKCHbIMU YUCTAMU.
Komnnekcnoe conpsascenue. Mooynv u apzymenm KOMNIAEKCHO20
yucna. Anzeopauueckas u mpuzoHomempuueckas opmol
KomnjaexkcHozo uucaa. Kopnu u3z komnnekcnulx uucen.
Iokazamenvhaa hynkyus Komnaekcnozo apzymenma. @opmyna
Diinepa. Ilokazamenvnan hopma KOMNIEKCHOZ0 Yucaa

[Ipu M3y4eHUH OJHOTO M3 OCHOBHBIX MPHUEMOB MHTCTPUPOBAHUS: HHTETPUPOBAHHUS
palMOHANBHBIX Jpo0el — TpeOyeTcsl IS MPOBEACHUS CTPOTHX I0KA3aTEIbCTB
paccMaTpuBaTh MHOTOWICHBI B KOMIUIEKCHOW oOmactu. IlosToMy wu3ydmnm
IPEIBAPUTEIHLHO HEKOTOPHIE CBOMCTBA KOMIUIEKCHBIX YHCENI M OIEpalluii Haj
HUMU.

KoMIIeKCHBIM ~ YHCJIOM  z  Has3pIBAE€TCSA  YIOPSOOYEHHAs  Iapa
AeHCTBUTENBHBIX unceln (a,b) : z = (a,b) (TEpMUH «yHOpPAZOYCHHAS O3HAYALT, YTO
B 3aIMCH KOMIUIEKCHOT'O YHMCJIa BaXKEH MOPSI0K uncel a u b: (a,b) e pasuo (b,a) ).
[Tpu 3TOM IIEpBOE YMCIIO @ HA3bIBACTCS AEHCTBUTEIbHON YaCThI0 KOMILIEKCHOIO
yrciia Z 1 o0o3Hadyaercs a = Re z, a BTopoe uuciio b Ha3pIBaeTCss MHEMO# 4acThbIO
z:b=Imz
JIBa KOMIUIEKCHBIX 4Mcaa z; = (a; , bi) u z2 = (a2 , by ) paBHBI TOTAA U TOJBKO
TOT/1a, KOTJa Y HUX PaBHBI JCHCTBUTEIbHBIC U MHUMBIE YaCTH, TO €CTh A1 = dy, by =

b,.
12



JlecTBUS HAJI KOMILUIEKCHBIMHU YHCJIAMHU

1. CymMoif KOMIUIEKCHBIX yucen Z; = (a; , by) u 2, = (2, , b, ) Ha3bIBaeTcs
KOMILTIEKCHOE umciio Z = (a,b) Takoe, utoa=a; +a,,b=b; +b,.

CBOIiCTBA CIIOKEHMUS:

a)21+ 2 =7 + 73

0)z1+ (22+23)=(21+22) + 23,

B) cymiectByeT kKomiuiekcHoe uncio 0 = (0,0): z + 0 = z ans moboro
KOMILIEKCHOIO YHCIIa Z.

2. IIpou3BenennemM KOMIUICKCHBIX umucen Z; = (ap , b)) m 2, = (@, , by )
Ha3BIBa€TCs KOMILICKCHOE uncio Z = (a,b) takoe, uro a = a;a, — b;b, , b = a;b, +
apb; . CpoiicTBa yMHOXKECHHUS:

a) 212, = 2571

6) Z; (22 23) = (Zl 22) Z3,

B) (1+2)213= 7123+ 25 75 .

3ameyanue. [IOgAMHOKECTBOM MHOXECTBA KOMIUIEKCHBIX YHCEN  SIBISETCS
MHOKECTBO JEHUCTBUTEIBHBIX YHUCEI, OIPEHEIAEMbIX KaK KOMILUICKCHBIE YHCIIA
Buga (a,0). MoxHo yOenuTbCs, 4YTO MpPH 3TOM OIpEAeSCHUE Olepanuii Haj
KOMIUIEKCHBIMA YHMCJIAMU COXPAHSAET W3BECTHBIC NPaBUJIA COOTBETCTBYIOIIHMX
omnepanui Haj AEUCTBUTENBHBIMU YuciaaMu. KpoMe Toro, 1eiCTBUTEIBHOE YUCIIO
1 = (1,0) coxpaHsieT cBO€ CBOMCTBO NpPU YMHOXEHUU HA JIHOOOE KOMILJIEKCHOE
yucno: 1-z=z.

KommnekcHoe uucio (0, b) Ha3zpiBaeTcs 4yMeTo MHUMBIM . B yacTHOCTH, 4HCIO
(0,1) Ha3bpIBAIOT MHUMOM eJHHHIIEH ¥ 0003HAYAIOT CUMBOJIOM I.

CBoiicTBa MHUMOU €IUHUIIBI:
1) =i =-1;
2) umcro MuHumoe uymciao (0,0) MOXHO TmpencTaBUTh KakK IMPOM3BEICHUEC
newcrButenbHoro yucia (0,0) ui: (b,0) = b-i.
CrnemoBaresbHO, JH000¢ KOMIUIEKCHOE 4uciao Z = (a,b) MOXHO mpencTaBuTh B
Buje: (a,b) = (a,0) + (0,b) =a + ib.

3amnuce BuIa

z=a+ib (1)

Ha3bIBAIOT aJIredpanvdeckoil popmMoii 3anucu KOMIUIEKCHOTO YHCIa.
3amevanne. AunreOpanyeckas  3alUdCh  KOMIUIGKCHBIX  YHCEJ  ITO3BOJISET

IMPOU3BOAUTL OIICPAllMM HAJl HUMH I10 OOBIYHBIM IMpaBHJIaM aﬂr€6pbl.
KommekcHoe yncnio

13



Z=a—1b

Ha3bIBACTCS KOMILIEKCHO CONPHAXKCHHBIM YHCIIY Z = A + ib.

3. BoluuTaHMe KOMIUIEKCHBIX YHMCEI ONMPEAESIeTCs KaK omepaliusi, oOpaTHast
cioxxeHnro: Z =(a,b) HaspiBaeTCs pa3HOCTHIO KOMITICKCHBIX uncen z;3 = (a; , b)) m
lr = (ag , bz), ecim a=a; —dy, b= bl—bz.

4, JleleHMe KOMIUIEKCHBIX YHCEI OINpEAesAeTCs KakK ormepaiusi, oOpaTHas
YMHOKCHHIO: YKCII0 Z = a + Ib Ha3bpIBaeTCsA YaCTHBIM OT JAeJeHus Z; = a; + 1b; u 2,
= a, + ib, (2 # 0), ecniu z; = 7°2,. CaenoBaTENBHO, AEHCTBUTEIBHYIO U MHUMYIO
YaCTH YaCTHOI'O MOYKHO HAWTH M3 PEIICHHS CHCTEMbI YPaBHEHHUI:

aza—bzb:al,bga+agb:b1.

FeOMeTpl/l‘leCKaﬂ HHTEpHpETANUS KOMIIJICKCHBIX YUCEJI

KommiekcHoe uucio Z = (@,b) MOXKHO MpeaCTaBUTh B BUAE TOYKH HA INIOCKOCTH C
KoopauHaTamu (@,0) WM BeKTopa ¢ HayajoM B Hadvajge KOOPAMHAT M KOHIIOM B
Touke (a,b).

) T — » (a,0)

»
»

a X

IIpn 3TOM MOIyNb MOTYYEHHOIO BEKTOpAa HA3bIBAETCS MOYJeM KOMILIEKCHOTO
4yCIa, a Yroy, 00pa30BaHHbBIA BEKTOPOM C IOJOKHTEIBHBIM HAMPaBICHHEM OCH
a0cIyce,- apryMeHToM 4ducia. Y4uThIBas, YT0 4 = p cos ¢, b =p sin ¢, rae p = |
Z | - Momymb Z, a @ = arg z — ero apryMeHT, MOXXHO IIOIy4HTh elle OJHy hopMy
3allICU KOMIIJIGKCHOTO YHCIIA:

z=p (cos @ + isin @) (2)

3anuch TAaKOro BHUAA Ha3bIBAETCS TPHUrOHOMeTpHYecKoll d¢opMoil 3amnucu
KOMIUIEKCHOI'O YMCJIA.

14



B cBoro ouepenb, MOIYJab U apryMEHT KOMIUIEKCHOTO YHCIIAa MOKHO BBIPA3HTh
yepes a u b:

b
2 2

p=~Na +b", tgp=—.
a

CrenoBaTenbHO, apryMEHT KOMIUIEKCHOTO YHKCIIa OMPEACICH HE OJHO3HAYHO, a C
TOYHOCTBIO JIO CJIaraeéMoro, KpaTHOTo 21t

Jlerko yOemuThCs, 4TO ONepalysi CIOKECHHS KOMIUICKCHBIX YHCET COOTBETCTBYET
OIEpaIMy CIIOXKEHUSI BEKTOPOB. PacCMOTPHM T'€OMETPUUYECKYIO HWHTEpPIPETAIUIO
yMHOXeHusl. [TycTb
z, = p,(cosp, +ising,), z,=p,(cosp, +ising,),
TOT A
z=2z,-2, = p,(cosp, +ising,)- p,(cosp, +ising,) =
= p1P,((cos ¢, cos g, —sin g, sin g, ) +
+i(sin @, cos @, + cos @, sing,)) =

= p1P,(cos(p, +@,) +isin(p, +@,)).
CJ'ICI[OB&TGJ'IBHO, MOI[y.TIB HpOI/I3B€I[eHI/ISI I[BYX KOMIIJICKCHBIX YHUCCII paBCH
IIPOM3BEACHUIO HMX MOJYJEW, a apryMeHT — CyYMME HX apryMEHTOB.
COOTB@TCTBCHHO, HpI/I JCJIICHUN MOIIYJ'IB qaCTHOTI'O paBCH OTHOIICHHUIO MOI[y.TIGﬁ
JEIIAMOTO U JIEJIUTENS, @ ApIYMEHT — Pa3HOCTU UX apTyMEHTOB.

YacTHbIM ClIydacM oIicpaiui YMHOKCHUA SIBJIACTCS BOSBECACHUC B CTCIICHDL!
n

z" = p'(cosnp+isinng) -

- popmyaa Myaspa.

Vcnone3yss MONy4YeHHbIE COOTHOIICHUS, IEPEYUCIUM OCHOBHBIE CBOHCTBA
KOMIIJICKCHO COTPSDKCHHBIX YMCEII:

1. |zZ|Hz|,argz =—-argz.
2. zz=|z[.

3. z=z

4. z,+z,=2,+7z,

5. 21-2,=2,-%

6. 2,2, =22,

7. (21/2,)=2/7

HN3BIeYeHNEe KOPHA U3 KOMILIEKCHOTO YHCJIa
KomMmekcHoe uucno z;, = ’{/Z HAa3bIBACTCS KOPHEM N-U CTeNEHU U3 Z, €Cu  Z =

z,".
W3 onpenenenus cienyer, 4To
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PL=~NP, P = Q
n
Tak kak APrYMCHT KOMIIJICKCHOI'O 4YHCJa OIpCACICH HE OAHO3HAYHO, MOIKHO
OJIyYHTh N Pa3IMYHbIX 3HAYCHUI JIJIS apryMeHTa Z;:
@y + 27k
- 4

k
n

T @ — OXHO U3 3HaueHuil arg z, a kK = 1, 2,..., n-1. OxoHuarensHO (GOpMyIy,

3a1a0IYI0 BCC 3HAYCHU A Q/E, MOJKHO 3aIluCaTb B BUJC:

Yz = 2, = tfp(cos LK | igin L+ 27Ky
n n

k=1,2,..,n-1.

Ipumep.
Yucno z = 16 MOXHO NMPEACTaBUTh B TPUTOHOMETPUUECKOU (OpME CIEeIYIOUM

oGpasom: z = 16(cos0 + isin0). Haiinem Bee 3nauenus 416 :
z, =2(cos0+isin0) =2,

z, =2(cos 2 tisin z) =21,
2 2
z, =2(cosm +isinr)=-2,

z, =2(cos 37” +isin 377[) =-2i.

IMoka3aTenbHast (popMa KOMILJIEKCHOI'O YHMCJIA
Beenem eme omHy ¢opMmy 3amMcu  KOMIUIGKCHOrO 4Yuciaa. Ha MHokecTBe
KOMIUIEKCHBIX YHCEJI CYLIECTBYET CBSI3b MEXIY TPUTOHOMETPUUECKUMU U
MoKa3aTelIbHbIMU (DYHKIMSIMHU, 3a7aBaeMas ¢popmyJioii Jitiepa:

e’ =cosp +ising,

CHpPaBeIMBOCTh KOTOpOH OyneT Joka3zaHa B jaibHeimeM. Mcmonb3ys a1y
bopmMyTy, MOKHO MOJYUYUTh €lI€ OJUH BUJ KOMIUIEKCHOTO YHCIIa:

3anuch Takoro BHJIa HA3bIBACTCS NMOKA3ATEJbHOM (POPMOIl 3arncu KOMIUIEKCHOTO
qyucna.

[IpencraBnenue (3) NO3BOJISIET JIETKO MHTEPIIPETUPOBATH C TEOMETPUUECKON TOUKU
3pEHUs ONepalry YMHOXEHUs, JI€JICHUs, BO3BEICHUS B CTEIEHb W HM3BICUEHUS
KOPHSI, UCIIOJIb3YS] U3BECTHBIE CBOMCTBA MOKA3aTEIbHON (PYHKIINH.
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IIpumeps! pelieHus 3a1a4

3ampaua 1.
J171s1 KOMIUIEKCHBIX Uncell Z; = 3 — 21 ¥ Z; = 5 + 31 HaliT 4uci10, KOMIIJIEKCHO
COIPSKCHHOC YUCILy Z; + Z5.

Yka3zanue
z,=a,+bji, z,=a,+b,i=

=z, +2z,=(a,+a,)+(b, +b,)i;
z=a+bi=>ZzZ=a-Dbi.
Penienue
z,+2,=(3+5)+(-2+3)i =8+1,

(z,+2,)=8—1.

Otser: 8 —I.
3agaua 2.
. . A
JI1s KOMIUIEKCHBIX uncell Z; =4 —1u Z, = 3 + 41 naiitu z = —.
Zy
Yka3zanue
YMHOXXbTE UACIUTEIb U 3HAMEHATENb APOOU
4—1
3+4i

Ha BBIPAXKCHUC, COMPAKCHHOC 3HAMCHATCIIIO.

Pemenne
z, 4-i  (4—i)(3-4i) 12-19i+4i®
z, 3+4i (3+4i)(3-4i) 9-16-i°
12-19i-4  8-19i
9416 25

=0,32-0,76i.
Orsert: 0,32 — 0,761.

3agaua 3.
Haiitn apryMeHT KOMIUIEKCHOTO uucia Z = -1 —i.

Yka3zanue
Haiimute yron, oOpa3zoBanHbiii BekTtopoM (-1,-1) W  TIOJIOKHUTEIBHBIM
HamnpaBJIEHUEM OcH abcuucc.

17



Pemenne

L
v

5
Bekrop (-1,-1) o6pa3yeT ¢ ocbto Ox yroiu Iﬂ, KOTOPBIA SIBJSICTCS apryMEHTOM
gucia -1 —|.

OTBeT: 5—7[
4

3anaua 4.
Haiitu Moayb uncia 212, + 23, ecnmu 2, =1 — 51,2, =2 + 1,23 = -4 + 5.

Yka3anue
Haitgure nelcTBUTENbHYIO U MHUMYIO YAacTH YHUCA Z1Z; + Z3 U BOCIOJb3YHTECH
dbopmyroit

|z|=a® +b>.
Pemenue
2,2, =(1-50)(2+1) =2-9{-5i*=7-9;;
2,2, + 2, =(7-4)+(-9+5)i =3 +4i;
| 2,2, + 25 |= V9 +16 =5.

OTtBer: 5.
3anaua 5.

3anucaTh B TPUTOHOMETPUYECKOH (hopme uucio -4,

Yka3anue
PaccmotpuTte Ha miockoctu Bektop (-4,0).
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Pemenune

{N
™
E

v

Ny
=

3ajmayy MOXKHO pEIIUTh, HUCXOHAS U3 TE€OMETPUYECKUX COOOpaKeHH: MOAYJb

BekTopa (-4,0) paBeH 4, a yroj, KOTOpbld OH oOpa3zyeT ¢ ocbio Ox, paBeH 7.

CnenoBarenbHo, -4 = 4(CoST + i Sinm).

BTtopoii crioco6 pelieHust 3a1ayu:

a=-4,b=0=z|=Va’ +b* =J16+0=4;

. 0
argZ=(D,COS¢=Z=—1,Sln(0=1=0:>(0=72'.

—4 = 4(cosr +isinr).
OtBer: 4 cosr+isinrz .

3amaua 6.
Beruuciauth

\/§—i20.

Yka3zanue
[IpencraBpTe JaHHOE YKMCIIO B TPUTOHOMETPUUECKON (popMme.

Pemienune

|\/§—i|=\/3T1:2:>\/§—i:2(§—1ij:

2
=2(cos(—%)+isin(—%j];
JB—i = (cos(—m%)ﬂsin(—zo%n -
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=2% (COS(—47Z + 2—”) +isin(—47z + 2—”)) =
3 3
=2% (cos%{ﬂ'sin%[) =2% [—1+£i] =

=2"(=1++/3i).
Otser: 2" (~1++/3i).

3agaua 7.
Vka3arh 3uauenne $—1 ¢ HauMeHbIei MHUMOM YacThIO.

Yka3zanue
[IpencTaBbTe -1 B TpUroHOMETpHYECKOl popMe M HaliauTe Bee 6 3HaueHuit /1.

Pewmenue
~1=1- cos(z +2zn)+isin(z +27n) .

3 1
V-1 =¥1 cos£+isinzj:£+—i;
= 0 \/_( 6 6 2 2

T, .
+1SIn

-1 =cos 7[+isin7r+647[:
=cos5—7[+isin5—7[=—£+1i;
6 6 2 2
Y-1 3=cos7r+ 7[+isin7[+67[:
7T .. 7w \/§ 1.
=CoS—+isin—=———=1;
6 6 2 2
U-1 =cosﬂ+87[+isinﬂ+87[=
4

37 .. 3« )
=C0S— +1isin— = —i;
2 2

r+107r . 7+10x
{Z—l ): Ccos +1sin =
6 6

1Mz .. 11z 3 1.
=CO0S———+I1SsmMmM—=———1.
6 2 2
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Cpeau HaiiIEHHBIX YHCENT HAMMEHBINYIO MHUMYIO 9acTh, PABHYIO -1, HMEET YUCIIO
—I.
Or1Ber: -I.

1.1.3. Mnozounenst u ux xopuu. Teopema be3y. Ocnosnan meopema
anzeopwl. Paznoicenue MHo20uneHa HA TUHEHHbIE MHOXMCUMETU 8
nose KkomniaekcHuvlx yucen. Illpocmoie u Kpamnuule KOpHU MHOZOUIEHA.
Paznoscenue mnozounena c oelucmeumenbHvlMu KoIQpuyuenmamu
Ha TUHEelIHble U Keaopamuunvle MmHoMcumenu. Payuonanvnule
¢ynkyuu. /lenenue mnozounenos, evloeieHue yeaoil 4acmu
pauuonanvnou oynkyuu. Ilpasunvuvie payuonaivhuovie hynKyuu, ux
pasodxcenue Ha npocmenuiue

PaccMOTprM B KOMILJIEKCHOM 00JIaCTH MHOTO4YJIE€H, TO €CTh (YHKIUIO BUAA
_ n n-1
P(z)=a7z"+a, 2" +..+az+a,,,

rne 4a,,a,,..,4,,Z — - KOMIUIEKCHble yucna. Yucna a,,a,,...,4, Ha3bIBAIOTCA
k03¢ puIHeHTaAMU MHOTOWIEHA, a HATyPaJIbHOE YKCIIO N — €T0 CTeNeHbIo.

JIBa MHOTOYJICHA

_ n n-1
P(z)=a,z"+a, z" +..+a,z+a,
u Q. (2)=b,z"+..+bz+b,

PaBHBI TOI'1a U TOJBKO TOTa, Koraa M=n,a,=by,a; =by,..., a,=b,.
Yucio Zo Ha3bIBaeTCsS KOpHeM MHorowJiena P, (), eciau P, (z0) = 0.

Teopema 1 (teopema be3y). Octatok ot aeneHust MHorowieHa Pn(z) Ha z — 2y (Zg —
He 00s13aTeIbHO KOPEeHb MHOTOUIeHa) paBeH P(Zp).

JlokazaTenbCTBO.

PasnenuB P(z) Ha Z — Zo , monmyuum: P(z) = Q(2)(z — zp) + r, e yucio r — ocTaTok
ot aenenus, a Q(z) — MHOro4iIeH creneHu, MeHbInel N. ITpu mojcTaHOBKE B 3TO
PaBEHCTBO Z = Zy HalaeM, 4to I = P(Zp), uTo 1 TpeboBaIoCh 0KA3aTh.

Teopema 2 (ocHOBHas Teopema anreOphl). Beskuii MHOTOUYIEH B KOMILICKCHOM
00JIaCTH UMEET KOPEHb (0€3 T0KA3aTeIbCTRA).

Pa3jioxkeHre MHOTO4JIEHA B KOMILJIEKCHOM 00/1aCTH
HA JUHENHbIE MHOKUTEIN

ITycts P, (z) — MHOTOYJIEH CTENEHHU N, a Z; — ero kopeHb. Toraa mo Teopeme besy
Py, (z) MOXHO TIpeJICTaBUTh B BUJIC:

Py (z) = (z - z1) Qu1 (2),
rae Qu1 — MHOorowieH cremnenu N — 1. Ecou mpu atoMm Q,1 (z7) = 0, ero BHOBb
MOJKHO MPEACTaBUTh KaK (Z — 21 )Qn2 (2), a Py (2) = (z - 21)Qn2 (2).
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HarypayibHoe umciio K; Ha3pIBaeTCs KPaAaTHOCTbIO KOpHsS Z; MHOTOwWIeHa P, (2),
€CIM 3TOT MHOTOWIEH Jeautcss Ha (z—z,)", HO He nemutcs Ha (z—z,)"".

Kopenp kpatHocTu 1 Ha3bIBaeTCs MPOCTBIM, a KOPEHb KPAaTHOCTH, Ooibiiei 1, -
KPaTHBIM.
Wrak, ecnu Z; — xopeHb P, kpaTtHOCTH K; , TO

Pn(z) = (Z - Zl)k] ankl (Z)’ ankl (Zl> # 0.
V3 OCHOBHOH Teopembl anreOpbl ciaeyer, 4To MHOrowieH Q, , (z) TOxe nmeer

KopeHb. O003HAaYUM €ro Z; , @ €ro KpaTHOCTh Ky . Torma

Qn—kl (2)=(z—2z, )kz Qn—kl—kz (2),

b (z)=(z- Zl)kl (z- Zz)kz Qn—kl—kz (z)=
w=a(z—2z)" (z—2,)..(z—2,)™, (1)
e
z,#2z;, ki+k,+..+ky=n
CIeT0BATENBHO, B KOMILIEKCHON O6JIACTH BCAKAN MHOTOWIEH MOJKHO PasJOKUTh
HA JIMHEHHBIE MHOYKHTEIH.

Pa3Jio:keHre MHOTO4YJI€HA C ACHCTBUTEIbHBIMU KO3 PpuuueHTamu
HA JIMHEeHHbIe U KBAIPATHYHbIC MHOKUTEIH

Onpenenum i P, (z) MHOTOWICH
. L
P(z)=az"+..+a,z+a,,
IJie 4; - YUCI0, KOMIUIEKCHO conpsbkeHHOoe Koadduunenty a; . [Ipu atom
B(2)=B,®)
CnenoBarenbHO, ey Zg — KOpeHb Py, T0 Z, - kopeHb P.. Eciu kosddunmentsl P,
— JNEUCTBUTENBHBIE YHCIIA, TO
Pn(z) = Pn(Z)’
M ecii Zg = @ + b — ero KopeHb KpaTHOCTH K, TO Z, =a—ib — TOXe ero KOpeHb,
Ipru4YeM Tou ke KkpatHoctu. Ho
(x—z,)(x—2z,)=(x—a—ib)(x—a+ib) =
=x’>-2ax+a’ +b*=x>+px+q -
KBaJIpaTHBI TpPeXWIeH C OTPHUIATeNbHBIM TUCKPUMHUHAHTOM. Ecnu Temepb

NPUMEHUTh K MHOTOWIECHY C JeHCTBUTENBbHBIMH KO3(duimeHTaMu OT
JeHCTBUTENbHOM TiepeMeHHOu Py, (X) popmyiy (1), To

_ k k
D(x)=a,(x—x,)" (x—x,)" -
k, .2 m 2 my
(X =x) " (" +px4+g) " (X" +px+g)",
TO €CTh BCHAKHII MHOIOYJIEH HA MHOKECTBE NEHCTBUTEJIbLHBIX YHCE] MOMKHO
PAa3JI0KUTh HA MHOKUTEIH CTENeHN He BbIIlle BTOPOIA.
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PauunonanbHbIle 1poOH

Ecim P(z) u Q(z) — MHOrowieHsl B KOMIUIEKCHOM 00JacTH, TO

parrioHanbHast ApoOb. OHA Ha3bIBacTCS MPaBHJIbHOM, eciu creneHb P(zZ) MeHbIe
creniein Q(Z), 1 HempaBWJILHOM, ecu cTeneHb P He MeHbIe cteneHu Q. JIroOyro

HEIPaBUIbHYIO Ip00b MOYKHO MPEICTABUTH B BUJIE:
P R
() _ g4 RE).
Q2) Q(2)

rae P(z2) = Q(z) S(z) + R(2), a R(z) — mHorouseH, crerneHb KOTOPOTO MEHbIIIE
crerienu Q(z). Takum 00pa3oM, HHTETPUPOBAHKE PAITUOHATBHBIX APOOCH CBOAUTCS
K MHTETPHUPOBAHHUIO MHOTOYJICHOB, TO €CTh CTEMEHHBIX (DYHKIHMH, U MPaBUIBHBIX

R(z)

Ipo0Oei, Tak Kak m SBJISIETCSI MIPABUIIBHON APOOBIO.
z

P(z)
Q(z)
3HaMEeHaTeJIsI KpaTHOCTH K, T.e.

QAz)=(z-2)"Qi(2), Qi(2)#0,
TO CYHIECTBYIOT YnCIIO A U MHOTOwWIeH Py(z) Takue, 9To
Pe)__A P

Qz) (z-2z) (2-2)7Q(2)’

IJie MOCJIeTHEE CllaraeMoe SBJISIETCS MTPABUIIBHOM JIPOOBIO.

Jlemma 1. Ecmm — MpaBWIbHAs palMOHaNbHAs ApoOb U Zy — KOPEHb €€

JlokazatenbCTBO.
Plz) _ P(z)  _
Q2 (z-2)'Q(2)
__ A +[ Pz) A ]: A P2)-AQ()
(Z_Zo)k (Z_Zo)kQ1(Z) (Z_Zo)k (Z_Zo)k (Z_Zo)kQ1(Z) .

[Ipu sTOM mocneaHee ciaaraemMoe SBIseTCS MPaBUILHOU ApoOkio. Beibepem vuciio
A TaK, 94T00BI Zy ObLTO KOpHEM MHOTOwWIeHa P(z) — AQ1(z), To ecTh

it

Q(zy)
Torma nmo Teopeme beszy
P(z)-AQ\(2) __ R(2)

(z2-20)'Qi(2) (z-2,)"Qi(2)

Jlemma noxkasana.
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3ameuanue. Ecnu xoadurmentsr muorowieHoB P u Q u BbIOpaHHBIM KOPEHb
3HAMEHATeNsl — JeMCTBUTENbHBIC YNCIa, TO U KO3 (UIIMEHTH MHOTOUWICHOB P; 1
Q1 — ToXkKe IeHCTBUTENbHBIC YHCTIA.

P(z)

Teopema 3. Ecnu T — NpaBWIbHAS pallMOHAIbHAS APOOb U
z
k k k
Q2)=(2-2)"(z-2,)".(z—=2y)",
TO CYLIECTBYIOT TAKHE KOMIUIEKCHBIE YnCiIa
1 2 kj .
AV, AP, LAY, j=1,2,..,N,

j 7

qTO
N(ADA® A
@:Z L y— v +—L— 1 (2
Qz) =H\z-z; (z—-z) (z—2z;)"
JlokazaTenbCTBO.
P(z)

[Mpumenus k; pa3 neMmmy 1 K 1pobu Q—, MOJTYYUM:
z

P(z) AWM s Al A P(2)

+...+ +—=,
Qz) (z-z)" (z-z)"" 2=z, Q(2)

rac

Q' (2)=(z—2y)"(z—2y)".
[lpumeHsist 3aTeM Ty e JIEMMY K OCTaJbHBIM KOPHSM 3HaMEHATels, NMPHIEM K
dopmye (2).

Jlemma 2. Tlyctb P(x) m Q(X) — MHOroOwIeHbl C JIEHCTBUTCIBHBIMU
koadumentamu, npuuem Q(x) = (x2 + px + q)" Qi(x), rue p? - 49 < 0. Torga
CYIICCTBYIOT TaKWe JCWCTBUTENbHBIE Yucia B, C W MHOTOWIEH C
NEHCTBUTENHHBIME KO3 dutiuentamMmu Pi(x), 9410

P(x) __ Bx+C N P, (x)
Qx) (P +px+q)" (X +px+g)" Q%)

IJIe TIOCIICTHEE CcllaraeMoe TOKE SBJIICTCS IPABUIBLHOM APOOKIO.
JlokazaTenbCTBO.

(3)

P(x) _ P(x) _

Q(x) (X +px+g)"Q(x)
_ Bx+C +( P(x) _ Bx+C J:
(¥ +px+q)" (" +px+9)"Q(x) (¥* +px+q)"

__ Bx+C N P(x)—(Bx+C)Q,(x) (4)
(P +px+q)" (X +px+q)"Q,(x)

I7Ie TOCIIEHEee cllaraeéMoe SBJsieTCs MpaBWIbHOM ApoObio. Bribepem B u C
TaKUMH, YTOOBI YUCIIO Zg =Xg +1Yo (KOpeHb MHOTOWICHA 2> + Pz + () OBLIIO KOPHEM
mHorowieHa P(x)-(Bx+C)Q1(x). MoXxHO moka3aTh, 4TO IPH 3TOM
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B:E, C:a—ﬁb,

Yo Yo

a+ib:—P(ZO).

Q(z)

CnenoBarenbHo, B u C — AeUCTBUTENBHBIE YKCHA, & Zg U Z, (YUCIO, KOMIUJIEKCHO

rIe

COIPSKEHHOE Zg) — KopHHu MHOTOWIeHa P(x)-(Bx+C)Q1(x). Toraa nmo teopeme besy
OH JICITUTCS Ha

(x—2,)(x—Z,)=x" +px+q.
[ToaToMy mocneaHio0 ApoOh B paBeHCTBE (4) MOKHO COKPAaTUTh HA X*> + PX + ( U

HOJIY4YMTh PaBEHCTBO (3).
Hcnonb3ys 3Ty JEMMY, MOXKHO J0Ka3aTh CIECAYIONIYIO TEOPEMY:

P(x
Teopema 4. Ecnu (—) — IpaBWIbHAs pallMOHAJIbHAs ApOO0b, a

Q(x)

k K (12 2 .
Q(x)=(x—x,)" oo (x =2, )" (X" +pyx+4,)" . (X7 +px+4.)",
rzae
2
p; —44q; <0,
TO CYUIECTBYIOT TaKH€ JEHCTBUTENbHBIE YHCIIa
2 (k;) . 2 :
A(l) A( ),...,Aj] , ]:1/2/---/r; Bl(l)/Bz( )/""Bl(m)’

A
2 . .
c?h,c?,.,C", i=1,2,..5s,

4TO
Py o AD A%
( ):Z L —L— |+
Q(x) =\ x—x, (x—x;)"
.( BYx+C" B"x 4 C"™)
| T+t — |
=\ X T PX+ (x"+px+q,)"
IIpumepsl.

1 1
X2 4+5x+6  (x+2)(x+3)
_ A N B _Ax+3A+Bx+2B _
x+2 x+3 (x+2)(x+3)
(A+B)x+(3A+2B)
(x+2)(x+3)

[TomyuenHast ApoOb JOHKHA COBMAAATh C ICXOMHOM MPH JIIOOBIX X, CIIEIOBATEIHHO,
KO3(PhUIIMEHThI TIPU OJWHAKOBBIX CTEMEHSIX X B UYHCIHUTEISIX 00eux apodei
JIOJKHBI OBITH paBHBIMH. OTCIOA

{ A+B=0

3A+2B=1"
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To ectb A = 1, B = -1. CnenoBaTenbHO, UCXOJHYIO IpO0b, 3HAMEHATENh KOTOPOU
UMEET TOJBKO JCHCTBUTENbHBIE KOPHU (IIPUYEM IPOCThIE, TO €CTh KpaTHOCTU 1)

MO>KHO IIPE/ICTaBUTh B BUJE:
1 1 1

C45x+6 x+2 x+3

4x° +4x7 +2x-24  4x° +4x° +2x-24
x* +2x° +8x° x*(x* +2x +8)
_A B Cx+D

x  x* xX*+2x+8

_ AxX’ +2Ax* +8Ax+Bx® +2Bx+8B+Cx’ + Dx*
- x*(x* +2x +8) -
(A+C)x’ +(2A+B+D)x* +(8A+2B)x +8B
x*(x% +2x +8) '
[IpupaBHuBas Ko3(QQMIUUEHTHl IIPU OJUHAKOBLIX CTENEHAX X B UYMCIHTENAX,
TOJTyYaeM:

2.

[ A+C=4

2A+B+D =4
8A+2B=2 "'
8B=-24

orkyna A =1, B=-3, C =3, D =5. Takum 06pazom, JaHHYIO ApOOH, 3HAMEHATEITh
KOTOPOM HMEET IEWCTBUTEIBHBIA KOpPEHb X = ( KpaTHOCTHM 2 M KOMIUIEKCHO

CONpsIKEHHbIE KOPHH —1 +i+/7, Ipeobpasyem B cymMmy ApoOeii:
4x° +4x* +2x-24 1 3 2x+5

xt +2x° +8x? x x2 xX*+2x+8

IIpumeps! pelieHus 3a1a4

3amauya 1.
BriienuTh 1enyto yacth Ipoou

2x* +15x° + x> —5x—8
x> +8x+9 '

Yka3zanue
Paznenure «yroiakom» YHUCIUTEIb Ha 3HAMEHATEb.
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Penienue
2x* +15x° + x> —5x—8 =

=(2x* +16x° +18x*)— x> -17x* -5x -8 =
=2x(x* +8x+9)— (x> +8x” +9x)—9x* +4x -8 =
=(2x* —x) (x> +8x+9) —(9x* +72x +81) + 76x + 73 =
=(2x* —x—9)(x* +8x +9) +76x +73.

CnengoBaTenbHO,
2x* +15x° +x* —5x -8 _
x> +8x+9 -
(2x* —x—9)(x* +8x+9)+76x+73 _
- x> +8x+9 -
=2x* —x-9+ w
x"+8x+9
OtBer: 2x° —x—9.
3agaua 2.
Paznoxuts 1poon
6x* +10x +2

x° +3x% +2x
B CYMMY IIPOCTEUIINX.

Ykazanue
PaznoxuTe 3HaMeHaTenb ApoOU Ha JIMHEWHbBIE MHOKHUTEIH.

Pewmenue
x° +3x +2x = x(x* +3x+2) = x(x + 1) (x +2);
6x*+10x+2 A B C
3 2 =—+ + =
X"4+3x"+2x x x+1 x+2
_ Ax*+3Ax+2A+Bx*+2Bx+Cx* +Cx _
x(x+1)(x+2)
(A+B+C)x* +(3A+2B+C)x+2A
x(x+1)(x+2) '

CnenmoBarteibHO,
A+B+C=6 A=1
3A+2B+C=10=<B=2.
2A=2 C=3

Takum 00pazom,
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6x2+10x+2_1+ 2 3
X +3x%+2x x x+1 x+2

1 2 3
OtBer: — + .
x x+1 x+2

3agauya 3.
Paznoxuts 1poon

4x° —8x* +8x -4
xt —4x° +4x7

B CyMMY NPOCTEHIIIHX.

Yka3anue
Paznoxurte 3HamMeHaTeNb APOOU HA TMHEHHBIC MHOKUTEIIH.

Pemenne
4 2 2 2
x* —4x® +4x? =x7 X —4dx+4 =x*(x-2)%.
CreoBarenbHO, 3HAMEHATENIb UMEET JIBA IEVCTBUTENIBHBIX KOPHSA: 0 U 2, mpudem

KpaTHOCTh KaXJ0ro M3 HUX paBHa 2. Torma pasznoxxkeHue ApoOUM B CyMMY
IIPOCTENIIINX UMEET BHUI:

4x°-8x*+8x-4 A B C D
4 3 Tt ot + 2 =
x" —4x” +4x x x x=2 (x=2)
_ Ax® —4Ax* +4Ax+Bx® —4Bx+4B+Cx’ —2Cx* + Dx* _
x*(x—2)°
_(A+C)x* +(-4A+B-2C+D)x* +(4A-4B)x +4B
x*(x-2) '
Orcrona
A+C=4 (A=1
—4A+B-2C+D=-8 B=-1
= .
4A-4B=8 C=3
4B=-4 D=3
3HAYUT,
4x°-8x*+8x-4 1 1 3 3
= — - — + .
xt—4x’+4x x X x-2 (x-2)
1 3 3
OrBer: ——— + +

x X x-2 (x-2)7

3agaua 4.
Paznoxuts 1po6n
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5x2 +2x+13
C+xt+x+1

B CyMMY MPOCTEHIIIHX.

Yka3zanue
Paznoxxure 3HamMeHaTeNb APOOH HA MHOXKUTEIIU TIEPBOM U BTOPOI CTEIICHH.

Pemenue
X+t +x+l=2(x+ )+ (x+1) = (x> + D) (x+1).
5x2+2x+13_ A +Bx+C_
X +xP+x+1 x+1 x*+1
_Ax*+A+Bx*+Cx+Bx+C _
- (x+1)(x* +1) -
(A+B)x* +(B+C)x+(A+C)
(x+1) (x> +1)
A+B=5 A=8
=4 B+C=2 =<B=-3.
A+C=13 C=5

CnenmoBarteibHO,
5x*+2x+13 8 _3x-5
Crxt+x+1 x+1 x2+1

8 3x-5

OTtBeT: -— )
x+1 x"+1

1.1.4. Hnmezpuposanue npocmenuiux u npou3801bHbIX NPAGUTbHBIX
opooeii. Unmezpuposanue npou3e01bHblX pAUUHOHATbHHIX PYHKUUIL.
Humezpuposanue 0pooHo-1uHenbIX UPPAUUOHATILHOCHEN

beiio mokazaHo, 4TO MO0y MPaBUIBHYIO palUOHAIBHYIO JpOO0b MOKHO
IIPEJACTABUTh B BUJIC TUHCHHOM KOMOMHAIIUK JIpoOel Bua:

1) A .2 L,
xX—a (x—a)"
Ax+B Ax+B
3 2 Y 4) 2 n
x“+px+q (x" +px+q)
(p® —4g<0).
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Ot 1apoOW HA3BIBAIOTCS MNPOCTeHMMHM (WM DJIEMEHTAPHBIMH )
BrisicHuM, KakuM 00pa3oM OHU HHTETPUPYIOTCA.

1) jA dx=A[ L d(x—a)= Aln|x—a|+C.
X—da X—da

2) | " f\a)” dx =A [(x—a) "d(x—a) =

_ 4\l _
:M_i_cz_lq(n—l)l_i_c.
-n+1 (x—a)"
Ax+B Ax+B
DI | g ix=
pr=q (x2+px+i)+q—lil
A(x+E)+B+AB
- [ p2 p22 d(x+§).
+EY g -
(x+5) +q-7,
Crenaem 3aMeHy
t=x+g

A 0003HAYUM
B+Ag:1§, q—p—:cz.

Torna TpeOyeTcst BBIUUCIUTh UHTErpall
At+B A ¢ 2tdt =~ 1
AP =2 +B
J.t‘z+c2 2J.t‘2+c2 J.t‘2+c
A d(P+c?) =0 1
PR v o

dt =

2

> +c”

:éln(t2 +c2)+Earctg£+C -
2 c c

B 2x—p

:éln(x2 +px+q)+Earctg +C.

c 2c

APOOSIMH.

4) IIpu uHTErpUpOBaHUU MPOCTEUIIUX APOOEH MOCIEIHEr0 TUIa BOCIOIb3yeMCS
TOU K€ 3aMEHOMU, YTO U B NPEABIAYLIEM Clly4yae, U IMPEACTaBUM ITOAbIHTEIPAJIbHOE

BBIPA)KCHUC B BUAC!
D 2 2
[ it= [ B
(£ +c?)" 2 It +c?) (£ +c?)"
A (t2 +C2)—n+l N

=———-"—+B-],
2 -n+1

dt =

rac
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1
I = j(tz & dt
PaccMoTpuM oTIIeIbHO CITIOCO0 MHTETPUPOBAHUSA | .
_1 J-t2+cz—t2 i
> (P +cP)

n

1 1 1 tdt
= | ——dt—-= [t ——=
CZ J.(tZ +CZ)n—1 C2 J. (tZ +C2)n

1 1
==  +— |td{t* +*) " =
2 2c2(n—1)-[ ( )
1 1 t 1
"2 (-1 (2 + ) I(t2+c2)”-1
= t +l 1_# I

22 (n-D(E +A)"" A\ 2m-1)) "

Takum o6pa3zoM, mosryyeHa pekyppeHTHas (GopMyia, MO3BOJISIOIIAS B KOHEYHOM
cueTe CBECTU BBIUUCIIEHUE ITOTO UHTErpaa K
1 1 t
I, = I—dt =—arctg—+C.
c

2 + 2 c

Htak, uHTErpa ot Jr000il mpocreiimeii ApodH HAXOAUTCH B ABHOM BHJEe U
SIBJISIETCH 3JIEMEHTAPHOU (PyHKIUEIA.

Teopema 1. HeompeneneHHbIl HWHTErpall OT JIIOOOW palMoOHAIBLHOM JpoOM Ha
BCSIKOM MPOMEKYTKE, HA KOTOPOM €€ 3HaMEHATellb He PaBeH HYJIO0, CYIIECTBYET U
BBIpQKACTCS 4epe3 dJIEMEHTapHbIe (DYHKIIMH, a UMEHHO palMoOHAJIbHBIC IPOOH,
Jorapu(Mbl ¥ apKTaHTCHCHI.

JlokazaTenbCTBO.
[IpencraBum panrioHaIBLHYIO APOOH % B BUJIE:
z
P2) _ g4 K2,
Q(z) Q(z)

[Ipu 3TOM TIOCHIEIHEE ClaraeMoe SIBJISIETCS TPaBUIIBHOU APOObI0, KOTOPYHO MOKHO
NpEeJACTaBUTh B BHUJAEC JHUHEHMHOM KOMOMHAUUM TMpocTedux apodeit. Takum
o0pa3oM, MHTETPUPOBAHUE PAITMOHATBHON POoOU CBOAUTCS K HWHTETPHUPOBAHUIO
MHOTOWIeHa S(X) M TmpocTeWmux ApoOeid, mepBooOpa3HbIe KOTOPHIX, KaK OBLIO
MMOKa3aHO, UMEIOT BUJ, YKAa3aHHBIN B TEOPEME.

3ameuanre. OCHOBHYIO TPYOHOCTb MpPU 3TOM COCTAaBISET PA3JI0KEHUE
3HaAMEHATEJII HA MHOXKHUTENH, TO €CTh MOUCK BCEX €ro KOPHEH.
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IIpumep.

jX4 +6x° +12x% +2x 24
xt +2x° +8x?

e
X x° x +2x+8

3 2x+5
=x+ln|x|+—+_[2—
X" +2x+8

X
3 J~2(x+1)+3d(x+1):

=x+In|x|+—+ :
x Y(x+1)+7

:x+ln|x|+§+jz(x+1)(12(x+1) j >

X (x+1)"+7 (x+1)"+7
3
N

HNuTerpupoBanue IpoOHO-THMHEHHBIX MPPALMOHAIBHOCTEH

dx =

dx =

d(x+1) =

=x+ln|x|+§+3ln(x2+2x+8)+ arctgx—+1+C.
. N

W3 panee A0Ka3aHHOTO CIEAYeT, YTO JIIOOYI0 PALMOHAIBHYIO JpOOb MOKHO
IPOUHTETPUPOBATh, I[OATOMY B JajibHEWIIeM OyJeM CUMTaTh 3a7ady
UHTErpUpPOBaHUsl (YHKUMU BBIMOJHEHHON, €CIM yAaeTcsl MNPEeACTaBUTh 3Ty
(GYHKIMIO B BUJE pallMOHaIbHOM Jpodu. B yacTHOCTH, 7151 HHTErpajioB BUA

ax+b)" ax+b\"
IR x,( ) ,...,( dx,
cx+d cx+d
rae R — panuonanbHast QyHKIMs (MHOTOWICH WJIM pallMOHANIbHAs Apook), I ,...,I,
— IpoOu ¢ OTHUM U TEM K€ 3HaMeHaTeJieM M

B ax+>b
cx+d

a
a —#—, 3aMeHa
c d

tm

MIPUBOJIUT K
dt" —b

a—ct"

Takum oOpa3om, x SIBIsSETCS palUOHANBHOW (yHKIMEH {, clegoBaTeNbHO, €ro
MIPOU3BOIHAS TOXKE OyJeT panoHaabHOUM PyHkiuen. Kpome toro,

(ax+bjri _m
cx+d

TOKE paluroHanbHble GyHKIMHU OT t (Tak Kak P; — uenoe yucio). [loaromy mocne
3aMeHbl TOABIHTETPaJIbHOE BbIpaXeHHe mnpumer Bua R; (H)dt , tme R; —
panuoHanbHast QyHKIMS, MHTETpUpYeMasi OMMCAHHBIMU BBIIIE CITIOCOOAMHU.

X =
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3ameuanue. C mOMOIIBIO MOAOOHBIX 3aMEH MOKHO HHTETPUPOBATh (PYHKIIMH BHUIA

R(x,(ax+b)",...,(ax+b)"),

u, B yactHocTy, R(x,x",...,x™).

IIpumepsl.
J‘ x+1dx
x—1
Cnenaem 3aMeHy
;o x+1,
x—1
TOT A
#+1 —4tdt
X=7 ’ dx = 2 2
- (t"-1)
CraenoBaTteibHO,
_ 2
J‘x+1dx:J‘24tdt2:J‘_1_ 12+1_ 12dt:
\/x—l (t"-1) t-1 (t-1)° t+1 (t+1)
:lnt+1+ L + ! +C=
t-1| t+1 t-1
_In jx+1+jx 1 11 .\ 11 C.
X+ x— Jx+ L X1
x-1 x—1
J-x+ X —
Taxk xak
1 3
Jx=2=(x-2)? =(x-2)°,
1 2
a Yx-2=(x-2)%=(x-2)9,

BBIOEPEM B KQUECTBE HOBOM MEPEMEHHOMN

1
=(x-2)°.
Torpa
x=t°+2, dx=6tdt.
[ToaToMy
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— 6 3\ 5
J~x+\/x de: I(t +2+t7)6t°dt

Jx -2 t*
=6 [(£' +1° +2t3)dt=§t1° S iaric-
5 7

7

3 > 6 7 2
:g(x—2)3 +;(x—2)6 +3(x-2)% +C.

IIpumeps! penieHus 3a1a4

3agaua 1.
Brrauciauth uHTErpa
3x-19
.[2— dx.
X" —x—-6
Yka3anue

PaznoxuTe NOABIHTErpabHYIO (PYHKIIMIO B CYMMY IIPOCTEUIITUX IPOOEH.

Penienue
3x-19 3x-19 A B

xz—x—6_(x+2)(x—3) x+2+x—3:
_Ax-3A+Bx+2B (A+B)x+(-3A+2B)_
O (x+2)(x-3)  (x+2)(x-3)

A+B=3 A=5
3A+2B=-19  |B=-2"
J'Ex—19 dx:J'( 5 B 2 ]dx:

X" —x—6 x+2 x-3

=5In|x+2|-2In|x-3|+C.
OtBet: 5In|x+2|2In|x-3|+C.

3agaua 2.
Bpranciaute uHTErpa

J-Zx3 —3x?+2x-2
xt=3x° +3x% —x

dx.

Yka3zanue

PaznoxuTe NOAbIHTErpaibHYI0 (PYHKIMIO B CYMMY IIPOCTEUIINX IPOOEH.
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Pemenne
2x° =3x" +2x-2 2x°-3x*+2x-2
=33 +3x% —x x(x—1)° -

A B C D

=—+ + >+ > =
x x-1 (x=-1) (x-1)

Ax® —3Ax* +3Ax— A +Bx® —2Bx* + Bx + Cx*> —=Cx + Dx B

B x(x—1)°
_(A+B)x’ +(-3A-2B+C)x*+(3A+B-C+D)x-A
x(x—1)° '
A+B:2 (A:Z
-3A-2B+C=-3 B=0
] —r .
3A+B-C+D=2 C=3
| -A=-2 D=-1
3 a2 _
J-2ic 32( +22c 2dx=J2+ 3 - 1 |z =
x"=3x"+3x" —x x (x=1)7 (x-1)
5 L +C.

=2In|x|- +
x-1 2(x-1)

OtBer: 2In|x |- 5 + 1 > +C.
x-1 2(x-1)

3agauya 3.
Bpranciaute uHTErpa

3
J'x?’+8dx'

Yka3zanue

PaznoxuTe NOAbIHTErpaibHYI0 PYHKIMIO B CYMMY IIPOCTEUIINX IPOOEH.

Pemenne
3 _ 3 _ A N Bx+C _
x°+8 (x+2)(x*-2x+4) x+2 x*-2x+4
Ax*—2Ax+4A+Bx*+Cx+2Bx+2C _
(x+2)(x* —2x+4)
(A+B)x? +(-2A+2B+C)x +(4A +2C)
(x+2)(x* —2x +4) '
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_1
A+B=0 16
—2A+2B+C=O:><B=—%.
4A+2C=3 1
C==—
4
-"33 dle ( 1 B 236—4 jdx:
x°+8 16 )\ x+2 x"—-2x+4
— — =x-1
~ Linjreop-t (D22 gy
16 16 Y(x-1)"+3
1 1 ¢ tdt 3 1
=—In(x+2|-— |7—=+— |5 =
16 16 7t°+3 167t +3

1 1 3 1 t
=—In|x+2|-=In(t* +3)+— —=arctg—=+C =
g mlx+2]=gin(t +3)+ N NG

=i1r1|x+2|—11r1(x2 —2x+4)+£arctgx—_1+C.
16 8 16

Ne)

Orser: ——1In |x+2] —lln(x2 —2x+4)+£arctgx—_1+C.
16 8 16

Nl

3agaua 4.
Brrunciaute uHTErpal
5
j. 5 i 5 dx.
(x"+1)(x" +4)
Ykazanue

[ToxpiaTerpanbHas GyHKIHS — HEMPaBHIbHASI IPOOk, IIOATOMY BHAYasle BBIJCINUTE
ee ey 4YacTh, a 3aTeM PA3JI0KUTE OCTABIIYIOCS MPABWIBHYIO JPOOb B CyMMY
MIPOCTEUIIIHX.

Pemenne
x° B x° _ (xX®+5x° +4x)-5x° —4x
(> +1)(x*+4) x*+5x°+4 x* +5x° +4 -
B 5x° +4x
x5 +4
5x° +4x 50°+4x  Ax+B Cx+D _

= + =
x*+5x7+4 (P +D) (P +4) P +1 0 xP+4
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_AX> +Bx* +4Ax+4B+Cx’ +Dx* +Cx+D _
B (x> +1)(x” +4) B
_(A+C)x’+(B+D)x* +(4A+C)x+(4B+D)
- (¥ +1)(x” +4) ’

[A+c=5 [4__1
B+D=0 3
iarc_s=1B=D=0.
4B+D =0 C:l;2

5

I > ad > clx:_f(x+1 x 8 X dsz
(x" +1)(x" +4) 3 xX+1 3 x°+4

2xdx 2xdx
= Jux _jx-+1 3Ix?+4:

:f;+1hmx-gu—§hux?wg+c.
26 3

2

OtBer: —+ 1ln(x2 +1)- §ln(x2 +4)+C.
2 6 3

3ajaua 5.
Bpranciaute uHTErpa
I dx
Yka3zanue
1
Cnenaiite 3ameny: t = x12.
Penienue

1 4 1 3
Yx =23 =x2, x =x* =x12.
1
t=x2 = x =t Yx =1, x =17, dx =12t"dt.

dx 12t dt t5dt
- -

=12_[(t7+t6+t5+t4+t3+t2+t+1+%jdt=
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3 2

8 7 6

2 7 1 5
x2 x12 x3

8 7 6
=12 t_+t_+t_+t_+t_
5 4
1

8 7 6 5 4 3
2 7 1 5 1 1 1
3 12 2 12 3 4 6
OtBert: 12 x_+x_+x_ ro X
8 7 6 5 4 3

1 1
x3 x12 4 6

AR
+—+E+t+ln|t—1| +C=

1 1

1 1

+ X p a2 4In|x2 1| |+C.

3agaua 6.
Brrarciaute uHTErpa
J x dx
x+1 x
Yka3anue
Crenaiite 3aMeHY:
L
x+1
Penienue
2
P zt - gy = 2tht2
Vs - <t —1)
J‘ dx J' t —1
\lx+1 X
-2
2 = (—_—) t=
e — t+1 t-1
CIn[t+1|-In[t-1|+C=In|" 2+ C =

=In

\/_+\/xT
N

Otgert: In

NN

NPTt

+C.

-1||+C.
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1.1.5. Humezpupoeanue payuoHaIbHblX MPUOHOMEMPUULECKUX
svipaxcenuii. Humezpuposanue KeaopamuyHovix
uppayuonaivhocmeil. Hnmezpupyemocms 6 3j1eMeHmMapHvIX

dynkyusax

PaCCMOTpI/IM HHTCIPUPOBAHNC HCKOTOPBIX TPUT'OHOMCTPUICCKUX BBIpa)KeHI/Iﬁ.

1. HNuTerpansl BUaA
j sin ax cos fxdx, Isin axsin fxdx, Icos axcos Bxdx

BBIYUCIISIIOTCSI C TPUMEHEHUEM (HOpMYIT

sinaxcos fx = %(sin(a + f)x +sin(a — f)x),
sin axsin fx = %(cos(a — f)x —cos(a + p)x),
cosaxcos fx = %(COS(Q’ + f)x +cos(a — f)x).

Ipumep.

jsin 5xcos3xdx = % Jsin 8xdx + % sin 2xdx =

= ——c058x—1c052x+C.
16 4

2. HNuTerpansl BUaa
jsin” xcos” xdx,
rZie m 1 n — UeNble YNCia, MHTETPUPYIOTCS C TIOMOIIIbIO 3aMEH:
a) eciii XOTd Obl OJHO W3 YHCEN Mm,n — HEYETHOE (Harpumep, m), MOKHO CIeNaTh

3aMeHy t = Sin X (uam t = COS X IpU HEUETHOM 7).
Ipumep 1.

_[ sin® x cos® xdx = jsin‘* xcos? xcos xdx =
.4 . 0 .
= J.sm x(1-sin” x)dsinx =
I _sin’x  sin’x

= [Fa-)ydt=—-—+C= - +C.
5 7 5 7

39



IIpumep 2.

cos’ x cos’x .
I — dx:j —sinxdx =
sin® x

sin” x
2 2
=—I_Cszzdcosx=—I - f ~dt =
(1-cos” x) (1-1)"(1+¢)

4N\1-t (1-t)" 1+t (1+1)

=1(—1n|1—t|—i+1n|1+t|+ L j+cz

4 1-t¢ 1+t

:1( 11 +ln1+cosx)+c.
4\1+cosx 1-cosx 1-cosx

6) CCJIIM m MU n — 4YCTHBIC IIOJOXHUTCIBHBIC 4YHCJIa, MOXHO

MOHU3UTh CTENEHU
TPUTOHOMETPUUECKUX (PYHKIIHI C MOMOIIBIO (hOPMYJT

1-cos2ax 9 1+cos2a
———, cosSSa=——

sin® o = ,
2 2

IMpumep 3.
.8 1+cos2x !
Jsm xdxzj. — | dx=
2

:%j 1+4cos2x+6cos?2x+4cos®2x +cos* 2x dx =

X ) 3 3 . 1 .
=—+—sin2x+—x+—sin4x+—sin2x —
16 8 16 64

~ 2 gin*2x+ L J.(l +2cos4x +cos” 4x)dx =
48 64

17

= x+—sir12x—lsin3 2x+Lsin4cx+L j(1+c088x)dx =
64 4 24 128 28

35 .

=—x +—51r12x—lsin2 2x+Lsin4x+ 1 sin8x +C.
128 4 24 128 1024

B) €CJIK M W 1 — YETHBIE U XOTSA Obl OJJHO M3 HUX OTPUIIATEIHHO, MOKHO TPUMEHUTH
3aMmeHy t = tg X mumm t = ctg X
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ITpumep 4.

sin® x sinx 1 dx
_[ 7 dx= J. 2 1 2.
cos® x cos® x cos* x cos® x

= [tg?x(1+tg’x) digx = [( +2t* +£°)dt =

3 5 7
B2 =1tg3x+ztg5x+1tg7x+C.
3 5 7 3 5 7
3. HnTerpajisl Buaa
_[ R(sin x, cos x)dx,

rac R — paluOHaJIbHasA Q)YHKHI/IH, CBOIATCA K HMHTCIpalaM OT paldruOHAJIbHBIX
(bYHKI_[I/Iﬁ C IIOMOIIBIO YHHBepcaHBHOﬁ TpHFOHOMGTpPI‘IGCKOﬁ IIOACTAaHOBKH:

X
t=tg—,
g2
Toraa
. 1-#
sinx=——-, cosx=—-,
1+t 1+t
2dt
x =2arctqt, dx=—,
& 1+t

TO €CTh BCE COCTAaBIISIOIIME MOJBIHTErPATbHOIO BBIPAXKEHUS MPEACTABISIIOT COOOM
panuoHayibHble (YHKLIHH OT t.

IIpumep 5.
jl—slinxdxzz-[ tht n
(1—1+t2j(1+t)
— I(lftt)2=1%t+C= 2 ~+C.
1—tg§

Ecnu moxapiHTerpanbHas QyHkius uMeeT Bua R (SIN?X, COS2X), MOKHO BBIOpaTh
3ameny t=tg X. [Ipu atom

. ) t? ) 1
sin“x=——-, cos"x=—->,
1+t 1+t
dt
x=arctgt, dx=——,
8 1+

U CTENEHb TOJYYeHHOM panuMoOHAIbHOW (QYHKIMU OyneT HIKe, YeM Mpu
YHUBEPCAIbHOW TPUTOHOMETPUYECKON TOJICTAHOBKE, 4YTO oOJerdaer aajibHeniee
WHTErPUPOBAHUE.
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IIpumep 6.

J‘ 1 dx=j 1 dt _
sin’ x —4cos® x £ 4 1+¢
1+t* 1+¢
STRI
t+2
L npt—2)-mn|t+2] +C=Lm|E =2, ¢
4 4 |tgx+

HNuTerpupoBanue KBaApaTHYHbIX MPPALMOHAIBHOCTEH

IIpu BBIYMCIICHUH HHTETPANIOB
IR(x, Na® —x*)dx, jR(x,\/xz +a”)dx

CBECTH IOBIHTErPATIbHYIO (PYHKIHIO K pAllHOHATBHOI TOMOTAIOT 3aMEHBI:
a) x=asint,

IIPH 3TOM
Ja? — x> =Ja? —a’sin’t =acost;
dx =acostdt, t:arcsini.
a
0) x=atgt,
TOoraa
\/x +a® =./a (1+¢ ’t
\/ g ) cost
dt
dxza—z, t:arctg—.
cos  t a
5) XZ.L,
sint
COOTBETCTBEHHO
2 2 e 2
a (1-sin“t t
/xz_az:\/.a2 —a2=\/ (.2 ):ac.os;
sin”t sin” t sint
t ;
dx:—%, t =arcsin 2.
sin“t X
IHpumep 7.

Bpruucium nHTErpal
Ixz V4 - x*dx.
ITyctp
x =2sint,
Toraa



ij\/4—x2dx: I4sin2 t-2cost-2costdt =

=4 [sin® 2tdt = 2 [(1 - cos 4t)d :2t—%sin4t+C =

= Darcsin > — 1 sin(4 arcsin E) +C.
2 2 2

3aMeTHM, 4TO
sin4t =2sin2tcos2t =4sintcostcos2t =

=4sinty1-sin’t(1-2sin’t) =
2 2 a2 a2
:2x,/1—xz(1—%):x(2 x2)V4 X

HOBTOMY OTBCT MOHO IIPEACTABUTL B BUIC:!

.2 — 2
ij\/4—x2dx:2arcsin§—x(2 xi d-ox +C.

IIpumep 8.
J1s BEIUMCTICHUST MHTETpajia

dx

2
X

{5

BbIOEpeM 3ameny X = 3tg t. [Ipu sTom
vX*+9 3 3dt
=]

cost-9tg*t cos’t

3 J~ 1 gf = J- dsint 3 J' du
costsin’ t sin’ f(1-sin’t) Ju*(1-u)(1+u)’
rame U = sin t . TIpejicTaBuB TOJBIHTErPaTbHYI0 (QYHKIMIO B BHAE CYMMBbI

MPOCTEUIINX IPOOEH, TOITYUHM:

J~ du _J.l“‘ 1 N 1 Jr =
w(1-u)1+u) N\ u?® 21-u) 2(1+u))

1 1
=——+—In
u 1-u
1 1, 1+sint
=———+_In X
sint 2 1-sint

NCES 'S +11n\/9+x2 +x
X 2 \J9+x* —x

1+u

+C=

+C=

+C.

(YautsiBaeM, 4TO
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tgt X

= )_
J1+1g%t N9+

sint =

Ipumep 9.
BBIUKCIMM HHTErpal
j _dx dx
x*\x* -1
C MOMOIIILIO 3aMEHBI
1
X=—-.
sint
Torna
.2 .
. — t)dt
J- dx dx:_[sm t-sint ( c'osz) :—_[sintdt:
’Axr =1 cost sin” t
x* -1
=cost+C =cos(arcsin—)+C =—+C.

X X
HNHTerpupyeMocTsb B 3JIeMEHTAPHBIX QyHKIUAX

B npenpiaymux JeKIusax pacCMOTPEHBI METOIBI MHTETPUPOBAHUS HEKOTOPBIX
aneMeHTapHbIX PyHKIUH. OIHAKO 1ajleKo HE BCE DJIEMEHTApHbIE PYyHKIUN
UHTETPUPYEMBI, TO €CTh UMEIOT NEPBOOOPA3HBIE, TAKIKE SBIISIOLIHECS
AJIeMEeHTapHbIMU (YHKUIMSIMHU. B KauecTBe MpuMepoB MOKHO MPUBECTH (PYHKIIUU
2 ., sinx 1
e, sinx’, ,
X Inx
U Ipyrue. DTUM olepalus HHTETPUPOBAHUS OTIIMYAETCs OT AU(depeHurnpoBaHus,
IpyU KOTOPOM NPOW3BOJHAS JHOOOM 3IeMEHTapHOM (PYHKUMU SBISETCS TOXKE
aneMeHTapHOM (¢GyHKuMe. [{ns OTbICKaHMs MHTErpajioB OT (YyHKLUMM, HE
UMEIOIINX 3JIEMEHTapHOW MepBOOOPA3HOM, BBOIATCS M HCIOJIB3YIOTCS HOBBIE

KJIaCChbl (bYHKHHﬁ, HC ABJIAIOIHUXCA 3JICMCHTAPHBIMMU.

IIpuMepsI penieHnst 3a1a4

3amauya 1.
Bpranciaute uHTErpa

I sin 5x cos2xdx.

Yka3zanue
[Ipeobpa3yiiTe moABIHTETpaIbHOE BhIpaKEHUE, BOCIIOIL30BaBIINCH (OPMYIIOi

sinacos ff = % sin(a+ f)+sin(a— f) .
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Pemenne

Isin 5xcos2xdx = % I sin7x+sin3x dx =

:1(_1cos7x_1c053x)+C = —lcos7x—1cos3x+C.
7 3 14 6

2

OTBeT: —lcos 7x— 1cos 3x+C.
14 6

3anauva 2.
Brrancnute uHTErpa

_[ sin® x sin 2xdx.

Yka3zanue
Bocnons3yittecs popmynoi
sin2x =2sin xcosx
U clenaiiTe 3ameHy t = sin X.

Pemenne

J.sin6 xsin2xdx = IZ sin’ x cos xdx =

- .8 -8
SINn X SN X
+C = 1 +C.

=2J‘si1r17 xdsinx=2-

sin® x

+C.

OTtBeT:

3agaua 3.
Beruucnute uHTErpal

_[ sin® x cos® xdx.

Yka3anue
IToHuspte CTENIEHb  TPUTOHOMETPUYECKUX byHKUIMIA, BXOJISIIIUX
MOJIBIHTETPATILHOE BBIPAXKEHHUE, C IIOMOIIIBIO (hOPMYJT
. 2 1-cos2a 5 1+cos2a
sinfg=——, cosS"ax=—-—
2 2

u sin2a =2sin ¢ cosc.
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Penienue
Isin4 xcos’® xdx = % j 4sin® xcos® x sin® xdx =
1 Isinz o 1-cos2x
2
1 1¢., )
=— j 1-cos4x dx——J‘sm 2xdsin2x =
16 16

= lx—lsinélx—lsin?’ 2x+C.
16 64 48
1 1 . 1 .3
OtBer: — X ——>sin4x—-—sin" 2x +C.
16 64 48
3agauya 4.
BeraucnuTh HHTETpA
Ictgéxdx.
Yka3zanue
Crnenaiite 3ameny t = ctg X.
Pemenue
J.ctgéxdx = J.ct‘g‘*x-cos2 x( .di j:
sin” x
Ctgzx t= ctgx
=—|cte*x—2 " dctox = — =
-[ 8 1+ctg2x 8 J‘t +1
(t°+1)-
—-j Gl j(t4—t2+1— 12)(11‘:
t*+1 1+t
5 3 t 3 t 5
=—t§+t——t arcctgt +C = 8 r_ 8 x—ctgx—x+C.
3 5
Otser: clgx_ Cth *_ ctgx —x+C.
3agaua 5.
Beruucnute uHTErpal
A2
j d-x dx.
X
Yka3anue

Cnenaiite 3ameny X = 2sin t.

dx = 1 J sin? 2xdx — 1 Isinz 2xcos2xdx =
8 8
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Pemenue
x=2sint = 4—x> =\4—4sin’t = 2cost,
dx =2 costdt;

2 2
J-\/4 X Iy = J-2cost ?costdt: J-ZCfoi tsintdtz
X 2sint sin” t

_J- 2 cos’ t tu ~eost J‘Zu du

1- cost -1
I(2+ 2 jdu=_[(2+ 1 - 1 jdu:
u> -1 u-1 u+1
=2u+lnu_1+C.
u+1

CnemnaeM 0OpaTHYIO 3aMEHY, YUUTHIBas, 4TO

2 2
sint‘:g:mt:cost‘:\/l—sin2 :\/1_x_:\/4 X :

V4 - x? —2
V4 —x? +2

+C=4-x* +In|—2o=—

2u+ln

NAd—x* -2
OtBer: V4 — x> +In|——=|+C
Jad—x*+2

3amgauya 6.
Brrunciaute uHTErpal
2
I X dx.
Vx> +9
Ykazanue
Cnemnaiite 3ameny X = 3tgt.
Pemenue
3dt
X = 3tgt2\/x +9= 3\/tgt+1— dx = ——.
cost’ cos™ t

J- I9tgt cost 3dt
Jx2+9 3 “cos’t

.0 .
_ 9J-sm tcostdt _ 9J-sm t.dszm;f _
(1-sint)

cos*t
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9 1 1 1 1 :
:_I ———— — + — - — |dsint =
47\ (1-sint)” 1-sint (1+sint)” 1+sint

9 9 9. |1-sint

4(1-sint) 4(1+sint) 4 |1+sint
=9ant+2ln —tgt|+C =
2cos"t 2 |cost
2 [—
=x»\/x2+9+§ln—‘xggx+c.

»\’ 2 J—
OtBer: xvVx>+9 +%ln M +C.

3

1.2. OnpeneneHnbiil uHTErpaJl
1.2.1. 3a0auu, npueooausue K NOHAMUIO ONPEOESIEHHOZ0
unmezpana. Onpeodenennwlii unmezpa, e2o ceoiicmea. Teopema o
cpeonem 01 OnpeoeieHH020 UHmezpana

J{nst penieHus MHOTUX 3aa4 U3 Pa3JIMUHbIX 00J1acTe HAyKU U TEXHUKU TpeOyeTcs
MPUMCHCHUE OINpeleJIeHHOro wuHTerpajga. K HUM OTHOCSATCS BBIYUCIICHUE
IJIOIIA/IeH, JJIUH AYT, 00BEMOB, pabOThl, CKOPOCTH, ITyTH, MOMEHTOB MHEPLUU U
T.11. Onpenenum 3To MOHSTHE.
Paccmotpum otpesok [a, b] ocu Ox u ompenenuM NOHATHE Pa30MEHHsT STOrO
OTpE3Ka KaK MHOXKECTBA TOYECK X . a=X; < Xy <...< Xp1 < Xn=Db. [Ipu 5TOM TOUKH X;
Ha3bIBAIOTCS TOYKAMH Pa30MeHHsi, OTPE3KH [Xi.1, Xi| — OTpe3kaMu pa3ouenus (ux
JUTUHBI 0003HaYaroTCs AX;), a YUCIIO

| T| = max ( AXy, AX,..., AX, )
Ha3bIBAETCS MEJIKOCTHIO pa30ueHus.

v

Xo=a x,=b X
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ITycth Ha [a,b] 3amana ¢yukius y = f(X). Beioepem Ha kak10M OTpe3Ke pa30HeHus

1o TOYKe & U COCTaBUM CyMMY BUJa

Zf (&)Ax;,
i=1
Ha3bIBacMy0 HHTerpajbHoi cymmoii yukuuu f(X). Ecim f(X) > 0, Takas cymma

paBHa CyMMe IUIOIIAJICH MPSIMOYTOJIBHUKOB ¢ OCHOBaHUAMHU AX; u BeicoTamu f(&; ).

Ecnu s nroboro pasOuenus otpeska [@, D] cymectByer omamH M TOT *Ke
KOHEUHBIN TpeIeNl HHTETPAIBHBIX CYMM IIpH 1 —> 0 U |7 ][> 0:
n
LE{.}Zf(‘fi)Axi =1,
el>0 =1
to Qynkuus f(X) Ha3pIBaeTCS MHTerpupyemoi Ha oTpeske [a, b |, a uucio |
Ha3bIBacTCs onpeaejeHHbIM HHTerpajgom f(X) Ha [a, b] u o003HauaeTCs

I= li..f(x)dx.

Yucna ¢ u D Ha3pIBarOTCS COOTBETCTBEHHO HIDKHHUM M BEPXHUM TIpeACiIaMU
WHTETPUPOBAHUS.
KpomMme Toro, onpeneneHue onpenesIeHHOro HHTerpaia JONOIHAETCs CAEAYIOIUMU
YTBEPKIACHUAMMU:

a a b

1) [f(x)dx=0,  2) [f(x)dx=— [f(x)dx.

a b a

Teopema 1 (HeoOxoaumoe ycioBue wuHTerpupyemoctu). Ecam  yskius
WHTETpUpyeMa Ha HEKOTOPOM OTpPE3Ke, TO OHA OTPaHWYCHA HA HEM.
JlokazatenbCTBO.

[MTycts f (X) uaTerpupyema Ha [a,b] u

?f(x)dx:l.

3aduxcupyem kakoe-nmubo e, Hanpumep, € = 1. Tlo onpeaenenuno HHTErpUpyeMon
GyHKIMHA CymiecTByeT Takoe O > 0, 4To I JF0OOW WHTETPANIbHOW CYMMBI O,
COOTBETCTBYIOIICH pa3OUeHHMIO, I KOTOPOro |7| < §, BepHO HepaBeHCTBO | o, — | |

<1,orkyna | —1<o <I|+ 1, TO ecTb MHOKECTBO UHTETPAJIbHBIX CYMM (PYHKIIUU

f (X) orpanuueHo.
Ecnmu npennonoxute mnpu 3tom, uto f (X) He orpanmuena na [a,b], To oHa He
OrpaHUYEHA TIO0 KpailHe Mepe Ha OJHOM H3 OTpe3KoB pa3dmenus. Torma

npousBenenue f (§)AX; Ha 3TOM OTpe3ke MOXKET NMPHHUMATH CKOJb YTOIHO

OOJIbIIINE 3HAYEHHS, TO €CTh HHTErpabHasi CYMMa OKa3bIBA€TCSl HEOTPAHUUYEHHOM,
YTO IPOTUBOPEUHT yCIOBHUIO HHTErprpyemoctu f (X).
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3aMevaHue. Y CIOBHE OTPAaHUYCHHOCTH (YHKIMH SBIISICTCS HEOOXOAMMBIM, HO HE
JIOCTaTOYHBIM YCJIOBHEM HHTEIPUPYEMOCTH. B KadecTBe mpuMepa pacCMOTPUM
bynkuio Jupuxae: f (X) = 1, ecnu x pamuonansio, u f (X) = 0, ecnmu x
upparonansHo. [t Hee Ha J000M oTtpeske [a,b] u npu 1r060M pa3dueHHH Ha
KQKIOM OTpe3ke AX; HaiIyTcs Kak paldoOHalbHBIC, TaK W HPPAIHOHAIbHBIC

3Ha4YeHUsA x. BriOpaB B kauecTBe & palpioHabHBIC YKcia, it Kotopbix f(&)=1,

HOJIYYHMM, YTO
n
Zf(/;)Axi =b—a.
=1
Ecnu »ke cuutath, 4T0 & — UppaIiioHaIbHbIC YHCa, TO

> f(&)ax, =0,

CJIGI[OB&TGJIBHO, npeaci HHTCIpAaJIbHBIX CYMM HC CYIICCTBYCT, H (1)YHKI_[I/IH
I[I/IpI/IXJIC HC MHTCIPpUPYCMA HU HAa KaKOM OTPC3KC.

Chopmynupyem MOHITUS BEPXHEH W HUKHEW MHTErpalibHbIX CyMM. IIycTh
mj — HanMeHbIee 3HadeHne GyHkuu f (X) Ha otpeske AX;, a M; — ee HanboJbIIICE
3HAYEHHUE HA OTOM OTPE3KE.

Cymma
S, = Zn:miAxi
i=1
Ha3bIBACTCS HUKHEH MHTerpajibHOMI C)Z7MM0i7[ ¢yukuuu f (X) Ha [a,b], a
n
S,=> MAx;, -

i=1
BEpPXHEH MHTErPaJIbHON CYMMOH.

CBoiicTBa HHTErpaJbHBIX CYMM
1. Taxk kak Ha IFOO0M oTpe3ke pazoueHus M; < M, 105 <S;.

2. Ecniu m — Haumenbiee 3navenue f(X) Ha [a,b], a M — ee Hanbosbliiee 3HaUCHUE
Ha [a,b], To
m(b—a)<s, <SS <M(b—a).

3. IIpu noGaBneHun K BHIOpaHHOMY pa3OMEHHMIO HOBBIX TOYEK S, MOXET TOJBKO
BO3PACTaTh, @ Sy — TOJIBKO YMEHBIIATHCS.

Jloka3arenbCTBO.

[TycTh 0Tpe3oK [Xk.1 ,Xk] pa3ouT Ha p orpe3koB. OO03HAUNM HUXKHIOIO U BEPXHIOIO
MHTETPalbHbIC CyMMbI Ha 3TUX OTpe3Kax Kak S, U S,. Ho mmsa oTpeska [Xg1 ,Xi]
HAaUMEHBIIUM 3HayeHHeM (QyHKUUU SBIseTCs m,, a Haubompmum — M,.
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CrenoBaTenbHO, MO CBOMCTBY 2 Sp > My AXy — COOTBETCTBYIOILEMY CIaraeMoMy

oOmieli WHTErpadbHONH CyMMBI S , a S< My AXq — cinaraemMoMy BepxHEH

UHTETpaIbHON cymMMbl. Takum 00pa3oMm, KakJ0€ CJaraeMoe S MOXET TOJBKO
YBEJIMYUBATHCS MIPU J100ABJIIEHUU HOBBIX TOYEK, & KAXKIOE CIaraéMoe S — TOJIBKO
YMEHBILIATHCS, YTO U JJOKA3bIBAET CPOPMYIUPOBAHHOE YTBEPKIACHHUE.

4. Cy1ecTByIoT
lims=5 u limS=S.

n—0 n—0

JloKkazaTenbCTBO.
U3 cBoiictB 2 u 3 cienyer, yro S orpanndeHa ( s<M(b—a)) U MOHOTOHHO

Bo3pacraer. CienoBarenbHO, oHAa uMMeeT mpened. IlomoOHoe ke paccykiIeHue
CIPaBEJIUBO JUIS S.

5. Eciu f (X) HenpepsiBHa Ha [a,b], T0 §=S.
JlokazaTenbCTBO.

HazoBem kosedanumem ¢yukmmu f (X) Ha oTpeske Ax, pazHoCTh wy = My — my.

Torna B cuny HenpepbiBHOCTH T (X)
Ve>0 F0>0:0,<e npu |7|<3.

CnenoBarenbHo, S—s<e&(b—a), to ectp lim(S—s)=0, uyro u TpebGoBanoch

n—>0
J0Ka3aTh.
3amevanne. Tak Kak S M1 S MOXHO CYMTATh YACTHBIMH CIIy4assMH WHTETPAJbHBIX
cymm pynknuu f (X), To

6. st 0OBIX IBYX pa3OMEHHUH IAHHOTO OTpe3Ka T U T S, <S, .
Jlnis moka3aTenbCTBa 3TOTO YTBEPXKICHHS JOCTATOYHO PACCMOTPETh pa3OHeHUeE,

BKJIIOYAIOIIIEE BCE TOYKHU Pa3OMEHUN T1 U T, , U BOCIIOJIL30BaThCs CBOMCTBAMU 1 U

3.
CBoiicTBa onpe/e/IeHHOT0 HHTErpaja

1. I[HocTOAHHEBIN MHOKHUTENH MOKHO BEIHOCUTE 32 3HAK HHTCI'pajia:
b b
[Af(x)dx = A [ f(x)dbx.
a a

JlokazaTenbCTBO.
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Z].Af )dx = hmz Af (¢

je0 =
—Ahg.}Zf Ax—Ajf
-0 *
2. _[fl X)+ fo(x))dx = _[fl dx"'jfz

HOK&S&TCHLCTBO

I(ﬁ(x)+f2( )ebx = hmZﬁ E)+ fo(&)Ax

|z |a0

[z7]—0

3.Ecnu Ha otpeske [a,b] (a<b)
fx)<g(x), mo [f(x)dx < [g(x)dx

JlokazatenbCTBO.

nnnnn

TaK KaK

Orcroza cienyer, 4To

—@.}(Zfl £)Ax, +Zf2 j= [AG)dx + [f(x)dx
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A\/ =
N

Af

v

['eomeTpryecKkas HHTEPIIPETALIMS: IIOMIAAb KPUBOJIMHEHHOMN Tpanenyn ad,B:b ne
OouIbILe TUIOIAAU aALBo5b.
4. Ecniu m u M — HanMeHbliee U HanOoJbinee 3HaueHus Gyukuun f(X) Ha oTpeske

[a,b], a<b, 1O
b

m(b—a) < [ f(x)dx < M(b-a).

a
JlokazaTenbCTBO.
Tak kak
m< f(x)< M,

110 CBOMCTBY 3
b b b
I mdx < j f(x)dx < Ide.
Ho
b b
[mdx=m(b-a), [Mdx=M(b-a),

CJIEIOBATEIIHLHO,
b

m(b-a) < [ f(x)dx < M(b-a).

a
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Ty
A, B,
A B,
a b ”

['eomeTpuueckass  MHTEpHpETalMs:  IUIONIAAb  KPUBOJIMHEWMHON  Tpamenuu
COJICPIKUTCS MK TIOMIAISIMK MPAMOYTOIbHIKOB aA;B1b n aA;B,b.

5 (Teopema o cpennem). Eciim dynkius f(X) HenpepsiBHa Ha oTpeske [a,b], To Ha
9TOM OTpPE3Ke HalAeTCs Takas Touka &, 4To

[f)dx=(b-a)f(&).

JlokazatenbCTBO.
[Tycts @ < b, m u M — HaumeHbliee U HauboJbIee 3HaYcHU QyHkuuu f(X) Ha
[a,b]. Torna mo cBoiicTBy 4

Ilyctb

Tak xak f(X) HenpepbiBHa Ha [@,b], OHa MpUHUMaeT HA HEM BCE MPOMEKYTOUHBIC
3Ha4YeHHs MeXIay m U M, To ecTb cymectByeT &(a<¢&<b) rtakoe, uro f(&)= u.

Torna
b

[f(x)dx=(b-a)f(&),

a

YTO U TPeOOBAIOCH JOKA3aTh.

6. Jlis ar00BIX TpEX Ymcen a,b,C crpaBeaIuBO paBEHCTBO
b c b
[F@)dx= [f(x)dx+ [f(x)dx,

€CJIM BCE 3TU UHTETPajbl CYIIECTBYIOT.
Jloka3aTenbCTBO.
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[Tycte @ < ¢ < b. CocTaBuM HHTErpaJbHYIO CyMMY TakK, 4TOObI TOYKa ¢ ObLIa
TOYKOM nenenus. Torga

3 f(E)Ar = 3 F(E)Ax + 3 F(E)Ax.

[Mepexonst k npeneny npu |7 |- 0, morydum 10Ka3aTebCTBO CBOMCTBA 0.
Ecnu a < b < ¢, To 110 TOJIBKO YTO TOKa3aHHOMY

C_..f(x)dx = _[f(x)dx+ C_[f(x)dx,

[F(x)dx= j F(x)dx - j F(x)dx.
Ho a a
[F(x)dx == [ f(x)dx,
[IO3TOMY

[ =[x+ [Fx)

AHAJOTHYHO JOKA3bIBAETCS 3TO CBOMCTBO U IMPH JOOOM IPYrOM PAaCIIOIOKEHHUN
Touek a, b u c.

IIpumeps! pemieHus 3aaa4

3agauya 1.
HaiiTu BepXHIOI0 HHTETPAIBHYIO CYMMY S ISl HHTETpaia

3
_[ x%dx,
2
pa30KBas NPOMEKYTOK HHTErPUPOBAHHUS HA 71 PABHBIX YaCTEM.

Yka3anue
[TogpiHTErpanbHas (QYHKIMS MOHOTOHHO BO3pacTaer, MO3TOMY HauOoJbliee
3HAYCHUE Ha Ka)XXIOM MHTEpBaJIe pa30MEHUs OHA MPUHUMAET Ha MPaBON IpaHUIIS
MHTEpBAJa.
[Tpu BeIUKCIIEHUN UHTETPATLHON CYMMBI BOCTIONB3YHTECH (POpMYITOit

0%y i n(n+1)(2n+1)
. :

Pemenune

55



[
v

o o2 et

é l+4+£+i+ +4+4_n+n_}

Ly

n n’ n n n n’
1 1 2 2 2

— 1+2+ A+ =1 +27+.+07) | =
n n

:_( ook 1+n+l.n(n+1)(2n+1)j:

n 2 6

:1(4n+2n+2+

2n* +3n+2)
n

6mn

1 n 1 1 19 5 1
=—|6n+2+—+—+— |=—+—
n 3 2 3n) 3 Zn 32
19 5n 1

OTBeT: —+t—+—.
3 2 3n

3anauva 2.
HailTn HH>KHIOI0 HHTETPAIbHYIO CYMMY S JIJIsl MHTErpasa

]\/de,
0

pa30uBasi MPOMEKYTOK UHTETPUPOBAHUS HA 71 PABHBIX YaCTEH.

Yka3zanue
[TogpiHTErpanbHas (YHKIMS MOHOTOHHO BO3pPAcTaeT, MO3TOMY HaWMEHbIIIEe
3HAYCHUE Ha KaXKJIOM HHTEpBaJie pa3OMEHUsS OHA IMPUHUMAET HA JICBOM I'pPaHUIIS
WHTEpBaa.

Pemenne

(@) q

S|

:%(\/6+\/%+\/%+...+\/g]=%:z::\/§-
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n-1
OTBeT: 12 k
n

n k=0
3agaua 3.
Bpruncnute uHTErpa
1
szdx
0
Kak Mpeesl HUHTETPaJIbHOW CYMMBI.
Ykazanue

PazbeiiTe mpoMeXyTOK MHTEIPUPOBAHUSI HA # PABHBIX YaCTEH W BOCIOJIb3YHTECH
dbopMyII0ii 17151 CyMMBbI T€OMETPUUYECKOMN MPOTPECCUH:

o _big'-D)

n 6]—1 4

rae b; — mepBbIii YiICH MPOrpeccuu, a (| — ee 3HaMEHATEJIb.

Pemenne
[MogsiaTerpanbHas (GyHKIHS HenpepbiBHA Ha oTpeske [0;1], cnemoBaTensHO, OHA
MHTErpupyemMa Ha HeM. [103TOMy MBI MOXKEM BBIYMCISATH MHTETPAJl Kak Npenell
0001 MHTETPATbHOW CyMMBI, HAIPUMED, BEPXHEH HMHTETpalbHOM cyMMbl S. [Tpu
ATOM 3HaY€HUE (PYHKIMHU HA KaKJOM OTpe3Ke pa3OMeHUs BBIYMCIIAETCS Ha MPaBO
IPaHUIIe OTPE3Ka, MOCKOJIbKY (DYHKIHSA 2° MOHOTOHHO BO3pacTaer.
3amMeTuM, YTO MHTErpajibHasi CyMMa MpPeJICTaBIsIET CO00 CyMMy T€OMETPUYECKON

IPOTPECCHH C
1 1

by=2" u g=2"

CnenmoBarteibHO,
1 1y
o 21127 | -1
s=Xoniony g |2l - =
n n 2; 1
1
=on. 1
2n —1
1
! L x 1
.P%h:th:hm2ﬁ—¥L—=1dq%F =
0 on_1 - n
OTtBerT: L
In2
3agaua 4.
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Beruncnuts nHTETpaN
1

Ix3dx

0

KaK Mpeesl UHTerpaIbHOW CyMMBbI, pa30uBasi MPOMEKYTOK MHTETPUPOBAHUS TaK,

YTOOBI TOYKHU JACICHUA 06p330BaJII/I ICOMCTPHUUICCKYIO IIPOTPCCCHULO.

Yka3zanue
JIoKaXuTe, 4TO MpEJIe HHTETPAIbHON CyMMBI JIJISI HHTETpaja
b
I x*dx
paBeH
bk+1 _ak+1
k+1
Pemenue
IlycTh
1
()
Xo=a, x,=b, g=|—1|, x,=x,
a
1 1
w2
a a
Torma
9 b 1 9 b i(k+1)
S=> f(x)Ax, =a"" (—)n -1 (—j "=
i=0 a i—o \ A4
D 1
)1
+ + a
— bk 1 —ﬂk 1 E ,
() 1
a
k+1 k+1
lims=2 =%
n—0 k+1
Cnenoarenbho, pu a = 0, b = 1, k = 3 monyyaem, uro
1
1
I Xodx==.
; 4
OTBer: 1
4
3agaua 5.

OueHuTh UHTErpal
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3,5

x’dx
- J.x—ll

1,5

UCTIONB3YS TEOPEMY O CPETHEM.

Yka3zanue
Haiinure Hanbosblliee ¥ HaMMEHbIIIEE 3HAUYCHHUE IMOJBIHTErPAIbHOM (DYHKIIMU Ha
OTpe3Ke MHTETPUPOBAHMS U BOCIIOJIB3YHTECh (POpMYII0it

m(b—a) < [ f(x)dx < M(b-a),

ede m=min f(x), M =max f(x).

[a,b] [a,b]

Pemenune
Haiinem HamOosplliee M HaMMEHBIIEEe 3HAUCHUE MOJBIHTErPATbHON (DYHKIIMU Ha
OTPE3KE UHTETPUPOBAHUS:

Flx) = 2x(x-1)—x 1 1

(x-17  (x-1)
f(x)=0=>x=2 -
KpI/ITI/I‘leCKaSI TO‘IKa, HpHH&I[J'IC)KaH_IaSI 0Tp€31<y I/IHTerI/IPOBaHI/ISI.

f(1,5)=4,5 f(2)=4, f(3,5)=49=>
m=min f(x)=4, M= max f(x)=4,9=>

[1,5;3,5] [1,5;3,5]
4(3,5-1,5)<1<4,93,5-1,5)=8<1<9,8.
OtBer: 8<1<9,8.

1.2.2. Humezpupyemocmsb HenpepuvléHbIX,
KYCOUHO-HEenPePbl8HbIX U MOHOMOHHBIX 0ZPDAHUYEHHBIX QYHKUUIL.
Ilpouseoonan unmezpana no nepemeHHoOMy 6epxHemy npeoeJiy.
Dopmyna Hetomona — Jlenionuya

Teopema 1. OyHkums, HEPEPHIBHAS HA OTPE3KE, MHTETPUPYEMa Ha HEM.
JlokazaTenbCTBO.

Ecmu ¢pynkuus f(X) nenpepbiBHa Ha otpeske [@,b], To oHa, Bo-miepBBIX, OrpaHryYcHA
Ha HEM, a BO-BTOPBIX, PABHOMEPHO HEMpepbiBHA, TO ecTh Ve >0 F0 >0 Takoe,

4TO
Vx,x'€la,b], |x-x'|<d, |f(x)-f(x)|<e.
Torna st pa3oueHusi, B KOTOPOM | 7 [< &, konebaHue o, < €, Cle0BaTEIbHO,
0<S—-s<eg(b—a),
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U TI0 CBOWCTBY 5 BEpPXHUX W HWKHHUX HMHTEIPAIBHBIX CYMM IOJIy4UM, YTO

CYIIECTBYET j f(x)dx

Teopema 2. ®yHk1ysi, MOHOTOHHASI HA OTPE3KE, HHTETPUPYEMA HA HEM.

JToka3aTenbCTBO.
[Tycts f(X) Bo3pactaer Ha [a,b]. Torma

vxela,b] f(a)< f(x)< f(O),

to ectb f(X) orpanuuena Ha [a,b]. Kpome Toro, mis mroboro uHTEpBaia [X.1, Xi]
m; = f(x.,), M;=f(x).

CraenoBaTteibHO,

S—-s= zn:(Mi —m;)Ax; =

i=1

= () fx2)A <

<(fOa) = flxo) + f(x) = f(x) 4ot f(x,) = f(x,0)) | 7 |=
=(f(0)= f(@)]7].

lim(S-5)=0,

|z7]—0

[ToaTomy

cienoBatenbHo, f(X) uHTerpUpyema Ha [a,b].

3ameuanue. B Teopeme 2 He TpeboBamach HEMPEPHIBHOCTH (DYHKITUH. MOHOTOHHAS
(GYHKITUS MOXET OBITh M Pa3pbIBHOM, IMPU 3TOM OHA SBIIIETCS MHTETPUPYEMOM IO
Teopeme 2.

Teopema 3. Eciu f(X) — HenpepbiBHast QyHKIUS 1
= [f(Hdt, mo @'(x)=f(x).

(ITpou3BogHast OT OMPEACIICHHOTO HHTETpaja IO BEpPXHEMY INIpeAeity paBHa
MOABIHTETPAIbHON (YHKIIMU, B KOTOPYIO BMECTO NMEPEMEHHOW WHTErPUPOBAHUS
MOJICTABJICHO 3HAYCHHUE BEPXHETO Mpeena).

JlokazaTenbCTBO.

[Tycte Ax — mpupaiieHue aprymenra x. Torjga 1o CBOWCTBY 6 OIPEIEICHHOTO
MHTETpaJia

x+Ax x+Ax

O(x+Ax)= | f(t)dt= j Bt + jf

a a
x+Ax

AD = D(x + Ax) - J'f
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[To Teopeme o cpeHeM (CBOMCTBO 5)
AD = f(&)(x+Ax—x)= f(E)Ax, ede x<&<x+Ax.
[ToaToMy

AD _ fOAx
L)

CraenoBaTteibHO,
®'(x) = lim 22 = lim £(¢
()=l = lim 0)

Ho mpu Ax >0 & — x, u BeienctBue HenpepbIBHOCTH GyHKImH f(X)
lim f(&) =lim £(£) = f(x).
Takum 00pazom,

®'(x) = f(x).

Teopema nokasaHa.

3ameuanue. M3 Teopembl 3 ciieqyer, 4yTO BCsiKas HEMpepbIBHAS (DYHKIUS UMEET
nepBooOpasHylo, TaKk Kak 1Mo TeopeMe | oHa MHTErpupyema, a 1mo Teopeme 3 ee
nepBOOOPa3HON SBISETCS

X

O(x) = [f(t)dt.

a

Teopema 4. Eciiu F(X) siBisieTcst mepBooOpasHoi HenpepbiBHON GyHkiuu f(X), To
crpaBeiiBa Gpopmyia

b

[ £(x)dx = F(b) - F(a),

a

Ha3zbiBaeMasi popmyJioit Herorona — Jleiitonunua.

JlokazatenbCTBO.
ITo Teopeme 3 ]. f(t)dt — nepBoobpasnas ¢pynkuuu f(x), mosromy F(X) u )]. f(t)dt
OTJIMYAIOTCS Hau nocrosinHoe ciaraemoe C. CienoBaTenbHO, a
i[f(t)dt =F(x)+C.
[TycTts x=a, TOrAa orcrona HOJ’Iy:II/IM
[]f(t)dt =F(a)+C,

to ectb F(a) + C =0, otkyna C = - F(a). Torma
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[£(t)dt = F(x)- F(a).
[TpuHUMas B 3TOM paBeHCTBE X=D, mosryanm dhopmyiy Hetotona — JleliOHuIA:

[ F(x)dx = F(b) - F(a).

3ameuanue. OOBIYHO BBOOUTCS 0003HAUECHUE

u ¢popmyna Herorona-JIeiiOHMIIAa 3anTMChIBAETCS TaK:

[f(x)dx=F(x)| =F(b)-F(a).

a

IIpuMmepsbl.
x-1 ‘ 1
1. J' dx:j(l——)dxz x—In|x|
;X 1 X 1
=(e—Ilne)—(1-Inl)=e-1-1+0=e-2.

e

=

2

0

dx = arcsin x

1
2
1
2.
5[\/1—x2
Vs

:arcsinl—arcsino :1—0 =—.
2 6 6

IIpumeps! pemieHus 3a1a4

3amauya 1.
Bpranciaute uHTErpa

Tl+3x

dx.

Yka3anue
Haiinute mepBooOpa3HyIO MOJABIHTETPATBHONW (PYHKIIMH, & 3aTEM BOCIIOJIB3YUTECH
dbopmyoit HeroTona-JlenOnuna.

Pemenune
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16

€1+ 3x e 21 2 1 3
j dxzj X 24+3x2 dx=2x2% +2x2
9 \/; 9

1 3 1 3
:2-162+2-162—(2-92 +2-92j:8+128—6—54:76.

9

OtBer: 76.

3agaua 2.

BbIunciuTh HHTErpas
27
3
j Ccos2x
.. 2
J sin” x

3

dx.

Yka3zanue

Hailigute nepBooOpa3Hyl0 MOJBIHTErpadbHOM (YHKUHHU, a 3aTEM BOCIOIb3YHUTECH
dbopmynoi Hetorona-JleliOHuiia.

Pemenne
2 2 2
% cos2x %1-2sin’ x & 2
jeosze,, Jl2sin'x, Y 2 g
J sin® x sin” x L. sin® x
3 3

“"g) (N

=x+2ctgx =2?7[—2\/§—%—2\/_=%—4\/§.

Wy

OTBeT: % - 4\/5.

3agaua 3.
Beruucnute uHTErpal
5
3x+7
(3507
;X" +5x+6
Yka3anue

Haiinutre nepBooOpa3Hyio MOABIHTErpaibHONW (YHKIUH, Pa3lIOKHB €€ B CyMMY
MPOCTEUIUX IPoOeH, a 3aTeM BOCIIONIb3yiTech popmynort HeroTona-JleliOnuna.

Pemenune
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?ﬂdxz?( 1 + 2 )dx:

Jx*+5x+6  J\x+2 x+3
5 5
= In|x+2[+2In|x+3]| | =In|[(x+2)(x+3)*|| =
1 1
=In(7-64)-1In(3-16)=In 7—64=1r1§.
3-16 3
OtBer: ln§.
3anaua 4.
Brrancnute uHTErpa
2
J.sin 4xsin Sxdx.
0
Yka3anue

Haiimute  mepBooOpa3Hyr0  MOJBIHTErpaibHOM  (QyHKIMH, Mpeodpa3oBaB

MIPOU3BEACHUE TPUTOHOMETPHUICCKUX (DYHKIIUH B CYMMY, a 3aT€M BOCIIOJIb3YHTECh
dbopmynoii Herorona-JletiOnuia.

Pemelme

z z
2 2
jsm 4xsinbxdx = I cosx —cos9x dx =
0 0

Elﬂl Or

=—sinx——sin9x| =—sin———sin—-0=
2 18 . 2 2 18 2
_1 1 4
2 18 9
OTBeT: é
3agaua 5.

Bpraucnurte HHTCTpall

X.

J.\/}+1

Yka3zanue
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Haiimute mepBoOoOpa3HyI0 MOIBIHTETPATHHONW (DYHKIMH, MPEACTABUB YHCIUTETh
JIpoOM KaK pa3HOCTh KBAJPaTOB, a 3aTEM BOCIOIb3yHTeCh Gopmyroi HeroToHa-
JleitOHMIIA.

Penienue

9

Jx—ld I\/_ 1)( \/}+1dx
: Jx+1

~227.9-2.844=2.
3 3 3

OTtBert: 2—
3

1.2.3. 3amena nepemennoii u unmezpuposanue no YACMAM
6 OnpedeneHHoM unmezpale.
I'eomempuueckue npunoscenus onpeoeneHnHozo0 uHmezpaida.

Teopema 1. Ecnu:
1)  ¢dynknus f(X) HenpepsiBHA Ha oTpe3ke [a,b],

2) dynkmus ¢(t) HempepblBHA M UMEET HENPEPHIBHYIO NMPoM3BOAHYIO () Ha
orpeske [, ], rae a = (), b = o(0),

3) byukius f (o(t)) onpenencHa u HenpepbIBHA Ha oTpe3ke [, ],
TO

b B
[fodx= [fpt)e'Hat. )

Jloka3aTenbCTBO.
Ecmu F(X) — mepBooOpasnas ms f(X), To

jfxdx=F(x)+C,
[Flo®)e'(H)dt = F(p(t)) +C.

Torna, ucnonssys popmyny Hetotona — Jleitbnuua, moaydum:
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b

= F(b)-F(a),

b

[ £(x)dx=F(x)

a

B
[Flo(t)e/(t)dt = F(p(t)

OTKYyJa CIIeAyeT CIpaBeUTHBOCTH (hopMyIIbl (1).

3ameuaHue. B oTiMuMe OT HEOMPEAEIEHHOTO HHTErpajia, B OINPEACICHHOM
UHTErpaje HeT HEOOXOJUMOCTH BO3BpAIATbCA K MpPEXHEH MepeMeHHOU
UHTETPUPOBAHUS, TaK KaK PE3yJIbTAaTOM BBIYMCICHUS OyIET YUCIIO, HE 3aBUCSAIICE
OT BBIOOpA NEPEMEHHOM.

a

F(p()) - F(p(@)) = F(b) ~ F(a),

B
a

Mpumep.
Bprunciaute uHTErpan

Cnenaem 3aMeny:

t=x+1,

OTKyZa
x=t-1, x'=2t
IIpu sTOM
a=3+1=2, B=+8+1=3.
Torna

8 3 742
x-3 (1" —4)2t
dx = |—————dt =
g[\/x+1 J t
32 14

——2}(t2—4)dt—(%t3—8t) 3——6+———
5 3 2 3 3

Teopema 2. Ecim ¢yuxium u(x) u v(x) HempepbIBHBI BMECTE CO CBOUMH
IIPOM3BOJHBIMU Ha OTpe3Ke [a,b], To

lj[udv =Uv

a

b - li[vdu. (2)

a a

(®opmyna (2) HazpiBaerca (GOpPMYJIO HMHTETPHPOBAHMSA MO YacTAM Ui
ONPEJEIECHHOIO0 HHTErpaia).

JlokazaTenbCcTBoO.
b b

?(uv)'dx = I(uv’ +u'v)dx = ~fualv + ?vdu..

a a a
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Bce HHTCTPAJIbI B 3TOM PABCHCTBC CYHICCTBYIOT, TdK KaK IIOABIHTCIPAJIbHBIC

GbyHKUMU HenpepbIBHBL. [Ipu 3TOM
b b

(uv)'dx =uv| ,

a a
MIO3TOMY
b

b b
uv| = Iudv+_[vdu,
a a

a

OTKyJa cieayer (2).

IIpumepsl.
1) BbluncauTh HHTErpal

2
_[xe"dx.
1

[Tyctb u = x, dv = exdx. Torna du = dx, v = e*. [Ipumenum Gopmyay (2):
2 2 2 2
deex:xex —Iexdx:2ez—e—ex =2¢*—e—e*+e=¢".
1 1 1 1

=

1 1
2 3 2

2) I arcsin xdx = xarcsin x| — de arcsinx =
0 0 0

1
7 173 2‘1 2
=—+—|(1-x7) 2d(1-x")=
1277 A 20
r 1 >z 7+3-2
=—+—-2J1-x"|" =
12 2 0 2

(ITpu uHTETpUPOBAHUY TPUHUMAJIOCH U = X, U = arcsinx).
3) BeruucauThb

T

J e’ sin xdx.

0
ITyctb u = e*, dv = sinxdx. Torna du = e¥dx, v = -coSx. Cje10BaTEIIbHO,
Vs T
+ Jcosx-exdx:
0 0

T
I e’ sinxdx =—e* cosx
0

V4
=" +1+ jcosx-exdx.
0
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IIpuMeHMM K HMHTErpally B NpPaBOM 4YacTH IIOJIYYEHHOIO PABEHCTBA €ule pas
(GopMyITy MHTEIPHUPOBAHUS 10 YACTSIM, TIOJOXKHUB U = e¥, dv = COSxdx:

T T T
je"sinxdx=e”+1+e"sinx —J.sinx-e"dxz
0 0 0

T V4
=e"+1+0-0—- Iex sinxdx =e" +1- Iex sin xdx.
0 0
[TockonpKy Ipy 3TOM B IPABOW YaCTH PABEHCTBA CTOUT TAKOW K€ MHTErpall, KaK B
JIEBOM, €ro 3HAYCHUE MOKHO HAUTU U3 YPAaBHEHUS:

T
2_[6’“ sinxdx=e¢" +1,
0
TO €CTh

Iex sin xdx = 1(e” +1).
; 2

I'eomeTpuyecKkue NpUJIOKEHHS ONPeEIeJICHHOT0 MHTErpaJia
Buviuucnenue nnowaoeii nnockux guzyp

BcnomManM, kakum 00pa3oM BBOAMIJIOCH MOHSATHE OmpeseneHHoro uHTerpaita. C
T€OMETPUYECKON TOYKU 3PEHHUs WHTErpajbHas CymMMa MPEeCTaBsieT co0oil (mpu

f(x) > 0) cymmy miorianeit npssMOYTroJIbHUKOB ¢ ocHOBaHHeM AX; u BeicoToi f(&).
b
[lepexons k mpeneny mpu |7]—0, modydaem, dYTO I f(x)dx mpm f(x) > O

NpeACTaBIgeT CcOOOM IUIONIa[b TaK Ha3blBAEMOM KpPUBOJMHEHHOW Tpamnenuu
aA1B1b, To ects urypsl, orpanndeHHo yacTrio rpaduka ¢pyakimn f(X) or x = a
10 X = b u oTpe3kamu npsIMbIX X = a, X=D0b uy =0 (puc. 1):

y =1(x) /B

1

A}y

/ S

v

Puc. 1
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Ecmu TpeOyercs HaWTH IUIoNaas (GUTYphl, OrpaHMYCHHON TrpaduKkaMu JBYX
bynkmmit: fi(X) u f)(X) (puc. 2), To ee MOXHO paccMaTpuUBaTh KaK Pa3sHOCTh
TUIOIIAAEH JIBYX KPUBOJHUHEWHBIX TPAIlClMi: BEPXHEU T'PAHUIICH MEPBOM U3 HUX
ciryxut rpaduk Gyukmun fr(X), a Bropoit — fi(x).

Puc. 2
Takum 00pazom,

S=[f()dx = [f,(x)dx = [(f(x)~ fi(x)dx. (4)

3ameuanue 1. opmyna (4) cnpaBeminBa, eciii rpaduku ¢yHkmui fi(X) u f(X) He
nepecekaroTes nmpu a < X < b,
3amevanne 2. @yukuun fi(X) u f(X) MOryT mpu 3TOM NMpUHUMATH Ha WHTEpPBaje
[a,b] 3HaueHus mo0OOrO 3HAKA.

IHpumep.

Haiitu mmomane Gurypsl, orpannueHHol rpadgukamMu GyHKIUA Y = X*>-3X—-5uy
=X-05.

Haiimem aOcrucchl TOUeK TEpeceueHUs] YKa3aHHBIX TpauKOB, TO €CTh KOPHU
ypaBHeHHs X2 -3X—-5=X-5.x2-4x=0,x; =a =0, X, = b =4. Takum o0pazom,
HaWICHBI Npeesibl UHTerpupoBanus. Tak kak Ha uHTepBaie [0,4] npamas y = X —
5 MPOXOJIUT BBIIIIE Hapa60m>1 y=X>-3x-135, (I)opMyJ]a (4) mpumeT BUA:

S= Jx 5-(x*-3x- 5))dx—j(4x x*)dx =

0
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—2x2—x—3 4—32—%—g
31, 3 3

IInowaodw ¢ nonapuwvix Koopounamax
BBegemM Ha TIJIOCKOCTH KPHBOJWHEWHYIO CHCTEMY KOOPAHWHAT, Ha3bIBAEMYIO
noJisapHoii. OHa coctout u3 Toukd O (MOJIIOCA) U BBIXOJMIIETO U3 HErO Jiyya
(monsipHOM OCH).

M

p
0/ ¥ .

& -

Puc.3

Koopnunaramu Ttouku M B 31O cucteme (puc. 3) Oyayt jummHa otpe3ska MO —
HOJISIPHBIA PATUYC p U yrou ¢ Mexay MO u noispHo#t ocbro: M(p,p). OTMeTnm,

YTO JJI BCEX TOYEK IUIOCKOCTH, KpOME Moutoca, p > 0, a MOJISpHBIA yroi ¢ Oynem

CUUTATb IOJOKHUTCIIbHBIM IIPHU U3MCPCHHUU €0 B HAIIPABJICHUNW IIPOTHUB YacoBOM
CTPCJIIKU U OTPpUIATCIIBHBIM — IIPH U3MCPCHUHU B IIPOTHUBOIIOJI0KHOM HAIIPABJICHUH.

3ameuanue. Ecin orpaHuunTh 3HauYeHUs @ uHTEpBajioMm [0,7] mmm [-w, 7], TO
KQKJI0M TOYKE TJIOCKOCTH COOTBETCTBYET €IMHCTBEHHAS Mmapa KoopauHat (p,p). B
JPYTUX CIydasX MOXKHO CUUTATh, YTO (p MOXKET MPUHUMATh JTIOObIE 3HAUYCHUS, TO

€CTh MOJISIPHBIN YyToJl ONPEAEAETCS C TOUHOCTBIO JI0 CJIaraeMoro, KpaTHOTo 2.

A
y
M
p y = psing
o \¥
X = pCOS¢p *
Puc. 4

CBs3b MCXKAY MHOJPHBIMU KW ACKAPTOBBIMKU KOOpAMHATAMHU TOYKHU M MOXHO
3a4aTb, €CJIIM COBMCCTUTH HA4ajio HeKapTOBOfI CUCTCMbI KOOpAMWHAT C ITOJIIOCOM, a

70



MOJIOKUTENIbHYIO MOJayoch Ox — ¢ mosisipHoi ocklo (puc. 4). Torma X=pC0Sy, y=

pSing . Otcrona

p=J+y, tgp=2.

X
BrIsicHUM, Kak ¢ TMOMOIIBIO OMPEACICHHOTO HWHTETpaja BBIYUCIUTH ILIOMIATh
(buUTypHhI, TPaHUIIBI KOTOPOH 3a/1aHbI B TIOJIIPHBIX KOOPINHATAX.
a) Ilnowads KpusoUHEIHO20 ceKkmopa

Puc.5

Haitnem momanb GUrypbl, OrpaHUYeHHON YacThio rpaduka GyHkuuu p =p(p) u
OTpe3KaMu JIyder ¢ = a ¥ ¢ = (3. JIyis 3Tor0 pa3o0beM ee Ha 1 4acTel JydaMu

= (i 1 HaUJAEM CyMMYy IUIOIIAAEH KPYTOBBIX CEKTOPOB, PaAMYCAMH KOTOPBIX

CITy’KaT
pi=p(4), 20e ¢ <¢ <o,

1
Kak n3BecTHO, IJI0IIaab CEKTOpa BEIYUCACTCS 10 hopMmynne S = 5 r’a,

rae I — paanyc CEKTopa, a o — €ro LEeHTpalibHbIA yroia. CieaoBaTeabHO, s

CYMMBI IUIOIIAZEN pacCMaTPUBAEMBIX CEKTOPOB MOKHO COCTABUTh MHTEIPAIBHYIO
CyMMy

5 2P Ap,, 20e Ap;=¢,—p. .
B npenene npu maxAgp, — 0 mosyduM, 4To MI0MaAb KPUBOJIMHEHHOTO CEKTOpa
1 B
S= 5 Jpzdw.

0) Ilnowaows 3amxkuymoti ooracmu
Ecnu paccMoTpeTh 3aMKHYTYIO 00J1acTh Ha MJIOCKOCTH, OTPAHUYCHHYIO KPUBBIMH,
ypaBHEHHUs KOTOPBIX 3a7aHbl B TIOJSIPHBIX KOOPWHATAX B BUJIE

p=pi(p) u p=p,(p) p(@)<0:(0),
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a TOJISIPHBIN YTOJ (p MPUHUMAET JIJIsl TOUeK BHYTPH 00JacTH 3HAUYECHUS B Mpeenax

oT a 10 [ (puc. 6), TO ee IUIOIIa b MOKHO BBIYHCIIATh KaK Pa3HOCTH ILIOMIACH

KPHUBOJIMHEMHBIX CEKTOPOB, OTPAHUYEHHBIX KPUBBIMU

p=p(p) u p=p,(p),
TO €CThb

B
(0" = pr)dp. (5)

a

N | =

Puc.6

IHpumep.
Boeraucnum momaas 001acTy, 3aKIIF0UEHHON MEXTY Yol OKPY>KHOCTH X? + Y2 =
1 u npsimoit

1 1
x=— npu —<x<1.
2 2
B Toukax nepecedyeHust npsAMOU U OKPY>KHOCTH
1 1
X =— P y = i —y
2 2
. /4 /4
TO €CTh MOJISIPHBIN YTOJ (© U3MEHSETCSI BHYTPU O0JaCTH B Mpeesiax OT oy 0 —

4
(puc.7).
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x=1/2

Puc. 7

YpaBHEHUE OKPY>KHOCTH B MOJISIPHBIX KOOPAMHATAX UMEET BUA p = 1, ypaBHEHHE

IPSAMOU —

1

2cos@
CrnenmoBatelibHO, TJIOIIAIb pacCMaTPUBAEMON 00J1aCTH MOKHO HalTH 1o dhopmyJie

1
pCOS(p=E, mo ecmv p=

Jlnuna oyzu kpueoii

a) /[nuna oyeu 6 0ekapmogvix KOOpOUHamax
Paccmorpum dynknumto Y = f(X), HenpeprIBHYIO Ha oTpe3ke [a,b] BMecTe co cBoei

pou3BOHON. BriOepem pazOuenue 7 orpeska [@,b] u Oydaem cuuTarth IIUHOW

IyTH KpuBO#, sBisttonieiics rpadpukom f(x), ot x=a mo Xx=b npenen mpu |7|—0
JUTUHBI JIOMaHOM, MPOBEJICHHON uepe3 TOUKU Ipaduka ¢ abCIuccamu xg , X1 , ..., X,
(Toukamu pa3OueHus T) MPU CTPEMIICHUU JUTMHBI €€ HAauOOJBIIETro 3BeHa K HYJIIO:
= lim ZAZ
maxAL;—0 4

Yo6eaumcsi, 4To pH MOCTABIEHHBIX YCIOBUSX ATOT MpeAel cyiecTByer. [1ycts

= f(x) = f(x0)-

Torna

(puc. 8).
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y y=f(x)

Al AYi

/

Puc. 8

[lo Gopmyrie KOHeUHbIX mpupaiieHni Jlarparmka
Ayi — f(xi)_f(xi—1> :f,(f)
Ax, X, =X, v

1 1

ede x,,<¢& <x,.

[ToaTomy

a JUIMHA JIOMaHOU

I = 2\/1 F(f(E)Ax

W3 menpepsiBHOCTH f(X) 1 f'(X) cnenyeT n HepepbIBHOCTD (yHKIUH

' 2
L+ (%),
CIENOBATENIBHO, CYIIECTBYET W MPEAEH HHTErPalbHOM CYMMBbI, SIBJISIOIIEHCA
JUTMHOM JIOMaHOW, KOTOPBIN paBEH

= lim Z«/1+ )* Ax, —J1/1+ )*dx.

maxAx; -0 4

Takum 06pazom, noixyyeHa ¢popmya A BHIYUCICHUS ITTUHBI TyTH:

b

I= [J1+(f'(x))dx= [ 1+(Z—z) dx. (6)

a

Ipumep.
Havtu nnuny nyru KpuBou

y=Inx om x=+3 do x=+/15.
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J15 - V15 1
I g 1+((Inx)')2dx é L+ —dx
:J]-_S 1+ x7 dx:Jsz +1  xdx

N N x? x?+1

CrenaeM 3aMeHy:
u=+x*+1,
TOra
xdx

*=u*-1, du= ,
vx©+1

a mpejeraMu UHTETPUPOBAHUS ISl U OyyT u=2 (mpu x_= J3 )uu=4 (upu x =
J15 ). Honyuum:

0) /[nuna oyau kpueotl, 3a0anHol 8 napamempuieckou gpopme
Ecnu ypaBHeHHs1 KpUBOM 3a7jaHbl B BUJE

{x=¢ﬁ)
y=w(t)
a ©(t) u 1(t) — HerpepbIBHBIC QYHKIIUK C HEPEPHIBHBIMH MTPOU3BOAHBIMH, IPUYEM

P(H)#0 Ha «a,p,
TO ITH YpPaBHECHHS OIPEICIISAIOT HemnpepbiBHYI (yHknuto Y = f(X), umeromryro
HETPEPHIBHYIO TPOU3BOIHYIO

20e a<t<p,

dy _y'(t)
dx  @'(t)
Ecnu
a=p(a), b=e(p),
TO
= 1+(mp<t>dt,
; '(t)

B

1= [{ o'ty "+ wo) *at. (7)

a
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3ameuanue. Ecnu npocTpaHCTBEHHas JIMHMS —33JaHa  I[MapaMeTPUYECKUMU
YpaBHEHUSIMU

TO IIPHU YKA3aHHBIX PAHCC YCIIOBUAX

A 2 2 2
1= [{ o't) "+ v+ 20 . (7)

B) /[nuna oyeu 6 noisipHulx KOOpOUHAmax

Ecin ypaBHeHHE KpHBOH 3a/1aHO B MOJIAPHBIX KOopauHaTax B Bujae p = f(p), To X
= pcosyp = f(p)cosy, y = psing = f(yp)sing — mapameTpuyecKkue ypaBHEHHUS
OTHOCHTENFHO TMapameTrpa (. Torma Juisl BBIYUCICHUS JUIMHBI JYTH MOYXHO

UCIO0JIb30BaTh (hopmyy (7), BBIYUCIUB NPEIBAPUTEIBHO MPOU3BOIHBIE X U Y TIO -

Z—x = f'(p)cosp — f(p)sing,
@

dd—y = f'(p)sing + f(p)cos .
%

CnenmoBarteibHO,
dx \ dy : 2 2
— |+ 52| = fllo) + flp) " =p"+p",
dp do

03TOMY

(%)
l:J'«/p'2+,02d¢). (8)
4]

Ipumep.
Haiitu quny ayru cnupanu Apxumena p = ¢ ot ¢ =010 ¢ =27 .
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. 2]5 e P arctj.zﬁ 1 | i arctj.zz costdt

2, 1,
S S cost cos‘t S cos t

arctg2rw d sint 1+4.7° du

) B (1—si1r115)2(1+sinif)2= 6[ (1—u)2(1+u)2=

2r
1+47°
=lj 1+12+1+12du:
4 7 (1+u (I+u) 1-u (1-u)
27
1 1+u 1 1 )\/1+47r2
=—|1In — ++ =
4 1-ul 1+u 1-u

0
—Iny27 +1+47° + 7\1+47°

(ObLTH IPUMEHEHBI 3aMeHbI ( = tg t u U = sint).

Boviuucnenue o6vemos men
[TycTh MMeeTCsl HEKOTOpOE TeJOo, JJI KOTOPOTO W3BECTHA IUIOIAb JH0Or0o ero
CeUeHHsI MJIOCKOCTBIO, TIEPIICHANKYIAPHON ocu Ox, sSBISrOmancs QyHKIueH oT x:
Q = Q(x). Onpeaenum 00beM paccCMaTPUBAEMOTO TeJIa B IPENOI0KEHNH, 4TO Q —
HenpepbiBHas GyHkius. Eciy 3HaueHWe x BHYTPH Tejla MEHsAETCs OT a 10 b, To
MOYHO Pa30HTh TEJO Ha CJIOU IUIOCKOCTAMHU X =Xg = d, X = X1, X = X2, ..., X = Xp =

b. 3areM BrIOEpEM B KaKIOM CJIo€ 3HAUYeHUE X = & , Xi1 < & < Xj , B paCCMOTPUM
CYMMYy 00BEMOB IIMJIMHPOB ¢ TuTOIIaaaMu ocHoBanuid Q(&;) u BeicoTamu AX; = X;
— Xj.1 . OTa cymMMa Oy/IeT paBHa
n
vn = ZQ(@)AXI
i=1

[TonyueHna WHTerpajgbHas cymMma Ui HenpepblBHOW (yHkiuu Q(X) Ha orpeske
[a,b] , cnenoBarenbHO, AI Hee cymecTBYeT npeaes npu | 7 | — 0, KOTOpbIil paBeH

ONPEEIICHHOMY MHTETpaly

b

v=[Qx)dx,  (9)

a

Ha3bIBAEMOMY 00b€MOM JJAHHOT'O TeJiAa.

3ameuanne. Ecau TpeOyercss ompenenuTs oO0ObEM TaK Ha3bIBAEMOro TeJia
BpallleHusi, TO €CTb Tejla, o00pa3oBaHHOro BpamieHueM BOKpyr ocu Ox
KPUBOJMHEWHOW Tpareiuu, OrpaHnYCHHON YacThio rpaduka Gynkiuu Y = f(X) ot
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X =a g0 X = b u orpe3kaMu NpsIMBIX X = @, x = b u y =0, To MmIomaab ceYCHHUs
TaKoro Tejia INIOCKOCThIO X = CONSt paBHa

zy’ =x(f(%)),

u popmyna (9) B 3TOM ciiydyae UMEET BH/I:

V= ﬂjyzdx 7[_[ Ydx. (9)

IHpumep.
Haiinem o0beM aiuncoua BpaieHus
2
X
— i+ =1,
4
[Tpu X = const ceuenustmu Oy1yT Kpyru
2

2y 2=1-1
4 4

C paarycoMm

H 11omaabro

_8r

IInowaov nosepxnocmu mena epanieHus

[Tycts TpeOyeTcs OmpeneiuTh IUIOMIAAb MOBEPXHOCTH, IMOTYYEHHONW BpallcHHEM
kpuBoii Y = f(X) Bokpyr ocu Ox npu a<x<b. Bribepem pasdueHue T oTpe3ka

[a,0] u paccmoTpuMm, Kak W TpH ONpenEICHUH JIUHBI KPHBOH, JOMAaHYIO,
MPOXOMSIIYIO Yepe3 TOYKU KpUBOMl ¢ abcuuccamu X; . Kaxnapiii oTpe3ok Takoi
JJOMaHOW TMpH BpalIeHUH OIMUILIET YCEUYCHHbIH KOHYC, Iulom@aiab OOKOBOM
IIOBEPXHOCTH KOTOPOI'O paBHA

AS 27Z'yl yl Al zﬂyz—l+yi
2 2

[To dhopmyie KOHEUHBIX MpuUpaleHuii Jlarpanxa

Ay, _ f(x)=f(x) = fI(&), e x. <& <x,.
Ax; X —=Xiq

1
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[ToaTomy

AS, =27 ¥ Vi . Vi it (&) Ax

CrnepoBaTenbHO, IUIONIAb BCEM IOBEPXHOCTH, ONHCAHHOW JIOMAHOW NIpH
BpAILICHUH, paBHA

S, =7Y f)+ flx) T+ FA(E)Ax

Ha3oBeM mIomaabl0 NOBEPXHOCTH BPALMEHHMs IMpeae]a 3TOW CYMMBI IpH
maxAl, — 0.

3aMeTuM, 4TO 3Ta CyMMa HE SIBJISICTCS] MHTErPajIbHON CyMMOM 751 QyHKITUH
2
2r f(x)1+ f'(x),
TaK KaK B KaXJOM €€ CIaraéMoM (PUIypUpyeT HECKOJIBKO TOYEK JaHHOI'O OTPE3Ka

pa30buenusa. OJIHaKO MOKHO J0Ka3aTh, YTO MpPEJEs TaKOW CYMMBI PaBEH IMpeAeiry
WHTErPaIbHON CyMMBI IS

27 f(x)\J1+ f(x)?,

OTKyJla rosty4aeM (popMyITy JUIsl IUTOIIA iU TOBEPXHOCTH BPAIICHHUS:

=27 [f(x)y1+ f*(x)dx. (10)

Ipumep.

BprurciauM miomaib HOBEPXHOCTH, MOJYYEHHON BPAILICHUEM YaCTH KPUBOU
y:\/g om x=0 oo x=1.

Ucnonb3ys popmyiy (10), momyunm:

S= 2;:]( 1+( jdx ZEI\/:dx—

EPENI (RPLCN-S ]
0 6

IIpumeps! pelieHus 3a1a4

3agaua 1.
Beruucnute uHTErpal

‘ dx
{[x\/1+lnx'

Yka3zanue
Crenaiite 3aMeHy
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t=1+Inx.

Pemenne

t:1+1nx:>dt:(1+lnx)’dx=@;
X

x=1=t=1+In1=1+0=1,

x=e’=>t=1+

A
Jxfl+Inx It
OtBert: 2.

3anauva 2.
Brrarciaute uHTErpa

Crenaiite 3aMeHy

Ine®=1+3Ine=1+3=4.

4 _1 4
= [t2at=2t| =202-1)=2.
1 1

Yka3zanue

1
X=—-:
sint

Pemenne
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. 2
xz_L:M/xz—lz / _12 —1:‘/1_8—1?1}:
sint sin” t sin” t

2
t t . tdt
C?i = C?S ; dx=-—sin 2tcostdifz—cc_)s2 ;
sin“t sint sin”t

.1 .
t =arcsin—: x=1:>t:arcsm1=%;

X
1
x =2 =t =arcsin __E_
2 6
J-\/x - 6cost " costdt]_
smt sin® ¢

2 2 2

t 1- t 1
ICOS I sin’ =I( L —1jdt=
Zsin”t J sin’t J\sin“t
6 6 6
2

= —ctgt —t :—ctg%—%+ctg%+%=\/_—%,

z
6

OTBeT: J_ - %

3anauva 3.
Bpranciaute uHTErpa

T
I x> cos xdx.
0

Yka3zanue
[TpumenuTe hopMyTy HHTETPUPOBAHUS 110 YACTSIM.

Pemenue
[MpumenuM GopMyTy HHTETPUPOBAHHUS IO YACTAM:
u=x>, du=3x*dx; dv=cosxdx, v=sinx.
Torpa

r %
ij cosxdx =x’sinx| — Isin x-3x%dx.
0 0 0
BHOBb NPHUMEHHM K IIOJYYEHHOMY HMHTErpany (opMyly HHTEIPUPOBAHHS I10
YaCTsAM:
u=x>, du=2xdx; dv=-sinxdx, ©v=cosx.
[Tomyunm
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T /4
+3I—sinx-x2dx:
0 0

j x° cosxdx = x° sin x
0

T

=x’sinx

' — 27].xcos xde =

0 0

— Z]Sin xdx] =
0

+ 3(3(2 COS X
0

T

=0-37x" —6£xsinx

0

=-37*-6cosx| =12-37x>.
0
Oreer: 12 - 372,
3amgauya 4.
BeIYucuTh HHTETpa
e-1
j In(x+1)dx.
0
Yka3anue

[TpumenuTe hopMyTy UHTETPUPOBAHUS 110 YACTSIM.

Pemenue
[TpuMenuM GopMyITy HHTETPHPOBAHHMS IO YACTSIM:
=In(x+1), du= ax ; dv=dx, v=x.
x+1
e-1 e—1 e—1 %
jln (x+1)dx =xIn(x+1) I
; 5 X+ 1
e-1
x+1-1
e—1)Ine-0- dx =
( ) I x+1

0

e—

: 1
=e—1- I(l— )dxz
; x+1

e-1
=e-1- x—In|x+1|]| =e-1-(e-1-1)=
0
Ortser: 1.
3agaua 5.
BbIurcauTh miomaas GUrypbl, OrpaHHYCHHON JTHHUSMH
1w
T A

1.
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Yka3zanue

[TocTpoiiTe rpaguku QyHKIUN, orpaHUUYUBaIONIMEe QUTYPY, U HaauTe adCHUCChHI
TOYEK UX MepeceyeHusl. 3aTeM BBIYUCIIHTE IUIOMAlb (GUrypsl o popmye

S= [ fi(x)-fi(x) dx,

rae f1(X) — pyukuus, rpaduk KOTOpoit sABJIsICTCS HIDKHEH rpanuiei Gurypsi, a fr(X)

— (yHKIIHUS, 3a/1a10111asi BEPXHIOIO IPAHUILY.

Pemenne

\4

x2

2 1+x°
HalIeHbI TIPEEsbl UHTETPUPOBAHUS.

1 2 3
S:j 1 _© dx=arctgx—x—
et 2 6

—x'+x?-2=0,x*=1,x=41 -

1

1+x% .
_1_1_(_£+1)_£_1
4 6 4 6 2 3
OTBeT:Z—l.
2 3
3amgauya 6.

Haittu mutomaas GUrypbl, orpaHHYCHHOM JTHHKUEH 0 = SIN2 .

Yka3zanue
Onpenenute BO3MOXKHbBIE 3HAYEHUS (), IPU KOTOPBIX O MPUHUMAET
MIOJIOKUTENbHBIE 3HAUEHUSA. 3aT€M BBIUUCIUTE IUIONIAJL
KOOpAMHATax mo gpopmyJie
1 %)) )
=5 [P(@)io.

P1

S

B

IMOJIAPHBIX
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Pemenne
HepasenctBo Sin2¢ > 0 BeimonHsAeTcs B npeaenax ot 0 g0 27 s

T 3
0<p<Z u r<p<>Z,
?=5 =7

[Toctpoum cxemarnueckuii rpaduk GyHkuun o = Sin2g:

\ 4

[Tockosibky Qurypa COCTOMT M3 JBYX OJIMHAKOBBIX YacTE€W, MOXKHO BBIYUCISATH
IJIONIAb TOJIBKO OJHOM U3 HUX:

T

1% .,
S:Z-EJ.sm 2pdy

0

J- —cos4p 1-cosdo )
; 2
2

1 1
=—| @——sin2 =
(¢ 1 (”) 0

1z _z
2 2 2 4

OTBeT: f-
4

3agaua 7.
Hantu nnuny nuaun

y=+/x—x? +arcsin/x.

Ykazanue
Haiinure oOnacth omnpeneneHust 3aJaHHOW (YHKIIMH, a 3aTe€M BOCIOJIb3YHTECh
dbopmyroit

L= [J1+(f(x)) dx.

Pewenue
OOnacTh ompeneneHus 3aJaHHOM (YHKUMU SBISETCS PEIIEHUEM CHCTEMBI
HEPABEHCTB

84



x—x*>0
=0<x<1.
0<x<1

Haiinem By moapIHTErpaibHON (YHKITUU:
1-2x 1 1 2-2x

f’(X)=2\/x x2+J1—X'2\/_=2\/x e

1x flx
x(1-x)

1xx+1x

1+ f%( — ,'
X X Cx
1 1
L+ f2(x) == =x°
Jx
CraenoBaTteibHO,
11
[= I X
0
OTtBer: 2.
3amgauya 8.
Haiitn nnmvay nuHaum
2 2
xP+y®=1.
Yka3zanue

HpeﬂCTaBBTC JIMHHUIO B IMapaMCTPHUICCKOM BUC:

3
X=cCos’t,
. 3 0<t<L2r.
y=sin"t,

Pemenne
[IpencraBum JUHUIO B MApaMETPUIECKOM BUJIC:

3
X=cCos t,
{ 0<t<2rx.

y=sin’t,

Torpa
x'(t) =3cos’ t(—sint) = -3sintcos’ t,

y'(t) =3sin” tcost,

x"(t)+y"*(t)=9sin’tcos* t +9sin* tcos’ t =

=9sin’ tcos” t(cos’ t +sin”t) = 9sin’ tcos’ t,

\/x'z(t) +1y"%(t) = 3|sin t cost|.
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OOpaTuTe BHMMaHUE Ha TMOSBICHUE MOAYIS: apu(pMETHUYECKHH KOPEHb YETHOM
CTENECHU JIOJDKEH OBITh HEOTpHIATEIbHBIM, a SIN t W COS t B pa3HBIX 4YeTBEPTAX
IIPUHUMAIOT 3HAYCHUS Pa3HbIX 3HAKOB.

A

@ [N
@ I[N

Il
=

\4

Ho, mockonbky u3 (opMyibl, 3aJalolleld JUHUIO B JIEKapPTOBBIX KOOPAMHATAX,
BHUJIHO, YTO KPUBAsl CHMMETPUYHA OTHOCUTEIBHO KaXJ0W U3 KOOPAUHATHBIX OCEH,
MOXHO HaWTH JUIMHY €€ 4YaCTH, pPAacIOJIO)KEHHOW B MEPBOM KOOPAWHATHOM
YETBEPTH, IZI€ CUHYC U KOCUHYC IPUHUMAIOT HEOTPULATEIbHBIE 3HAYEHUS, 4 3aTEM
YMHOXHUTb pe3yJbTaT Ha 4:

/a T

2 2
[1=4-3 Isintcos tdt =12 Isin tdsint =6sin’*t| =6.
0 0

NN

OrtBer: 6.

3agava 9.
Haiitn 00beM Tena, 00pa3oBaHHOTO BpalllEHUEM JIMHUU

y=x" (0<x<3)
BOKpPYT ocu abcuucc.

Yka3anue
Bocnonbsyiitecs hopmyon
b
v=n I v dx.
Penienue
3 713
2187
V:ﬂjx6dx=ﬂx = 8 .
0 7 0 7
OTBeT: 2187 .

86



3agaua 10.
Brrancnuth miomnaas NoBEpXHOCTH, 00pa30BaHHOM BpallleHUEeM KpPUBOM

y=vJx-2 (4<x<8)

BOKPYT OCH abcLHcC.

Yka3zanue
[Tpumenute dhopmyiy
b
=27 [fx)\1+ f7(x)dx

Pemenue

OmnpenenuM BUJT TIOIBIHTETPATILHON (QYHKITUU:
f)= s 14221 =
2\/x-2" 4(x—2) 4(x-2)’

> 4x — 1
FONI P =2 YT iy

1° oo 2x 218
S=2ﬂ-—J(4x—7)2dx— (4x-7)?| =
23 3-4 s
_T 10527 =97
6
OtBert: ﬂ
3

1.2.4. Hecobcmeennvle unmezpansl ¢ 0eCKOHEYHbIMU NPeEde1amu
unmezpuposanun. Teopema cpasnenusn 0na uHmezpanoe om
HeompuyameabHoIX yHKyuil. A0coaomuan u ycioenas
cxooumocme. Ilpuznak aoconromnoii cxooumocmu. Hecoocmeennuwie
UHmMeZPaibl OMm HEOZPAHUYEHHBIX (PYHKUUIL, UCCTIE006AHUE UX
cxooumocmu

PacummpuM mnoHATHE ONPENEITICHHOrO HWHTErpaja Ha Cliydyaill HEOTrpPaHWYCHHOM
obnactu. Takyro 00JacTb MOXHO TMOJYYHUTh, JUOO NPHUHAB KaKOH-1MOO U3
MPEIeSIOB MHTETPUPOBAHUSI PAaBHBIM O0€CKOHEUHOCTH, TMOO paccMaTpuBas rpaduk
GyHKIIMM ¢ OECKOHEYHBIMU pa3pblBaMH (TO €CTh HEOrpaHW4YeHHOM). PaccmoTpum
OTJEJIbHO KaX/IbIil U3 YKa3aHHBIX CITy4YaeB.

HecoOcTBeHHbIE HHTErPaJIbI ¢ 0€CKOHEYHBIMH TpeieIaMHu
(HecoOcTBeHHBbIE HHTErpaJibl 1-10 poaa)

[Tycts Gpynkuus f(X) onpenenena u HenpepbiBHA MPH X > a. Toraa uHTErpa
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b

[£(x)dx

a
UMEET CMBICIT ITPH JII000M b > @ u sBJIsieTcs HenpepbIBHOW (QDyHKITMEH apryMmeHnTa b.
Ecnu cymiecTByeT KOHEUHBIN TTPEIe

lim l] f(x)dx,

b—>+w0

TO €ro Ha3bIBAIOT HECOOCTBEHHBIM MHTerpajoM 1-ro poma ot ¢ynkiuu f(x) Ha

+00

MHTEpBase [a,+00) 1 0003HAYAIOT I f(x)dx. Takum 0Opa3oMm, 1O OIIPEIEICHUIO

a

b—>+w

T f(x)dx =Tim [f(x)dx. (1)

[Ipr 3TOM TOBOPAT, YTO HECOOCTBCHHBIM HMHTETPal CYIIECTBYCT MM CXOJMTCS.
Ecnu sxe He cymiecTByeT KoHeuHOro mpesena (1), HecOOCTBEHHBIH MHTETrpall He
CYIIECTBYET WJIN PACXOIUTCS.

['eomeTprueckoii HWHTEpHpeTalMeli HECOOCTBEHHOrO WHTerpansa l-ro poja
SBJISICTCS TUIONIAb HEOIPAaHMUYCHHON 00J1aCTH, PACIONIOKEHHON MEX Ty TpaduKoM
byukun y=f(X) , npsimoii x = a u ocbio Ox (puc. 1).

A

y

y=f(x)

v

Puc. 1
3ameuanue. AHAJIOTMYHBIM O0pa30M MOXKHO OIpPEAEIUTh M HECOOCTBEHHBIE
MHTErpajbl 1-To poja ans Jpyrux 0€CKOHEUHBIX HHTEPBAJIOB:

Jf(x)dx: lim .[f(x)dx,

a—>—x0

Tf (x)dx = j f(x)dx + T f(x)dx.

B YaCTHOCTH, HOCJIGI[HI/Iﬁ HHTETpa]l CYIECTBYCT TOJIBKO B TOM Cliydac, CCJIH
CXOOATCA 00a HHTCTpaia, CTOAIIKUC B HpaBOﬁ JaCTHU paBCHCTBA.
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Yacto I0CTaTOUHO ObIBAET TOJIBKO YCTAHOBUTbH CXOAMMOCTb MIJIM PACXOAMMOCTb
HECOOCTBEHHOIO MHTEIPaja U OLIEHUTh €ro 3HaYeHHE.

Jlemma.

Ecmu f(x)>0 Ha unTepBaie [a,+), TO U CXOAUMOCTH MHTETpaa

+Tf(x dx

H€O6XOI{I/IMO Hn JOCTAaTO4YHO, I-IT06I>I MHOKCCTBO BCCX MHTCTPAJIOB
b
[f(x)dx (b>a)
a

ObLIO OrpaHUYEHO CBEPXY, TO €CTh YTOOBI CYIIECTBOBAJA TaKasl MOCTOsTHHAs C > 0,
4qT00BI VD € [a,+00) BBIMOIHAIOCH HEPABEHCTBO

[f)dx<c.

Jloka3atenbCTBO.
Paccmotpum dyHKIMIO

g(b) = [ f(x)dx

a

M TOKaXEeM, 4TO B YCIOBHSX JEMMbl OHa MOHOTOHHO BO3PAaCTaeT Ha [a,+0).
HetictButenbHo, pu a <b <b,

- ]f(x)dx = Jf(x)dx + ]‘f(x)dx >

bJ. x)dx = g(b),

TaK KaK Ipu

f(x)=0 b]f(x)dx >0

CnenoBatenbHo, ¢yHkius ¢(b) MOHOTOHHO BO3pacTaeT M OrpaHHUYECHA CBEPXY,
IIOPTOMY OHa MMEET KOHCYHBIM TMpemena MpH X —>+00, YTO IO ONPEAEICHHUIO

O3HA4YacT CYIICCTBOBAHHUC MHTCTpaAJIa

+Tf(x dx

Teopema 1 (npusznak cpasenenusn). Ilyctob

O0<¢p(x)< f(x) npu xela,+o).
Torna:
1)  ecnm uHTErpal

+00

[ F(x)dx

a
CXOOUTCs, TO CXOOAUTCA U MHTCTPA
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[ p(x)dx;
2)  eciau HHTEerpal u

[o(x)dx
PacxoauTcC:ia, TO paCXOoIUTCA U I/IHTCFp;H

[ f(x)dx.

I[OK&S&TCHLCTBO.
N3 YCJI0OBHA TCOPCMEI CICAYCT, UYTO

b b
Jo(x)dx < [f(x)dx Vbela,+).
HOBTOMy, CCJIM NHTCTPAJIbl
b
[£(x)dx

OI'PaHUYCHBI CBCPXY (HO J'IGMMG), TO CBCPXY OI'PAHUYCHBI U HHTCI'PAJIbI

b
Jo(x)dx,
a
CJIEIOBATEIBHO,
+00
[p(x)dx
a
cxonutes (1o To ke jemme). Eciu sxe uaTerpan
+00
[ p(x)dx
a

pacxoauTcs, TO, €ciikd Obl MHTErpal
+00
[ fx)dx
a
CXOJIUJICA, TO TIO paHee JIOKa3aHHOMY
+00
[ o(x)dx
a

JIOJDKEH ObLT OBl CXOAMTHCS, UYTO MPOTHUBOPEUYUT CIICTAHHOMY MPEIOI0KEHHUIO.
3Ha4YuT, B 3TOM CITy4ae

| Fayx

PacxoauTc:. TeopeMa ITOJJHOCTBIO JOKa3aHa.

CnencrBue.
IlycTh
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f(x)20,p(x)20 Ha [a,x),
p(x)#0 Vxela, ),

Y CYIECTBYET KOHEUHBIN NI OECKOHEUHBIN MpeIes

Torna
a) €CJIM MHTEerpal

cxomuresa u 0 <k <40

0) ecu UHTErpan

limM =k.
== ()

T o(x)dx

, TO CXOOUTCA U UHTCTpaJl

| Fo;

T @(x)dx

pacxoautcs U 0 < k < +00, TO HHTETpa

TOXKEC PaCXOAUTCA.

T f(x)dx

B wactHocTh, ecin K = 1, To ecth pyHKIuu f(X) 1 ¢(x) SKBUBAJCHTHBI IPH X —> o0,

TO UHTCI'paJIbI

T f(x)dx u +Tgo(x)dx

CXOJATCS ¥ pACXOIATCS OJJHOBPEMEHHO.
[Ipn mpuMeHeHUH NpHU3HAKA CPABHEHMSI YJOOHO CpPaBHUBATH MOJBIHTETPATbHYIO

byHKUHIO ¢ PyHKIUEH

ia, a>0,

X

UL KOTOpPOM  CXOAMMOCTh  WJIA  PacXxoJUMOCTh
HECOOCTBEHHOI'O0 MHTErpajia JIETKO YCTaHOBUTh HemocpencTBeHHo. Ilycts o #1,

TOrJa

[Ipna=1

+00

b 1-a | b
J‘iadx= lim |x “dx =lim X =

: X b—w : b—w 1—05 .
REE +oo(a < 1)
=lim| ————— =4 y .
bool1—-b 1-a ——(ax>1)
a-1

COOTBCTCTBYIOIICTO

91



dx hm —dx—hm In|x|| [=lim(nb-Ina)=w

b—wo x b—>w© b—w

CJ'ICI[OBaTeJ'IBHO,

+00

'[xladx

cxomuTcs npu o > 1 u pacxoaurces npu o < 1.

IIpumep.
Hccnenyem Ha cXOIUMOCTD

dx.

? 2x -7
Jx° + 27 +5x+12

2
IIpu x — o0 moAbIHTErpanbHas (yHKIMSA JKBUBAJIEHTHA —; .. Takum oOpasom, a =
X

2 > 1, ¥ JaHHBIK UHTETPA CXOAUTCA.
AOCOJIIOTHASI CXOAUMOCTH HeCOOCTBEHHBIX HHTErpaJioB 1-ro poaa
HecoOcTBeHHBIN HHTETpa

+]Of(x dx

Ha3BIBAIOT A0COJIIOTHO CXOAAIMMCH, €CJIM CXOJUTCSA MHTCTPAJI
+00
[1£(x)]dbx.
a

®ynkius f(X) HazpIBaeTcs pu 3TOM a6COJIOTHO HHTETPUPYeMoOii Ha [a,+o0).

Ilpu3znaxk adconromuoi cxooumocmu HecoOCmeeHHo20 unmezpaia (Kpumepuii
Kouwiu) — 6e3 nokazareibCcTBa.
J11st TOTO 94TOOBI

+]Of(x dx

a0COJIIOTHO CXOJMJICSA, HEOOXOAMMO M JOCTATOYHO, YTOOBI i rodoro € > 0

CYILIECTBOBAJIO TAKOE 1), UTO TIpU 1)° > 1, 1) > 1)

Uﬂ f(x)| dx|< .

Teopema 2. Ecnu uHTETpal
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+Tf(x dx

a0COJIIOTHO CXOIUTCS, TO OH CXOIUTCS U B OOBIYHOM CMBICIIE.
JlokazaTeanCTBO.
Cornacno kputeputo Komm

" n n" "
[Fydx— [ f(x)dx|= | [ F(x)dx| <] [| f(x) | dx| <.
a a 7' 7'
CJ'IGI[OB&TCJILHO, CyYIeCTBYCT KOHEYHBIN mpecaci
n
_[f(x)dx npu n-—>b,
TO €CTb paCCManI/IBaGMHﬁ HHTCIpal CXOOUTCA.

Heco0cTBeHHBbIe MHTErPAJIbI OT QYHKIMHA ¢ 0€CKOHEYHBIMU Pa3pbIBAMHU
(HecoOCTBeHHBbIE HHTErPAJIbI 2-T0 POAA)

[Tycts ¢pynkuus f(X) onpenenena u HenpepsiBHa ipu & < X < b u umeer pa3psiB
b

npu X = b. Torna I f(x)dx ompenensercs cieayromuM o0pa3om:

a

b

[F(x)dx= hmjf )dx  (2)

£—0
a

Y Ha3bIBA€TCAd HEeCOOCTBEHHBIM MHTErpajaom 2-ro poaa. Ecinu npenen, crosmui
CIpaBa, CYIIECTBYET M KOHEYEH, MHTEerpajd Ha3bIBaeTCd CXOASIIMMCH, B
MPOTUBHOM CITy4ae — PAcXOAAIIMMCH.

AHaNOrUYHBIM 00pa3oM OMNPENEAIOTCS HECOOCTBEHHbBIE MHTErPAJIbl OT (PYHKIIUH,

VMMEIOLLEN pa3phIB IIPU X = A
b
[ £(x)dx =Tim j F(x)dx,

-0
a a+e
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(=,

a b

v

Puc. 2
¥ OT QYHKIIMH, pa3pbIBHON B ToUKe ¢ (a<C< b):

[FOodx = [Foodx+ [Fyx,

€CJIM CYILIECTBYIOT 00a MHTErpaia, CTOAIINE B MPABOI YaCTH paBEHCTBA.
JInsi HEeCOOCTBEHHBIX MHTETpajioB 2-TO pojAa CHOPaBEIJUBBI T€ K€
YTBEPKIEHUS, UTO U JJIsl HECOOCTBEHHBIX MHTErpaJIOB 1-ro poxa:

Teopema 3(npusnax cpasnenus). Ilycte ynkuuu f(X) u o(x) HEnpepbIBHBI TIpH

a <x <b u umeroT pa3psiB npu X = b. [Tycts, kpome TorO,
0<¢(x)<f(x) npu xela,b).

Torna:

1)  ecnm uHTErpaN

CXOONTCs, TO CXOAUTCSA U MHTCTPA

2)  ecllu MHTerpaj
b
[o(x)ddx
a
PaCXOAUTCS, TO PACXOIUTCS M MHTETPa

[£(x)dx.

Teopema 4. Ecmu f(X) — 3nakomepeMenHast (yHKIUsS, HeIpepbiBHas Ha [a,b) u
UMeEIOIIast pa3pbiB Ipu X =D, u ecim

b

I ()l dx

a
CXOOAUTCA, TO CXOOUTCA U I/IHTeraJ'I

94



[ £(x)dx.

3ameuanue 1. OTH T€OpeMbI 10Ka3bIBAIOTCA TaK KeE, KaK TeOpeMbl 1 u 2.
3ameuanue 2. [Ipy BbINOIHEHUH YCIIOBUM TeOpeMbl 4 HECOOCTBEHHBIN UHTErpal

[£(x)dx

Ha3bIBacTCs Aa0COMIOTHO cxoasmuMmcs, a ¢yukmus f(X) — adcooTHO
HHTErpUPYEMOM.

CrnencTBue u3 TeOpeMbl 3.
Ecnun

1
X)S——— npu x—>b,
[0S e
b
Topu o < 1 I f(x)dx cxomutes, a mpu o > 1 pacxogurcs.

JlokazaTenbCTBO.

b 1 b b-¢
[——dx= [(b-x)“dx=lim [(b—x)“dx=
J(b-x)"

£—0
a a

-

1-a
(b=a) ,a<l;
l1-«a
= linol(ln(b —a)-Ilng)=w0,a=1;
1 _1—lim;_1=oo,a>l
(1-a)(b-a)" =0 (1-a)s”

Takum 00pa3om, UHTETpal

a

cxonures npu « < 1 u pacxoaures npu o > 1.

IIpumeps! pelieHus 3a1a4

3amauya 1.
Brraucnuth HECOOCTBEHHBIN HHTETPAT

»
Ide
J(x+3)*
WM YCTaHOBHUTH €r0 PACXOAUMOCTb.

Yka3zanue
Brruucnure onpeneneHHbI HHTETPal
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B
I a 4dx
5 (x+3)

Y HalauTe ero npeaen npu B — co.

Pemenne

B

[ 1 3 j . ( 1 1 ]
T = 7 dx =1lim| — >+ 5
(x+3)° (x+3) Bool 2(x+3)" (x+3)

. 1 1 1 1 1 1
=lim| ————5+—+ s |= =—.
Bo={ 2(B+3)" 18 (B+3)" 27) 18 27 54

OtBer: —.
54

3anauva 2.
Brruncnuth HECOOCTBEHHBIN UHTETpa

” 1
E——
x“+4x+13

—0

HJIN YCTAHOBHUTD €ro pacxoaAnuMOCTb.

Yka3zanue
[IpencraBpTe JaHHBIN UHTErPAI B BUJE CYMMBI ABYX HECOOCTBEHHBIX MHTETPAJIOB:

0 0 ©
x“+4x+13 x“+4x+13 x“+4x+13

—o0 —o0 0

N BBIYHCINUTC Ka)I(I[BIfl K3 HUX 110 OTACIBHOCTH.

Pemenne

0 0 )
,fz;dx: Jz;dx +J.2;d
x"+4x+13 o x"+4x+13 x"+4x+13

—» 0

/4

0 1 ‘ 1
J. 2—dx= lim 2—dx=
x“+4x+13 A= X +4x+13
2 0
A]

= lim J;Zd(x +2)= 1 lim arctgi
Aseo S (x+2)"+9 3 Ao 3
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—1lim (arct %—arct M)—1arct %+Z'
- &3 8§73 )73 T

3 A——0
" 1 1.. x+2") 7 1 2
I2—dx =—lim| arctg——| |=——-—arctg—;
o X" +4x+13 3 Bow 3 |, 6 3 3
% 1 1 2 7 1 2
jz—dx =—arctg—+—+———arctg—=—.
ox"+4x+13 3 3 6 6 3 3 3
OTBeT: 2.
3
3agaua 3.
Yka3arh, IpH KaKUX 3HAYCHUSAX K CXOIUTCS HHTETpa
C]' dx
: xIn® x’
Yka3zanue

CﬂenaﬁTe 3aMCHY t=1Inxmu OIIPCACIINTC IIOPAOOK MaJIOCTHU HOHBIHTGFpaHBHOﬁ

1 y
(GYHKIUA OTHOCHTENbHO (DYHKIIMM —, HECOOCTBEHHBIN MHTEerpan 1-ro poma ot
ta

KOTOpO# cxoauTcs npu & > 1 u pacxoaures nipu a < 1.

Pemenue
0 e¢] [e¢]
dx 1 t=lnx e ]
[———=[—dinx = [dt -
xIn"x  JIn"x t
e e 1
cxomutcst ipu K > 1.
OtBer: k> 1.
3agaua 4.
Brruncnuth HECOOCTBEHHBIN UHTETpa
1
1
I ~dx
s1—x
WJIA YCTAHOBUTH €TI0 PACXOJIUMOCTb.
Ykazanue

[ToabiHTErpanbHas QyHKIMS uMeeT OECKOHEUHBIN pa3phiB pu x = 1. PaccmoTtpute

OTIpEICIICHHBIA HHTErpall
1

I L ~dx
s 1-x
u nepeiante K npeaeny mnpu £ — 0.
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Penienue
1 1-¢ 1-¢
I 12dleim 12dx:11im ( 1 + 1 jdxz
1 1-
0 0]

s1-x £-0 X 2 &0 1+x 1-x
1-¢
1.. 1+x 1.. 2—¢ 1.. 2
=—lim| In =—lim| In =—limln|=-1|=
2 £—>0 - 0 £—>0 £ 2 £—>0 £
=lnwo=w -
WHTETPaJI PACXOIUTCSI.
OTBeT: UHTErPaJl PACXOTUTCS.
3amaua 5.
BeIauciuTh HECOOCTBEHHBIN MHTETPa
1
[
Jx(x+1)
WM YCTAaHOBUTH €TI0 PaCXOAUMOCTb.
Yka3zanue

HPGIICTaBBTe ,Z[aHHBIﬁ HHTCTpAJI B BUAC CYMMBI IBYX HHTCI'PAJIOB!:

1 1 1
dx = dx + |——dx,
OIJE(xH) Jﬁ(x+1) Jﬁ(x+1)
MEPBBI U3 KOTOPBIX SBJSETCS HECOOCTBEHHBIM HHTETPAJIOM 2-TO pojaa oT

byHKIMH ¢ OECKOHEYHbIM pPa3pbiBOM Ipu X = 0, a BTOPOl — HECOOCTBEHHBIM
MHTETPAJIOM 1-r0 poa.

Pemienue
y 1 1 . 1
dx = dx + | ——dx
OI\/_(x+1 j-\/;x+ J-\/§(3c+1)
| e dt

LS N =
6[\/;(36+ * gg-[ﬁaﬁ =50 J (17 +1)

1

>0
&

=2 hm(urctgt j =2lim arctgl—arctge = %;

I#dx 2lim {arctgt

1,\/;(x+1) B—®
[t —ax=ZiZ_n
Sx(x+1) 0 2 2

OTtBer: 7.
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2.1. Iud¢epenuuanbubie ypaBHeHus 1-ro mopsiaika

2.1.1. 3a0auu, npusooawue Kk ougghepenyuanvbHviM ypasHeHuAM.
Jugpgpepenyuanvnovie ypasnenus nepeozo nopsaoka.
H3zoknunst. 3aoaua Kowu. Teopema cywiecmeosanus u
eouncmeennHocmu 3aoauu Kowu

VYpaBHEHUs], B KOTOpbIe HEM3BECTHAsI (DYHKLHUS BXOJIUT IOJ 3HAKOM IPOU3BOJIHOM
win  guddepeHnnana, Ha3bpBalOTCA AUPPEpEHINATBHBIMU  YPaBHEHHUSIMH.
[lonoOHBIMU ypaBHEHMSMH OIHCHIBAIOTCS MHOTHE (U3UYECKUE SIBICHUSA H
IIPOLIECCHI.

IIpumepsbI.
1) ﬂ:—kx -
dt

ypaBHEHHE panoakTUBHOTO pacmana ( K — mocrosiHHAs pacmana, X — KOJHYECTBO

X
HCPA3JIOKUBIICTOCA BCIICCTBA B MOMCHT BpPCMCHHU t, CKOpPOCTh paciiaaa E

TIPOIOPLMOHANBHA KOIMYECTBY PACIIAIAIONIErocs BEIECTRa).
d’r =, - dr
2) mEr=F(r,

YPaBHCHHUC IOBHIXCHHA TOYKH MACCBHI m 1104 BJIIMAHHUCM CHIIbI F, BaBHCHHIeﬁ oT
BpPEMCHH, MOJOXKXCHUS TOYKH, OIPECACIIIEMOr0 paanyCc-BEKTOPOM I, U €€ CKOPOCTH

r
e Cuiia paBHa IPOU3BEICHUIO MACChl HA YCKOPEHHE.

O’u ou u A

ot ey

ypaBHenue IlyaccoHa, 3amaroiiee 3aBUCHMOCTh MEXKIYy MHOTMMH (HU3NIECKUMHU
BeNMWYMHAMU. Hampumep, MOXHO cyuMTaTh, uTo U(X,Y,Z) — MOTEHIMAI

3)

3JIEKTPOCTATUYCCKOTO OIS, a p(X,Y,Z) — IIIOTHOCTH 3apsi/I0B.

Mpspl OyneMm paccMaTpuBaTh YpaBHEHHs, TJ€ HEU3BECTHAs (PYHKUMS SBISETCS
dyHKUMENH oqHON nepeMeHHON. Takue ypaBHEHHs Ha3bIBAIOTCS 00bIKHOBEHHBIMU
aupdepeHIMAIBHBIMA YPABHEHUAMM.

YpaBHeHHue BUaA

F(x,u(x),u'(x),u"(x),..., u(”)(x)) =0 (1)

Ha3bIBacTCsl OOBIKHOBEHHbIM IH(¢epeHINATBHBIM ypPaBHEHHEM  1-TO
nopsiaka. [Ipy 3ToM MOpPAAKOM ypaBHEHHs HA3bIBA€TCS MaKCUMAJIbHBIN NOPSIOK
BXO/JIAIIEH B HETO MPOU3BOIHOM.

®OynkuM, KOTOpas IpU MOJICTaHOBKE B ypaBHeHUE (1) oOpalaer ero B TOKIECTBO,
Ha3bIBACTCs pelieHneM AuddepeHnnaIbHOro ypaBHEHHUS.
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Aund¢epenunaibHble ypABHEHHS MEPBOr0 MOPAAKA, pa3pelleHHbIe
OTHOCHUTEJILHO NMPOU3BOIHOMI

PaccmoTrpum ypaBHEHHE BUa

d

= floy)- @

MoxHO IIOKa3aTb, 4YTO 06[1166 PCHICHUC TAKOI'0 YpaBHCHHA 3aBHUCUT OT OJTHOM
HPOM3BOJILHON MOCTOSIHHOM. C TeoOMeTpHYECKOW TOUKHM 3peHUs ypaBHeHHE (2)
YCTaHABJIMBACT 3aBUCHUMOCTL MCXKIY KOOpJAWHATAMHM TOYKHM Ha INNIOCKOCTH H

d
yII0BBIM KO3 QUIIMEHTOM d—y KacaTelbHOM K TpaduKy pelieHus B TOM ke TOUKe.
X
CrnenoBarenibHO, ypaBHEHUE (2) ompeiesieT HEKOTOpOe MOJie HalpaBiICHUU, U
3ajlaya €ro peleHus] COCTOMT B TOM, 4YTOObI HaWTH KpHUBBIC, Ha3bIBACMbIC
HHTErpaJbHLIMH KPUBBLIMH, HAIIPaBJIEHUE KACATENbHBIX K KOTOPHIM B KaxIOu
TOYKE IUIOCKOCTH COBMAJAET C HAMPABICHUEM ITOTO TOJISL.

IIpumepsl.
1) @y _y
dx «x

B kaxmoit Touke, KpoMe Hadalla KOOPJAWHAT, YIJIOBOM KOI(PHUIIMEHT K MCKOMOM

MHTETPAJIbHON KPUBOW paBEH l, TO €CTh TAHT€HCY yIia, 00pa30BaHHOTO C OChIO
X

Ox mnpsMol, npoxoAsuied dYepe3 MAaHHYH0 TOYKY M HAdallo KOOpAHWHAT.
CrnenoBaTeNbHO, MHTETPAIbHBIMU KPUBBIMU B JAHHOM clly4ae OyAyT MpsMble BUIA

y = cx (puc.l).

ty

v

Puc. 1
d X
2) W__X
dx y
B sToM ciydae kacarenbHas B KaKAOH TOYKE IUIOCKOCTH IEPIIEHIMKYIISPHA
HAIIPABJICHUIO NPSMOH, MPOXOJAIIEHl Yepe3 3Ty TOUKY M Hayalo KOOPIMHAT, TaK
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KaK yIJaoBble KOI(PPHUIMEHTbI OSTUX NPSAMBIX YIOBJIETBOPSIOT  YCIOBHUIO
OPTOrOHAJILHOCTH:

X
xy_
y X
[ToaTOMY HampaBlIeHHE KAacaTeIbHON B JAHHOM TOYKE COBMAJAET C HANPABICHUEM
KacaTeJIbHOM K OKPYKHOCTH C IIEHTPOM B Hauaje KOOpPAUHAT, HA KOTOPOU JIEKUT

BbIOpaHHas TOYKa. Takue OKPYXHOCTU U SIBISIIOTCSI MHTETPAJbHBIMUA KPUBBIMH
JAHHOT'O YpaBHEHHUs (puc. 2).

Puc. 2
YacTto 11 IOCTPOSHUSI WHTETPAbHBIX KPHUBBIX YAOOHO TPEIBAPUTEIHHO HAWTH
rCOMETPUYECKOE MECTO TOYEK, B KOTOPBIX KacaTelbHbIE K HCKOMBIM
WHTETPAJIbHBIM KPUBBIM COXPAHSIOT TOCTOSHHOE HalpaBlieHue. Takue JMHUA
Ha3bIBAIOTCS H30KJIHHAMM.

Mpumep.
N30xi1HBI ypaBHEHUS

d
ay _ /xz N ]/2
dx

3a/1al0TCSl YPAaBHEHUSIMU

W:k u x> +yt=k?,

d
TaK KaK Ha KaXXJIOW M30KJIMHE MPOU3BOIHAS d—y JIOJDKHA COXPAHATH MOCTOSIHHOE
X
3HaueHue. [lomydyeHHbIE ypaBHEHMS 3aJal0T CEMEUCTBO KOHILIEHTPUYECKUX
OKPYXXKHOCTEHl C IIEHTpOM B Hadajle KOOpJWHAT, a YIJIOBON KOA(h UIIMEHT
KacaTeJIbHOU K MHTETPAIIbHOM KPUBOW PABEH PAAUYCY MPOXOAAIIEH Yepe3 NJaHHYIO

TOYKY OKPY>KHOCTH.
3agauva Ko /151 ypaBHeHHUs IEPBOr0 MOPSIAKA

Kak yxe ObUlO cKa3aHO, OOIIMM peIIeHHEM YypaBHEHUs (2) SBIAETCS BCe
MHOKECTBO (PyHKIMI, OOpamarommx MpH IOJACTAHOBKE pPaccMaTpHUBAEMOE
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ypaBHeHHE B TOX1ecTBO. IlycTh Temeph TpeOyeTcss HAWTHU pEIIeHHE ATOTrO
YPaBHEHUS, YIOBJIETBOPSIOLIEE YCIOBUIO

Y(Xo) = Yo, 3)
Ha3bIBACMOMY HAYaJIbHBIM YycJioBHeM. Ecim oOimee pemieHue ypaBHeHUs (2)
3anaercsa popmynon

y=9(x,C), (4
TO 3Ha4YeHUE MOCTOSAHHOW C, COOTBETCTBYIOIEEC MOCTAaBJICHHOMY HayajlbHOMY
YCIIOBHIO, MOYKHO OIIPEJICIIUTh, TIOJICTABUB B PABEHCTBO (4) X =Xo Uy = ).
3amaua BeIOOpa w3 oOmero pemenus (4) ypaBHeHusi (2) pemieHws,
YAOBJIETBOPSIONIETO HayaldbHOMY YcloBUIO (3), Ha3biBaeTcsa 3amadeid Komu, a
BBIOpAHHOE PEIICHUE HA3bIBACTCS YACTHBIM pellieHueM YpaBHEHHS (2).
3ameuanue. Ecnu BoclipuHUMAaTh MHOXXECTBO BCEX PEIICHUN ypaBHEHHUS (2) Kak
MHOECTBO UHTETPAJIbHBIX KPUBBIX Ha MJIOCKOCTH, TO CTABUTCS 3aJlaya MOUCKa TOU
U3 HUX, KOTOpas MPOXOJIUT Yepe3 TOUKY C KOOpaAuHaTamHu (Xxo , Vo). BeiscHuM, mipu
KAKHX YCIIOBUSIX TaKasi KpUBAsI CYIIECTBYET U SIBIISIETCS] € AMHCTBEHHOM.

Teopema cymecTBoOBaHUS U eAMHCTBEHHOCTH 3a1a4u Komn
PaccmoTtpum IpEIBaAPUTEIHLHO METO]1 IPUOJINKEHHOTO pelieHust
muddepeHunanbHbIX  ypaBHEHUH, O0OOCHOBaHHWE KOTOpOro OyAeT JaHo B
IIPUBEICHHON HUXKE TEOPEME.

Memoo Diinepa
Meron Diinepa 3akiroyaeTcss B TOM, 4YTO MCKOMAasi HWHTErpajbHas KpUBas

ypaBHeHUs (2), TpOXodIas 4epe3 TOUKy (Xo , Vo ), 3aMEHSETCS IOMAHOM, KaXK0€e
3BEHO KOTOPOM KacaeTCs MHTETPAIbHOM KPUBOW B OJIHOW M3 CBOMX TI'PAaHUYHBIX

TOoYeK (puc. 3).

A

y

Jo

v

X0 X1 b

Puc. 3
[Tycth TpeOyeTcss HAWTH MPUOIHMKEHHOE 3HAUEHHUE HCKOMOI'O PEIlleHus mpu X = b.
Pasnenum oTpe3ok [Xg ,0] Ha 7 paBHBIX YacTel (mmojaraem, 4ro b > Xg) U Ha30BEM
IIIarOM BBIYKCACHHS N UIMHY OTpe3ka [Xi.1 , Xi | . 3aMeHUM Ha OTpe3Ke [Xg , Xi]
UHTETPAJIbHYI0 KPUBYIO OTPE3KOM €€ KacaTelbHOM B TOuke (Xxg , )o). OpauHaTa
3TOro OTpe3Ka MpHu X = x; paBHA Y1 = Yo + hyo', rae yo ' = f(Xo ,Yo). Tak e Haiigem
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Yo=Yy, thyy, ede yi=f x.,y, ;
Ys=Y,+hy,, ele y,=f x,,y, ;

Yo =Yur thy,y, 20 Yy, =f %Y, .
MO>KHO TIPEANONI0KUTh, 9YTO TIpU /1 —> 0 MOCTPOCHHBIE TAKMM 00pa3oM JIOMAaHbIe
Jilsiepa npubMKaOTCS K rpaduKy HCKOMOW KpuBOH. JlokazaTenbCTBO 3TOrO
yTBEPKJICHUS OyIeT JaHO B CIIEAYIONICH Teopeme:

Teopema 1 (meopema cywiecmeosanua u eouncmeennocmu peuienusn). Eciu B
ypaBHEHUH

Yo fxy)
X
¢yukuus f(X,y) HenmpepsiBHA B IpsiMoyTosibHUKE D!
Xo—asx<xy+a, Y,—-bsy<y,+b (5

u ynosietBopsieT B D ycsoBuio Jlunmuna:

| foy) = foy) SNy =y, 1, (6)
rie N — mocTosiHHAS, TO CYIIECTBYET €IMHCTBEHHOE PEIICHHE

y=vy(x), x,—-H<x<x,+H,

ypaBHeHUs (2), yAOBIETBOPsItolEe YCI0BUIO (3) , T1ie

H< min(a,%,%), M =max f(x,y) 6 D.

3ameuanue 1. Henb3s yTBepkIaTh, 4TO MCKOMOE pElIeHHE OyIeT CyUIECTBOBAThH
npu  x€[x,—a,x,+a], Tak Kak HHTETpaJbHas KpHUBas MOXET BBIUTH U3

IpsIMOYTOJIbHUKA (5), ¥ TOTJ]a PEIIeHne MOXKET ObITh HE ONPEACIICHO.
3ameuanne 2. YcnoBue Jlummmma (6) MOXHO 3aMEHHTHh O0Jiee CHIBHBIM
TpeOOBaHUEM

|fy’(x,y) KN 6 D.
Torpa mo reopeme Jlarpanxka
| fm) = fuy)E fi (0D vy =y, 2e yy<E<y,.
Takum o6pazom,
£eD u |fi(xEI<N.
IToaTomy

| f(xy) = f(o ) SNy, -y, |-

JlokazarenbCcTBO TeOpeMsbI 1.
3ameHuM ypaBHeHue (2) ¢ HayalbHBIM ycloBUeM (3) DKBUBAJICHTHBIM
WHTETPAIBHBIM YpaBHECHHEM

y=yo+ [foy)ir. ()
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Jlerko mpoBepuTh, YTO (YHKIHS, oOpamaronias B TOXJIECTBO ypaBHEeHHE (2),
Oyzer penrenreM U ypaBHeHus (7).

[TocTtpoum JiomManyro Dijepa y = y,(X), HCXOMSILYIO U3 TOYKHU (X ,Vo) C IIArOM

H
h =— Ha otpe3ke [Xo , Xo + H] (aHAOrMYHO MOYKHO JTOKa3aTh CYIIECTBOBAaHUE
n

n

petenus Ha [Xo — H, Xo]). Takast 1oMaHas He MOXKET BBINTH 3a npenensl D, Tak kak
yIaoBble KOA(DPUIIMEHTHl KaXJ0ro €€ 3BeHa M0 MOAYJIo MeHbiie M. Tenepb
JIOKaXEM TIOCIIEIOBATEIBLHO TPU YTBEPKIACHHUS:
1)  IlocmenoBaTeabHOCTh Y = V,(X) pPABHOMEPHO CXOIUTCS.
2)  OyHKIUsA

y(x)=limy,(x)

Nn—>0

SIBIISICTCS PEIICHUEM MHTETPAIbHOTO ypaBHEeHU (7).
3)  Pemenue y(x) ypaBHeHus (7) €IMHCTBEHHO.

JHoxazarensctBo 1). [1o onpeaenenuto toManoi Dinepa
2 (x) = <x<x,,k=0,1 1
V()= f(x, ) npu x <x<x.,,k=01,..,n-1,

501041

Yu(x)= f(0,y,(0)) +(f (X y) = f(xy,(x)). (8)
FCaoy) = f0 (%)) =1,(x),

TOT/Ia B CHITy paBHOMEpHO# HenpepbiBHOCTH f(X) B D

|7,(¥) H f(xe, y) — f(x () <e, (9)

npu n>N(g,), Tae €, — 0 npu n—> o, Tak KaK
|x_xk |S hn’ a |yk_yn(x) |<Mhn’

O003HaYUM

u hn:E—>0 npu  n—> oo,
n

Wnterpupyst (8) mo x B mpexpenax OT Xg JO X M Y4uTbiBas, 4to Y, (X,)=1Y,,
MOJIYYHM:

¥, () =yo+ [f(ty,(B)dt+ [n,(Ddt. (10)
Tak xak n — 11000€ 11eJI0€ MOJIOKUTENHLHOE YHUCII0, TO JUISA Jroooro m > 0
Yoo =Yo + [ F& Yt + [, (D)L,

OTKyJa

| Yo (%) = ¥, (%) [=

X

R )= g, (00 + [, (00— (81| <

< LA YO = £y, () e+ [17,0 ()] de+ [, 08)
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Torna u3 (9) u ycnosus Jlunuuna cieayerT, 4To

0= 1N [y, (-9, (O |t + (5., + 8,)H.

CraenoBaTteibHO,
Jmax [y,.,(x) -y, (0
swnmxﬂmma> (D) dt+(s,,, +5)H,
OTKyJia
. te)H
max [y,.,,(x)-y,(x)]< Cren oM

xo<x<xg+H 1-NH
Ve>0 npu n>N,(s),
TO €CTh MOCIIEA0BATEILHOCTD HENPEPBIBHBIX (PYHKINHN V,(X) pABHOMEPHO CXOIUTCS
npu x, <x<x,+H x HenpepbBHOI (yHKIUU ];(x) Urak, ytBepxaenue 1)
JTIOKa3aHo.
JoxazarensctBo 2). [lepeitnem B (10) K Mpesiey Ipu 1 —> o0

limy, (x)=y(x) =1, +11m J.f t,y,(t))dt +1lim In )dt.

n—0 n—0

B cuiy paBHOMEpHOU CXOAUMOCTH y,,(x) K y(x) Y PaBHOMEPHOM HENPEPBIBHOCTU

f(x,y) B D mocnenoBarensHocTh f(X,Yn(X)) paBHOMepHO cxomutcs k f(X, ]_/(x))
JlencTBUTENBHO,
| fCy() = fx v, (W) <e npu |y(x) -y, (x)[< (e),
YTO BBIIMOJIHICTCS [IPH
n>N,(d(g)) Vxe[x,,x,+H].
CrnemoBareibHO, BO3MOXKEH TMEPEX0J K TMpeaeidy TMOJ 3HAKOM HMHTerpaia.
Y4uuTeIBas, 4TO
|n.(e)le,, e0e &, —0 npu n—owo,
noay4yum u3 (11):

7(x) %+If% (x))dx,

TO €CTh ]_/(x) YAOBJIETBOPSET ypaBHeHUIO (7). YTBepkIeHHE 2) JOKa3aHO.
JoxazarensctBo 3). [Ipeamnonoxum, 4To CyHIECTBYIOT ABa PAa3IMYHBIX PEIICHUS
ypaBueHwust (7): y1(x) u y»(x), TO ecTh

max |y, (x)—y,(x)| 0.

xXg<x<xy+H
Tor,ua, HoACTAaBJIAA OTHU q)YHKHI/II/I B (7) H BbIUMUTAsA IMOJTYUYCHHBIC PaBCHCTBA APYT U3
Apyra, nmoJIy4uMm:
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X

V()= ya() = [(F(01,(0) = f(x, y2(x)dx,

X0

OTKyJa

xOggngyl )=y, (x)| =

= ImnaxX

xXg<x<xy+H

<

[ a0 - Fx ()i

< max

xXo<x<xg+H

10320 - £,y ]

[IprMeHNM K 3TOMY HEPABEHCTBY yCIJIOBHE Jlnmmmia:

Jmax [y, (x) -y, (x)[<

<N max

Xo<x<xo+H

<

j|y1 x) |dx

<N max |y, (x)-y,(x

Xo<x<xo+H

-+ maxX

x0<x<xO+H

J.dx

=NH max |y,(x)-y,(x)].

Xp<x<xy+H

Ecau

max ‘]/1 y2(x)‘ #0

xo<x<xo+H

TO IMOJYUYCHHOC PaBCHCTBO!

Jmax [y,(0)=y,(x) [SNH max |y,(x) = y,(%)]

xo<x<xg+H
1
MIPOTUBOPEYMBO, TAK KaK IO yCJIOBHIO TeopeMbl H < —. CrnenoBaTeiabHO
max )| =0, mo ecmov =1,.
Jmax [y, ()= y,(x)] =0, V2=
IIpumepsbl pemieHus 3a1a4

3agaua 1.
Haiitu obiiee pemenne ypaBHEeHUs

"

y"=x.

Yka3zanue

Haitnute )"

y'= Jy"’dx +C, um.o.
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Pemenune
2

y'= Iy”’dx = jxdx = % +C;

3

2
y' = J.y”dx = j£%+ C, ]dx = % +Cx+C,;

, x° x* C, .,
y:J‘ydx:_“(z+Clx+C2jdx:£+?x +Cx+C, =
xt o~

4
OtgeT: | = ;—4 +C,x* +Cx +C,.

3agaua 2.
Pemuth 3anauy Komu:
1
= , 0)=2.
¥y =77 ¥(0)
Yka3anue

HaiinuTe oOuiee pemieHne ypaBHEHHUS:
y= I y'dx+C,
a 3ateM omnpenenute C u3 yciosus y(0) = 2.

Pemenne
OO6iee pereHre ypaBHEHUS:

1
= dx =arctgx +C;
y=l== g

2=arctg0+C=>C=2=>vy,,.,, =arctgx+2.
OtBer: y =arctgx + 2.

3agauya 3.
Haiinure MHTErpabHYIO KPUBYIO YPAaBHEHUS
yy'=x+5,
IpoXOoasIIyio yepe3 Touky (1;-5).
Yka3zanue

!

Yy

2
3anuimmuTe JICBYIO 4aCTb YPAaBHCHUS B BUAC (?) .
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Pemenune

2 2 2
¥y =x+5, y—:jx+5dx:x—+5x+C,
2 2

y=+4x> +10x+2C; —5=—/x>+10x+2C;
2C+11=25, C=7, y=-Vx*+10x+14.
OtBer: Y = —\/x2 +10x+14.

3agaua 4.
N3oximHaMK1 ypaBHEHUS

y'=1+xy
SABJISIFOTCS

Yka3anue

YpaBHeHue n30kiInH umeet Bua: 1 +xy = C.

Pemenune
VYpaBHEHHE U30KIMH UMEET BU/L:

-1
X

l+xy=C=>xy=C-1, y:C

rUNepOOIbI.
OtBert: runepOoIbL.

2.1.2. Memoowt pewienus npocmentuiux ougghepeHyuaibHvlx
YPAasHeHUll nepeo2o nopAoKa (¢ pazdenaruumMucs nepemeHHbvimMu,
O0OHOPOOHBIX, TUHEHUHBIX U CEOOAUUXCA K HUM)

1. Vpasnenus c pasoenarowumucsa nepemeHHbiMU
Juddepennmansubie ypaBHEHUS BHIA
Ly)dy = fi(x)dx (1)
Ha3bIBAIOTCS YPABHEHUSIMH ¢ Pa3esiOIUMUCH nepeMeHHbIMH. Torma joboe
petenue y(x) 3Toro ypaBHeHus: OyIeT YAOBJICTBOPSITh U YPABHEHUIO

[A@)dy = [fi(x)dx+c, (2)

rIe ¢ — TMPOW3BOJIbHAS TMOCTOsSHHAsA. Ecin ymaercs HaWTH IepBOOOpa3HBIC
byukuuii f1(X) u fo(y), BeIpakeHHBIC B 3JIEeMEHTAPHBIX (QYHKIHAX, TO U3 (2) MOKHO
TIOJIYYMTh KOHEYHOE YPAaBHCHHE

o(x,y)=C,  (3)
KOTOpOe onpeenseT pemenue y(x) ypaBaeHus (1) kak HEesIBHYIO (QYHKIIHIO X.
VpaBHenue Buja (3) HasbIBaeTCs HMHTerpajoM ypaBHeHus (1), a eciau OHO
omnpenenser Bce pemeHus (1) — 06ImumM HHTerpajioM 3TOro ypaBHEHHUSI.
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IIpumep 1.

Jy© +1dx = xydy.

[TpuBenem ypaBHenue K Buay (1):
ydy = @, omxkyoa j

ydy J-dx
Jyi+1loox

\/y +1
[Ipounrterpupyem o0e 4aCTH paBeHCTBA:

Jy +1=In|x|+C.

[lonyyeHHOE ypaBHEHHE MOXKHO CUMTATh OONIMM HHTETPAIOM WU pEHICHUEM
HCXOJTHOTO YPABHEHHSI.

Ecnu tpebyercst HailTu 4yacTHoe pelneHue ypaBHeHus (1), yJoBieTBOpsIOIIee
yCI0BHIO V(Xo)=Vo , TOCTATOYHO TMOJCTABUTh 3HAYCHUS Xo U Vo B ypaBHeHuUE (3) u
HaiT 3HayeHrue C, COOTBETCTBYIOIIEE HAYAIIbBHOMY YCIOBHIO.

Ipumep 2.

Haiitu pemenue ypaBaenus Yy'ctg X +y = 2, ynosnerBopsitorniee yciaosuo y(0) =
-1,

Paznenum nepeMeHHBIE:

J- dy J-sin xdx N

COSs X

Z—y_
-In|2-y|=-In|cosx|-In|c]|,

7

2—-y=ccosx.

IToxcraBuB B 3TO paBeHCTBO X = 0 U y = -1, moayuum, uto ¢ = 3. CiaenoBaTenbHoO,
HMCKOMOE YaCTHOE pellieHne uMeeT BuI: Y = 2 — 3CO0S X.

2. VpasHnenus, npusooumvie K ypagHeHUAM ¢ pazoesiiouumMucs nepemMeHHbIMu
Ecnu Tpebyercs peluuTh ypaBHEHHE BUAA

Yo faxby, @)

rae a u b — moctosiHHBIC YKCia, TO C MOMOIIBIO 3aMEHBI IEpEeMEHHON Z = ax+hy
OHO CBOJIUTCS K YPABHEHHIO C Pa3ICISIONIMMHUCS TEPEMCHHBIMHU:

%:a-{-bd—y, @=a+bf(z), _ 4z =dx.
dx dx dx a+bf(z)

Ipumep 3.

y'=4x+2y-1.

3amena: z = 4x + 2y — 1, Torma

d
-[4+ZZ\/_ Idx+c

Brrancnnm uHTErpal B 1€BOM YaCTH PABEHCTBA: 3aMEHA
u=+z,z=u*, dz=2udu
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IMPUBOJAUT K

IZudu :I(l— 4 )du=u—21n|4+2u|:
4+2u 4+2u

=z -2In(4+2vz) = Jdx +2y—1-2In(4 +2./4x +2y —1.

[IpouHTErpUpOBAB TEMEPH MPABYIO YaCTh PABEHCTBA, MOJYYUM OO HHTErpal:

JAx+2y-1-2In(4+2/4x+2y-1=x+c.

3.00H0poOHble ypasHeHUs]

K ypaBHEHMSM ¢ pa3aensrOmMMUCA IEPEMEHHBIMM NPUBOMATCA M Tak
Ha3bIBacMbIC OAHOPOAHBIE U depeHHATbHbIC YPABHCHHUS NIEPBOIr0 MOPSAKA,

HMCIOIIMEC BUA:

O

Yy

JIeiCTBUTENBHO, 3aMEHa { == WM Y = X{ IpUBOJIUT K
X

dy dt dt
ToxZgt, x—+t=f(t),
dx xdx+ xdx+ f(t)

LU
f=t x" Cf(t)-t

Eme ool popmMoii 0JHOPOTHOTO YpaBHEHHUS SIBJISIETCS YpaBHEHUE
M(x,y)dx+N(x,y)dy =0, (6)

ecmm M(x,y) u N(Xy) — oxgHOpoaHble (GYHKIMH OIMHAKOBOM

oaHOpOoAHOCTH. [Ipn 3TOM
ay__ Mxy) :f[yj

dt
=In|x|+Inc, x=ce /",

X

dx N(x,vy)

Ipumep 4.
y2 + X2y’ = xyy'. [Ipeobpazyem ypaBHenue K Buay (5):

)
» 4y Y dy _\X

(xy—x*)=vy?, —L=——17r, ~—
y(y=x)=y dx xy-x*" dx Y _4
X
ITocne 3amensl Yy = Xt monyuum:
dt t? dt t  (t-Ddt dx
X—+t= , X—= , =—,
dx t-1 dx t-1 t X
J'(l—%dt): . t—In|t|=In|x|+In|C|,
X

y
Cxt=e¢', Cy=e-~.
B 01HOpOIHBIE MOKHO TIPE0Opa30BaTh M YPABHEHHS BHIA

CTCIICHU
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dy f(a1x+b1y+c1 ] 7)

dx a,x+b,y+c,

C MOMOIIBIO 3aMeHbl X =X — X1, Y =Y — VY1, [O€ X1, Y1 — PCIICHUE CUCTEMBI
YPaBHECHUI

a1X+b1y+Cl=O, agx+b2y+02=0.
(C reomeTpruecKoil TOYKH 3pCHHS MPOM3BOIUTCS MEPEHOC Hadajla KOOPJAHMHAT B
TOUYKY IEpPEeCeUCHHs MPAMBIX aiX + by + ¢; = 0 m aXx + byy + ¢, = 0). Torxa,

dy dY
MOCKOJIBKY i , B HOBBIX TICPEMEHHbBIX YPABHEHUE TPUMET BUI:
X
b, Y
ay fL@X+byJ w Yo x»_¢(z) _
a,X +b,Y dX 0, +b, Y X
OJTHOPOJIHOE YpaBHEHHE.
Ipumep 5.
(v + 2) dx = (2x + y — 4)dy. 3anuiiemM ypaBHEHUE B BUJIC
dy — y+2
dx 2x+y-4

Pemennem cucremsr y +2 =0, 2x + y — 4 = 0 OyayT x; = 3, )1 = -2. B HOBBIX
nepeMeHHbIX X =x — 3, Y =Y + 2 1oJly4rM OJTHOPOJHOE YpaBHEHUE

ay Y
dX 2X+Y’
KOTOPOE MOKHO PEIIUTh C TTIOMOIILI0 00bIUHOM 3aMenbl Y = Xt. Torna
dt t dt  t+t
+t= , —X—= ,
aX 2+t X t+2
(t+2)dt __dX I(_Lﬁ)dt:_ ax . .
t(t+1) X t+1 ¢t X
2
In =—In|X|+In|C],

U 1iociie 00paTHOM 3aMEeHbI OOIINI MHTETpall BBITISIAUT TaK:
(y+2)* =C(x+y-1).

3ameTnm, B 3TO obmiee pemenrue Bxoaut npu C=0 u yactHoe pemenue y = 1 — x,
KOTOPOE MOTJIO OBITh TIOTEPSHO MPHU JeICHUH Ha ) + x —1.

4. Jlunetinvie ypagneHus
JIuHeiHbIM AU} PepeHIHaNBHBIM YPABHEHHEM NEPBOI0 MOPSAKA HA3BIBACTCS
YpaBHEHHE BUJA
d
“ep(y= (), (©)
JUHEHHOE OTHOCHUTEIBHO HEM3BECTHOW (yHKIMH y(x) M ee mpous3BogHOU. [Ipu
3TOM OyJaeM mpemnoararh, uro p(x) u f(X) HernmpepbIBHEL.
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B cmyuae, xorga f(x) = 0, ypaBHeHue (8) Ha3pIBaeTCs OTHOPOAHBIM. Takoe
ypaBHEHUE SIBISICTCS] YPAaBHECHHUEM C PA3ICIISIONIMMUCS MIEPEMEHHBIMU:

Z—y +p(x)y =0, omxyoa & _ —p(x)dx,
x Yy

In|y|=- jp(x)dx +Inc,
©)

IIpu genennn Ha y MO0 OBITh NOTEPAHO pelieHue y = 0, HO OHO BXOJUT B o01iee
pemenue pu C = 0.

JUtst pelieHusT HEOJAHOPOJIHOIO YypaBHEHHA (8) NpUMEHHMM MeTOA BapHalUH
nocrosinHoi. [Ipennonoxum, 4ro obiee pernieHre ypaBHenus (8) umeer Gopmy
(9), B koTOpOIT C — HE MOCTOSIHHAS, @ HEU3BECTHAS (PYHKIIHMS apryMEHTa X'

y=C(x)e s
Torna

A _4C T Clop(age
dx dx

[loacTaBuB 3TH BbIpaKE€HUA B ypaBHEHUE (8), TOIy4YHM:
dC 87 Jp(x)dx
dx

- Jp(x)dx

—Cpe MO s pce MO = fx),
OTKyJa

dc _

dx

y=ce Jpirax +e Jpirax I f(x)e Jp(x)dxdx. (10)

3ameuanne. [lpm pemieHWM KOHKPETHBIX 3alad yAoOHEe HE WCIOJb30BaTh B
rotoBoM Bujae dopmyrny (10), a mpoBoaWTh BCE yKa3aHHBbIE MPeoOpa3OBaHUS
MIOCJIEIOBATENBHO.

ITpumep 6.

Haiinem oOmiee pemienne ypaBuenust y' = 2 x (x2 +y). [IpeacraBum ypaBHEHHE B
BUJIC:

y'- 2Xy = 2X? u penM COOTBETCTBYIOIIEE OJHOPOAHOE ypaBHeHHE: Y’ - 2Xy = 0.

d_yzzxy, ﬂzzxdx, jd—y:I2xdx+C1,
dx y y

f(x)e Ip(x)dx,C(x) = _[f(x)e Ip(x)dxalx +c,

2 2
In|yl=x"In|C|,y=Ce".
HpI/IMeHI/IM MCTOJ BapHallWH IIOCTOAHHBIX: IIYCTb PCIICHHUEC HCOAHOPOAHOIO
YPaBHCHUA UMCCT BU:

y= C(x)exz, moeoa Z—y =Ce* + C(x)e’“2 -2x.
x

HOI[CTaBI/IM IIOJIYUYCHHBIC BbBIPAKCHUA B ABHCHUC:
y P yp
2 2 2
C'e” +C(x)e* -2x —2xC(x)e" =2x°.
CnemgoBaTenbHO,
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2

C'=2x%",
C(x)= I2x3e"‘2dx = Ixze‘xzdxz -
= jte*dt:—te%r je*fdt:

2 2

=—te'—e'+c=—x%" - +c.
IIpu 5TOM 06l1Iee peleHne HCXOIHOTO ypaBHEHH s
2 2 2 2
y=(-x"e™ —e +c)e" =ce” —x*-1.

K nuHeHbIM ypaBHEHHUSIM MOXKHO CBECTH C IMOMOIIBIO 3aMEHBI HEKOTOPBIE IPYyTUe

nuddepeHnranbHble ypaBHEHUs, HAIpUMED, ypaBHeHue bepHyJiu:

W py = f@y' n1 ()

Pasgenus Ha )", MOIyduM:

y" Y, p(x)y'™" = f(x),

dx
a 3aMeHa
. dz . dy
z=y", —=1-ny"—=
y"', o o=A=my T
TNPUBOAUT K JTMHEHHOMY YPaBHEHHIO OTHOCUTEINBHO Z:
1 dz
——+p(x)z = f(x).
— (2= ()
IMpumep 7.
y' =y*cosx+ytgx, y' —ytgx=1y"cosx,
%d—y—%tgx = COS X.
y dx y
Cnenaem 3aMeHy:
1 dz 3 dy
Z=—, —=——p—>

vy odx  ytdx
OTHOCHTENBHO Z YPaBHCHHC CTAJIO JIMHEUHBIM:

1
_52,_ ztgx = cos x.

PemuMm ogHOpOAHOE ypaBHEHUE:

dz dz —-3sinxdx
—=—ztgx, —=————, In|z|]=3In|cosx|+InC,,
3dx z COS X
z=Ccos’ x.
[TpuMeHUM MeTO/1 BapHalliK TOCTOSIHHBIX
dz

z=C(x)cos’ x, o= C'cos’ x—3C(x)cos” xsin x.
X

[ToncTaBum 3T pe3ynbTaThl B HEOAHOPOAHOE YPABHEHUE:
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1 :
—gC’cos3 x + C(x)cos” xsin x — C(x) cos’ xtgx = cos x,

C'=- 32 , Clx)=- 3d2x =—3tgx +c.
cos” x cos” x

OKOHYATENLHO TIOJTYdaeM:

Y =(-3tgx+c)cos’ x =ccos’ x —3sinxcos’ x.
JIOTIOJIHUM 3TO 00IIee pelieHre YacTHBIM pemeHueM y = (, MOTEPSHHBIM IPH
nenennn Ha 1.

IIpumepsl pemieHus 3axa4

3amaua 1.
Haiitu oO1iee pelieHne ypaBHEHUs
r_ ,4x 5
y=e -y.
Yka3zanue
Paznenute nepeMeHHbIC U IPUBEAUTE YPABHEHUE K BUIY
d
—Z = e*dx.
Y
Penienue

Pa3znenum nepemeHHbIE:

4
d_}g =e*dx, jd—z = Ie‘“‘dx, J - 1e4" — E,
y y -4 4 4

e +y*t=C.
Otser: ¢ +y* =C.

3agaua 2.
Pemuts 3anauy Komm:

(2x+2y-1dx+(x+y—-2)dy =0, y(-1)=2.

Yka3zanue

Cnenaiite 3aMeHy:
t=x+y.

Pemenne
OOpaTuM BHUMaHHE Ha TO, YTO KOA(PPUIIMEHTHI IPU X U Y B BRIPAKECHUSIX 2X + 2) —
1 u x + y— 2 nponopunoHayibHbl. [103TOMYy MOXHO BBECTH HOBYIO HEH3BECTHYIO
(GYHKIUIO, OTHOCUTENFHO KOTOPOW MCXOJHOE YpaBHEHHE CTaHET YpPaBHEHHEM C
pazaensomuMucs nepeMennbivu: t = X + Y. Toraa
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dy =d(t —x)=dt —dx,
¥ ypaBHEHHUE MPUMET BUL;
(2t —T)dix + (f = 2)(dt — dx) =0,
(=2)dt = —(t +1)dx,
(=2t _ g, j(1——3 jdt —— [ax,
t+1 t+1
t-3In|t+1]=—x-In|C|, (t+1)’=Ce™,
(x+y+1)° =Ce".
HalizeM 4acTHOE pelIeHNE, yAOBIETBOPSIOIIEE 3a/[aHHBIM HAYAIbHBIM YCIOBUSIM:
y(-1)=2=(-1+2+1)’ =Ce*?,
8=Ce’, C=8, (x+y+1)° =8
MCKOMOE YaCTHOE PEIIECHHE.,
OtBer: (x+y+1)° =8¢,

3anauva 3.
Haiitu oO1iee penieHne ypaBHEHUs
2 2
X"+
) 2}/
X X
Yka3zanue
Crenaiite 3aMeHy
=2
X
Pemenue

CremaeM CTaHIAPTHYKO 3aMEHy, NPHUMEHSEMYKO IPU PELIEHUU OJHOPOIHBIX
YPaBHEHUM:

t==, y=tx, Yy =tx+t

RI=

Tornma ypaBHeHHE IPUMET BUI:

tx+t=t+2(1+1t%), ar__ 2dx

1+£2 «x

Jldttz = J2dx’ arctgt =2In|x|+In|C|,
+ X

arctgL =In(Cx?), y=xtg In(Cx?) .
x
Otget: y =xtg In(Cx?) .
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3agaua 4.
Pemmts 3anauy Korm:

(12x+ 5y —9)dx +(5x + 2y - 3)dy =0,
y(0)=3.

Yka3zanue
CnenaiiTe 3aMeHy:

X=X—Xo, Y=Y—Yo,
e (xo, Yo) — PEIICHUE CHCTEMBI

12x+5y-9=0,
5x+2y-3=0.

Pemenue
Pemum cucremy

12x+5y-9=0
{ Sx+2y-3=0 0= Y=
u HepefmeM K HOBBIM IICPCMCHHBIM
x=x+3, y=y-9.
[Ipu sTOoM
dx =dx, dy=dy,
N YPAaBHCHUC CTAHOBUTCS OAHOPOAHBIM:

(12x +5y)dx +(5x +2y)dy =0,

y
dj __1%+55__ % 7
dx  5%+2y  5..¥ X’
X
_ 12+5¢ . 282 +10t+12
tx+t=- , tx=-— ,
5+ 2t 5+2¢
_.‘-(5+2t)dt _2Id_37 3 J‘d(t2+5t+6) _zjd_J_C
2 +5t+6 x 2 +5t+6 x

~In|t?*+5t+6|=2In|X|-In|C]|,
_2 —
x*(t* +5t+6)=C, fz(y +5¥+6J:C,

x> X

> +5xy +6%° =C,
(y—9)* +5(x+3)(y - 9)+6(x+3)* =C,
6x* +5xy +y> —9x -3y =C.
Haiinem wactHoe pelieHue:
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y(0)=3, 9-9=C, C=0,
6x> +5xy +y*> —9x -3y =0.
Otser: 6x° +5xy +1y° —9x -3y =0.

3ampaua 5.
Haiitu oO1ee penieHne ypaBHEHUs

y' = 8xy +4e*" sin2x.

Yka3zanue
Haiinure pemenne 0qHOPOIHOTO YPaBHEHUS

y'=8xy,

a 3aTCM IIPUMCHHUTC METO/ Bapualvy IOCTOSHHBIX.

Pemenne
Haiinem penienrue oTHOpOAHOTO YPABHEHHS:

y =8y, jd?y:JSxdx, In|y|=4x*+In|C],

452
yoaﬁ = Ce .
[IpHMEHNM MeTOJI BApUAIUH OCTOSHHBIX
2 2 2
Yo =C(x)e*, y'=Cle" +8Cxe"",
2 2 2 2
C'e*™ +8Cxe*™ =8xCe*™ +4e*" sin2x,
C'=4sin2x, C=4 Isin2xdx =-2c0s2x+C;

y=e*" (C—2cos2x).
Otser: y =" (C—2cos2x).

3agaua 6.
Pemmnts 3anauy Komm:
3
y' - 2 X’y =0, y(1)=7.
X
Yka3anue
CrenaB 3aMeHy

zZ =

1
yl

BbI ITOJIyYUTE JJUHEWHOE YPaBHEHUE IS Z.

Pemenune
Pa3nenum o6e yacTu paBeHCTBA Ha yz:
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' 1 ' 1
iz—g-—+x3=0, —iz+§-—=x3.
y xy y xy
1 ' ' ' 3Z 3
Zz=—> 2 =-—=Yy =>z+—=x -
Yy Yy X
JMHEWHOE ypaBHEeHME. HalineM penenne oqHOpOAHOTO YPABHEHHUS:
2432 2, @=—3jd—x,
be z be
C
In|zlz-3In|x|+In|C|, z,,=—.
X
[IpuMeHuM MeTO/ BapHALMK ITOCTOSTHHBIX:
2, = C(;C) , o = Crx—3 . 3Cx—4 — CX——43C’
be X
oo 7 —~
C'x 43C+3(43 _ Oyt =X .C
be X 7 7
x"+C 7x°
Z = 3/ = 7
7x x'+C
Haitnem yactHOe perieHue:
7 7
H=7, —=7, C=0, y=—.
y(D) a1 y=3
7
Otser: y=—.
be

2.2. Iud¢epeHuuaibHbie YPABHCHUS BbICIIUX MOPAJIKOB.
Cucrembl JuHeHbIX JH( G epeHInATBHbIX YPABHEHUH

Jugpgpepenyuanvnvie ypasnenusn evicuiux nopsaokos. 3aoaua Kowu.
Ionamue o kpaeeswix 3a0auax o0nsa oughhpepenyuanvHviX ypasHeHuil.
Ypaeunenusa, oonyckarouwiue nonusicenue nopaoka

Paccmotpum auddepeHmanbHOE ypaBHEHUE #-TO MOPSAKA:
F x,y,y’,...,y(”) =0, (1)

rae F npennonaraercs HenpephlBHOW (yHKIMEH BCEX CBOMX apryMeHTOB. Torna
0 TEOpEME O CYUIECTBOBAHMM HESBHOM (PYHKIMU MOXKHO pa3peluTh 3TO
YpPaBHEHHE OTHOCUTEIBHO CTAPIIEN TPOU3BOAHOM:

(n) _ (n-1)
v =f xyy,..y (2)
u chopmynupyem miis Hero (0e3 JOKazaTelNbCTBA) TEOPEMY CYIIECTBOBAHHUS U
CANHCTBCHHOCTHU peHIGHI/ISI:

Teopema 1. CymiecTByeT ©IUHCTBEHHOE  pemieHHEe  ypaBHeHHs  (2),
YIOBJIETBOPSIOIIEE YCIOBHIIM
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Y(x%)=Yo, V(%) =Yory" " (%)=ys"" (3)
€CIIM B OKPECTHOCTH HAYAIBHBIX 3HAYCHHI (X0 , Vo , V0 seees Vo' ) yHkums f
ABIIIETCS HEMpephIBHOW (PyHKIMEH BCEX CBOMX APryMEHTOB M YOBJIETBOPSET
YCJ'IOBI/IIO HI/IHHII/IHa I10 BCEM aprMCHTaM, Ha4YWHaia CO BTOpOFO.

3ameuanue 1. Tak ke, kak u a1 nuddepeHuanbHOro ypaBHeHus 1-To mopsiika,
3aja4a OTBICKAHUSI PEIICHUs] ypaBHEHUS (2), YAOBICTBOPSIOIIETO YCIOBUAM (3),
HaspiBaeTcs 3agavei Kouu.

3ameuanne 2. Teopema 1 yTBepKIaeT CyIIECTBOBAHHUE YacTHOIO pEIICHUS
ypaBHEHUs (2), yAOBIETBOPAIOIIEIO JAHHBIM HayalbHbIM ycioBusMm. C
r€OMETPUUYECKON  TOYKM  3pPEHHsT 3TO  COOTBETCTBYET  CYIIECTBOBAaHHUIO

MHTerpaibHOll KpuBoi, mpoxomsuieil uepes Touky (X, Yo, Yo, ...y ). Ho,
UCIIONIB3YS 3Ty TEOpPEMY, MOXKHO JOKa3aTh W CYIIECTBOBAaHWE OOLIEro pemeHust
ypaBHEHUS (2), comeprKalero # MPOU3BOJIBHBIX MOCTOSTHHBIX U UMEIOIIETO BHI:
y=¢(x,C,C,,...C,) (4)
WM, B HESIBHOM (hopme:
d(x,y,C,,G,,...,C,)=0. (5)
CootHomienue (5) OyaeM Ha3bIBaTh 0OIIMM HHTerpaJioM ypaBHeHus (1) wiu (2).

ypaBHeHHH, JAOMYCKAKIIHE MOHHUKCHUE TMTOPAIKA

B HekoTopbIx ciayyasx mopsaok Iud@epeHIHaTbHOr0 YpaBHEHUS MOXKET ObITh
MOHMXEH, 4TO OOBIYHO OOJIEr4aeT €ro MHTErpupoBaHue. PaccMOTpUM HECKOJIBKO
TUIIOB NOJI0OHBIX YPABHEHHM.

1. VYpaBHeHHE HE COACPKUT UCKOMOU (DYHKIIMHU U €€ MPOU3BOIHBIX IO MOPSIOK
(k — 1) BKIFOUHUTEIBHO:
k k+1 n
F(x,y®,y"",..,y")=0. (6).
k
B 9TOM cllydac MOKHO CHENaTh 3aMeHy p = y, KOTOpasi MO3BOJSIET TOHU3HTD
MOPSIIOK ypaBHEHUs 10 N — K, Tak Kak 1mociie 3aMeHbl YpaBHEHHUE TIPUMET BH/T

F(x,p,p', ...,p(”*k)) =0.

U3 sroro ypaBHeHHsS MOXHO HaTi p = p (x, C1, C,,..., Chy), @ 3aTeM HaAWTH y C
OMOIIIbI0 HHTerpupoBanus K pas pyukuuu p =p (x, C1, Ca,..., Ch).
IMpumep 1.
YpaBHeHne
ym — yﬂZ

[IpU 3aMEHE

p(x)=y"

CTAaHOBUTCA YPABHCHUCM I-ro nopsiKa OTHOCHUTEIIBHO p.
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p'=p*>, omkyda d—f =dx,

p

1 1
-—=x+C, p=- .

p T P x+C,

Torpa
y'= J.p(x) = ——ln (x+C))+C,,
Y= jy'dx:—j(ln(x+c1)—c2)dx:
=~ [In(x+C,)dx + C,x +C, =
=—x1n(x+C1)+j dx+C,x+C, =

x+C,
=—xIn(x+C))+x-C,In(x+C,)+C,x+C, =
=C,+C,x—(x+C,)In(x+C,).

2. YpaBHEHHUE HE COACPKUT HE3aBUCHUMOMN TIEPEMEHHOM:

Fyy,...y" =0. (7)

[Topsimok Takoro ypaBHEHUS MOXHO TOHH3UTh Ha €IUHUIY 3aMeHoU y' = p(y).
[Tpu sTom npousBoaHbie GyHKIME f(X) O apryMeHTy X HY)KHO BBIPa3HTh uYepes3
IPOU3BOAHBIE p TIO V.
d dy dp dpd
4y _ (x ,_]z:_p:—P—y:p-p' um.o.
dx dx~ dx dydx
IMpumep 2.
y'=2yy"
IIycts
y'=py), y'=pp, moea pp'=2yp.
Otmerum vactHoe pemerue p = 0, to ectb y'=0, y=C. Ecnu p#0, nocne
COKpAIIICHHsI Ha p TTOTYIHM

J- dp = ijdy,
Y

p=1y>+C,, 7 +C —Idx —arctg—:

=x+C,,y =Ctg(C,x+C,).
3. Vpasrernue F (x, Y, Y, ... ¥) = 0 0ZHOPOZHO OTHOCHTEIBHO aPIyMEHTOB Y,

y'..., y(n), TO €CTh CIPABEIJIUBO TOXKIECTBO

F(x,ky,ky', ky", ... ky" =K' F(x, v,y y", ..., y').
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B sTom ClIydac€ MOKHO IMOHU3UTH MOPAAOK YPABHCHUA HA CIMHUILY, BBOJSA HOBYIO

Izdx

HEU3BECTHYIO (PYHKIUIO Z, 1)1 KoTopod y =e” . Torma

y' = eIdez, y' = ejwlx(z2 +z') um.o.

JIuneiinbie U@ pepeHIHANbHbIC YPABHCHUSA
BbICILIUX IOPSAAKOB

JIuHeHbIM AU depeHINAIBHBIM YPAaBHEHUEM H-TO MOPSAAKA HA3bIBACTCS
ypaBHEHUE, IMHEHHOE OTHOCUTEIHHO HEU3BECTHON (DYHKIIMHU U €€ MPOU3BOJIHBIX:

ay(x)y" +a, ()" + ok a, ()Y +a,(x)y =p(x). (8)
Ecmm ¢(x) =0, ypaBHeHUE Ha3bIBACTCS JJUHEHHBIM OTHOPOIHBIM.

Ecmu ag(x) He paBHO HYJII0O HM B OJHOM TOYKE HEKOTOpOro oTpeska [a,b],
JUHENHOE OJTHOPOJHOE ypaBHEHUE YI00HO 3alUChIBATh B (popme

Y +p ()Y AP, ()Y +p,()y =0 (9)

NN

y" == p(y" (9)
i=1

3ameuanue 1. Ecim koaddumenTs! Pi(X) HempepbIBHBI Ha [a@,0], To B OkpecTHOCTH
TO0BIX HAYaIbHBIX 3HAYCHUH NpHU X, €[a,b] yaOBIETBOPSIOTCS YCIOBUS TEOPEMBI

CyYIICCTBOBAaHUA U CAMHCTBCHHOCTH.

3ameuanue 2. JIMHEHHOCTHh ¥ OJTHOPOJHOCTh YPABHEHUSI COXPAHSIOTCS MPHU JIF000M
npeodpazoBanun x =@(t), rae ¢(t) - n pas auddepenuupyemas QyHKLUS U
@'(t) #0 na [a,b], Tak Kak
dy _dy 1 &y &y 1 _dy ¢'(t)
dx dt o'() d d (9D dt (p'(H)
TO €CTh MPOM3BOJHAS JIIOOOTO TMOPSAKA MO X SBIACTCS JIMHEMHOW OJHOPOIHOU
dbyHKIIMEH TPOU3BOAHBIX TIO {.

4

3ameuanue 3. JIMHEHHOCTh U OJHOPOTHOCTh YPABHEHUSI COXPAHSIOTCS TAKXKe TPH
JMHEHHOM OJTHOPOHOM TpeoOpa3oBanuu HenszBecTHOM GyHKIMH Y(X) = (X)Z(X).
Ha3oBeM JinHeHbIM aud depeHIHATbHBIM 0IIEPATOPOM

Liyl=y” +p()y" " +..+p, ()Y +p,(¥)y  (10)
pe3ysbTaT MpUMEHEHHs K (YHKIUU ) OINEpalvii, 3aJaBacMbIX JICBOW YacCThIO

ypaBHeHus (9).
[Tpu 3Tom ypaBHenue (9) mokHo 3amnucarh B Buae L[y] = 0.

Ceoticmea unetinoeo ougghepenyuarbHo2o onepamopa
1)  TlocTOsSIHHBINM MHOXHTEJIb BRIHOCUTCS 32 3HAK JIMHEWHOTO OIeparopa:
L[cy] = cL[y], tax xak ()" = cy®.
2)  LIys+ya] =Lyl + Lya].
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HeiictButensHo, (v; + yz)(i) = yl(i) + yz(i), OTKyJa CJIEAYeT CIPAaBEIIIUBOCTb
c(OpMyJIMPOBAHHOTO CBOWCTBA.
CnencrBue.

L|:iciyii| = ici[‘[yi]' (11)

Ceolicmea peuteHuil TUHENUHO20 YPAGHEHUA

Hcrnionw3yss cBOWCTBa JMHEHHOrO OMNEpaTopa, MOXKHO YyKa3aTh HEKOTOpPbhIE
CBOWCTBA PEIICHUH JTMHCHHOTO OJHOPOIHOTO ypaBHEHHS (9).

Teopema 1. Ecnu y; — pemienue ypaBHenus (9), To u cyy, Te ¢ — NPOU3BOJIbHAS
MTOCTOSTHHAS, — TOKE PEIICHHE 3TOTO YPaBHCHMUS.

JokazatenberBo. Ecim L[y;] = 0, To mo cBoiicTBy 1) nuHeiHOTO oneparopa L[cy:]
=0, 4TO U TpeOOBAJIOCH JOKA3ATh.

Teopema 2. Cymma y; + y, pemeHnid ypaBHEHHS (9) TOXKE SBISCTCS PEIICHHEM
ATOTO YpaBHEHHS.

JlokazarenbctBo. Tak kak L[y;] = 0 u L[y,] = 0, mo cBo¥cTBY 2) JHUHEHHOTO
oreparopa L[y; + y,] =L[y1] + L[y2] =0, uro moka3siBaeT yTBEp>KACHUE TEOPEMBI.

m
CnenctBue Teopem 1 u 2. JIuneiinas koMOUHAITUS Zciyi peirenuii ypasuenus (9)
i=1
V1, Y2,+..,Ym € TPOU3BOJIBHBIMU MOCTOSHHBIMU KOA(PIUIIMEHTAMU TOXKE SIBISETCA
pelIeHrneM 3TOr0 YpaBHEHUSI.

Ecmu paccmarpuBaercst JIMHEHHOE HEOJHOPOAHOE ypaBHeHHE (8), KOTOpoe IpH
a,(x) =0 MOXHO 3amucaTh B BUJE

Y Hp (Y A p ()Y +p, (Y = f(x) (12)
wim L[y] = f(x), To npu HempepbiBHOCTH (yHKIMiI Pi(X) u f(X) oHO HMeeT
¢IMHCTBCHHOE PEILICHHUE, YIOBICTBOPSIOIICE 33 JaHHBIM HaYaJIbHBIM YCIOBUAM (3).
N3 cBOMCTB TMHEMHOIO omeparopa CJICIYyHT CBOMCTBA PELICHUN HEOJIHOPOIHOTO
JIMHEWHOTO YPAaBHEHUSA:
1) Cymma i +y, pemeHus § HEOAHOPOAHOTO ypaBHeHus (12) m perieHus y;
COOTBETCTBYIOIIETO  OJHOPOJHOTO  ypaBHEeHHS (9) sBIseTCs  pelieHueM
HEOJHOPOJHOTO ypaBHeHus (12).
JlokazaTenbCTBO.

Ly +y,]=Lyl+ Ly, = f()+0= f(x).

2)  Ecmm y; — pemienne ypaBuenus L[y] = fi(xX), To y:Zaiyi SIBIIICTCS
i=1
pellIeHHEM YpaBHCHHS
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y' = Iy"dx = I(Cl - 12 jdx =Cx+ctgx+C,;

sin” x

Y= Iy'dxz I Cix+ctgx+C, dx=
:%x2+ln|sinx|+C2x+C3: i=1

=In|sinx|+C,x* + C,x +C,.
rac Qi —

MOCTOSIHHBIE (IPUHLIMI CYNePIO3UIUM I HAJIOKEHHUS).
JloKa3aTenbCTBO.

L{iaﬂ/l} = iL[ai%] = iaiL[%] = iaifi(x)’

YTO U TpeOOBAJIOCh JOKA3aTh.

IIpumepsl pemieHus 3a1a4

3anava 1.
Haiitu oO1iee pelieHne ypaBHEHUs

y"sin® x =sin 2x.

Ykazanue
Hcnone3yiite TO, 4TO

y":Iy"'dx um.o.

Pemenne
, SIN2x ) " sin2x
:-4’ :Jydx:j4dx:
sin” x sin” x
2sinxcosx d(sin” x) 1
= I#dx: JﬁZQ 3
sin” x (sin” x) sin” x
Otger: y=In|sinx|+Cx* +Cyx +C,.
3agaua 2.
Haiitu ob1iee pemienne ypaBHEeHUs
(1-x)y"—xy' =2,

Yka3zanue
Cnenaiite 3aMeHy:

y'=px), y" =p'x).

Pemenune
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!

y'=p(x), y"=p(x)

(1-x*)p' —xp=2.
OnHOpOIHOE YpaBHEHUE:
(1-x")p' =xp =0, I dex
1n|p|=—11n|1—x2|+1n|cl|, T
2 1-x°
1 3
P =L, pr=Ci1-2) T -2c,1-x%) 2 —2x -
— 52 2
C(1-x*)+Cx
= TR
(1-x%)
C/(1-x*)+Cx  Cx 5.
1 - =4y
(1_x2)§ 1—x2
2dx =
C! =—, =2arcsinx +C,.
1 ( _[ [1 x 1
_ 2arcsinx + C, - 2arcsin x +C,
Ji-2

dx =

(2arcsmx+C ]

=arcsin® x + 2C, arcsinx + C, =

=arcsin’ x + C, arcsin x + C,.

Otser: y =arcsin® x +C, arcsin x +C,.

3anayva 3.
Haiitu oO1iee peiieHne ypaBHEeHUs

n.n

2xy"y" =y"-1.

Yka3zanue
Crenaiite 3aMeHY:

y'=p(x), y"=p).

Pemenune
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y'=p(x), y"=p);
2pdp  (dx
2 = j_’
p -1 X
In|p*-1]=In|x|+In|C, |,

p=%xJCx+1, y"=+Cx+1;

3
y':ij«/clxﬂdx = i%(qﬂl)z +Cy;
1

2xp'p=p* -1, I

2 : 4 2
Y= I(iS—Cl(Clx+1)2 +C2de = i15C12 (Cix+1)2 +Cx+C,.
4 i
OtBer: Y = iﬁ(Clx+1)2 +Cx+C,.
1

3anaua 4.
Pemuth 3amauy Komm:

yw'-y?=0, y0)=1, y'(0)=2.

Yka3zanue
Cnenaiite 3aMeHy:
y'=pl) y'=pp.
Pemienue
CnenaeM 3aMeHy:
y'=ply) y'=pp.

Torna
yp'~p =0, I‘;j’f’:jd?y, In|pl=In|y|+In|C],
p=Cy, p(0)=2, y(0)=1=2=C-1=C=2,
p=2y, y'=2y, j%l:J‘de,

In|yl=2x+In|C|, y=Ce*, y(0)=1=
=1=Ce", C=1, y=¢",

Otser: y=¢"".

2.2.2 JIuneliHas 3aBUCUMOCTD U HE3aBUCHMOCTh CUCTEMBbI (DYHKITUH.
Onpenenurens BpoHckoro, ero cBoiictBa. @yHaaMeHTAIbHAS CHCTEMA
perieHui 0OTHOPOHOTO JIMHEHHOTO Au()epeHINaTBHOTO YpaBHEHUS.

OO11ee peleHue 0JHOPOTHOTO YpaBHEHUS
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Oyukuun  yi(x), yo(x),..., y.(x) Ha3pIBalOTCS JHHEHHO 3aBUCMMBIMH Ha
HEKOTOPOM OTpe3Ke [a,b], eci CyIecTBYIOT Takue Yucia vy, ..., (,, XOTS OBI
OJTHO U3 KOTOPBIX HE PABHO HYIIIO, YTO

oy, +auy, +...+a,y, =0 (1)
Ha paccMmatpuBaeMoM otpeske. Eciu ke paBeHcTBo (1) cripaBeyinBo TONBKO MpU
Bcex =0, pyukuun y1(x), y2(x), ..., v,(x) Ha3bpIBaIOTCS JTHHEHHO He3aBHCHMbIMH

Ha oTpe3ke [a,b].
IIpuMmepsbI.
1. ®yakuuu 1, X, X2, ..., X" JIMHEHHO HE3aBUCHMBI HAa TIO0OM OTpPE3KE, TaK Kak
pPaBEHCTBO

a, +ax+ax +...+a,,x" =0
CIpaBeIMBO TOJBKO IpH Beex o = 0. MlHaue B neBOil yacTu paBeHCTBA CTOSI Obl
MHOTOWJICH CTENIEHU HE BBIIIE 7, KOTOPBIA MOXKET oOpamiaThCs B HyJb HE Ooliee,
YeM B # TOUKAX pacCMaTpUBAEMOT0 OTPE3Ka.
2. JluHelHO HEe3aBUCUMOM Ha JIFOOOM OTpe3Ke SBISETCS crucTeMa QyHKIUH

ehr el eb

Ecnu npeanosiokuTs, 4To 3Ta CUCTEMA JJMHENHO 3aBUCHMA, TO CYLIECTBYIOT TaKHE

kix

qucna oy, Qy, ..., o, (IycTh Ui onpeaeneHHoct «, #0), uro

kox

™ +a, e +.. +a e =0.

Pa3fennM moTy4eHHOE PaBeHCTBO Ha € i mpomddepeHIupyem:
o, (k, —k)e" ™+ +a (k, —k,)e" " =0.
[Iponenas 3Ty onepauuto n-1 pas, npusiemM K paBeHCTBY
(knfkn— )X —
t,(ky k) (ky k), K, )el % =0,
YTO HEBO3MOKHO, TaK KaK MO IMPEANOI0KEHUIO
a,#0, k #k, el ) 20,
3. IlomoOHbIM 00pa3oM MOXKHO J0Ka3aTh JIMHEHHYIO HE3aBUCUMOCTb CHUCTEMBI
byHKINHA

kix

k k
e, xe™, ..., x"e,
kox

,xe ., x"e™,

-----------------------------

Omnpenenurens Bponckoro
Onpenenutens BUAa
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A Y -y,

Vi Yoo o Y,
W(x)=WIy, Yo,y l=| Y1 Y2 o Yo | (2

yi oy yy Y

Ha3bIBaeTCs onpeneauTeseM Bponckoro cucrembl QyHKIUHA )1, Vs, ..., Yy

Teopema 1. Ecnu byukuuu yy, vy, ..., ¥, JMHEHHO 3aBUCUMBI Ha oTpeske [a,b], To
UX OINpEIeIuTEIh BPOHCKOI0 Ha 3TOM OTPE3Ke TOKICCTBEHHO PaBEH HYJIIO.
JlokazaTenbCTBO.

Huddepenuupys n-1 pa3z ToxKASCTBO 1)1 + ays + ... + )y, = 0, TIe He Bce Qi
= 0, IOJIyYUM JIMHEWHYIO OJTHOPOJIHYIO CUCTEMY OTHOCUTENBHO V1, (¥p, ..., (V'
[ oy, +ay, +..+ay, =0,

! 14 !
oy + oy, +..+ay, =0,

1) _

n
a13/1 +0‘2y2 '+ +anyn

KOTOpasi IO YCJIOBHUIO JIOJDKHA UMETh HETPUBUAIIBHOE PEIICHHE MPU JIFOOOM X U3
orpe3ka [a,b], a 3TO BO3MOXHO TOJBKO B TOM Cllydae, €CJIM TIJIaBHBIN
ONpeaeNuTeNlb 3TOW cucteMbl (cM. mpaBuiio Kpamepa) paBen Hymo. [lockonbky
3TOT TJaBHBIM OINPENENUTENb SBISIETCS ONpENEIuTeNIeM BpoHCKOro i
BBIOpAHHOMW CUCTEMBI (PYHKIUH, TeOpeMa JoKa3aHa.

Teopema 2. Ecnu nvHEWHO He3aBUCUMbIE (QYHKIUUA Vi, Vo, ..., V, SBISIOTCS
pEUIEHUSAMU JIMHEHHOTO OJHOPOIHOTO YPaBHEHHUS

Y +p (Y + et ps ()Y +p, (x)y =0
C HeNpephIBHBIMH Ha oTpe3ke [a,b] koadduiueHTamu, TO ONPEACTUTENID
Bponckoro st 3Tux GyHKIHUA HE MOXKET OOpPaTUTHCS B HYJIb HA B OJHOM TOYKE
otpeska [a,b].
JlokazaTenbCTBO.
[Iycts dx, €la,b]: W(x,)=0.Bsibepem uucna «;,,,..,a,, HE BCE DPaBHBIC
HYJIIO, TaK, YTOOBI YAOBJIETBOPSIACH CUCTEMa YPAaBHEHU

ayy,(%y) + Y, (%) + .+ a7, (%) =0,
a1 (%) + a5 (o) + o+ Y, (%) =0,

aﬂ/l (xo)"'az}/z (xo)"‘ +anyn (0) 0.

(Onpenenutenb 3TOW CHUCTEMbI, HEM3BECTHHIMU B KOTOPOH CUHMTAaeM «j, PaBEH

W(Xo) wm, criemoBaTenbHO, paBeH HYJIO, MOJITOMY CHCTEMa HMMEET HEHYJICBOEC
pemenwue). Toraa mo ycioBHIO TEOPEMBI
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Y=oy, (X)+ Y, () +...+ .y, (x) -

pelieHre ypaBHEeHUS

(n) (n-1) _
v+ ()y" + et p, ()Y +p,(x)y =0
C Hy.]'ICBLIMI/I Ha4YaJIbHbBIMU YCJ'IOBI/ISIMI/I
_ 4,1 _
y(x%)=y'(x)=-..=y" (%) =0,
yTo ciaeayeT u3 cuctembl (3). O4eBUIHO, YTO ITUM YCJIOBHUSM YJIOBJIETBOPSET
HyJIeBOG pGIHGHHei

Y, (%) + oy, (X) + ...+ Y, (%) =0,
a Mo TeopeMe CYIIEeCTBOBAHUS U €IMHCTBEHHOCTH 3TO pElIeHHEe eInHCTBeHHO. Ho
Opyu 3TOM U3 paBeHCTBa (4) cienyer, 4TO (PYHKUUU )1, V..., V, JHHEHHO
3aBHCUMBI, YTO POTUBOPEUUT yCIOBUSIM TeopeMsl. CrenoBarensao, W(x)#0 Hu

B OJIHOM TOUYKe oTpe3Ka [a,b].

3ameuanue. B Teopeme 2 BaXHO, 4TO GYHKLIUHU V1, V>, ..., VY, — PEIICHUS YPaBHEHUS

Y +p, (Y + 4 p, L ()Y +p,(x)y =0.

J1st IpOM3BOJIBHON cHUCTEMBbI (DYHKIIMI YTBEPKICHHE TEOPEMBI HE CITPABEJIHUBO.

Teopema 3. O61muM penrenreM Ha [a,b] ypaBHeHus

Y +p (Y + 4 p, L ()Y +p,(x)y =0

C HEMpPEePBIBHBIMU KOd(PdULIIEHTaMU [j SBIISICTCS TUHEHHAs] KOMOWHAIIMS
n
y= Zciy i (5)
i=1

n JUHEWHO HE3aBHCUMBIX Ha [a,b] dYacTHBIX pemieHH# Y; ¢ MPOU3BOIBHBIMH

MOCTOSIHHBIMU KO3 puiieHTamu.

JlokazaTeynbCTBO.

Jlns  nokazaTenbCcTBa TEOPEMBI € YyUYETOM TEOPEMbI  CYIIECTBOBAHUS U

CIMHCTBEHHOCTH JOCTATOYHO ITOKa3aTh, YTO MOXKHO TOJ0OpaTh TMOCTOSHHEIE C;

TaK, 4TOOBI YIOBJICTBOPSIINCH TPOU3BOJIBHO 3a/IaHHBIC HAYAJIBHBIC YCITOBUS:
Y(x0)=Yor Y'(%)=Yory" (X)) =15, (6)

TJIe Xo — IPOM3BOJIbHAS TOYKA OTpe3ka [a,b].

IToncraBuB B paBeHcTBa (6) BbIpakeHWE a1 y Buna (5), MOIyYUM JMHEHHYIO

CUCTEMY U3 1 YPAaBHEHUN OTHOCUTEIHLHO HEU3BECTHBIX Cy, C3, ..., Cp'

( n
Zciyi(xo) =Yor
i1

D cyi(x) =Ys,
=1
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OTIpeICTTUTENIEM KOTOPOH SIBIISIETCS ONMpeAeNuTeNb BPOHCKOro /uisi BRIOPaHHBIX 7
JMHEWHO HE3aBHCUMBIX PEIICHH paccMaTpUBAEMOr0 YpaBHEHHS, KOTOPBIA IO
TeopeMe 2 He paBeH Hymo. ClienoBarenbHo, no npasuiny Kpamepa cucrema nmeer
pelieHne npu J00BIX MPaBbIX YacTsaX. TeopeMa JokazaHa.

CJ'IGI[CTBI/IG. MakcumanbHOe qHCJI0 JIMHEHHO HC3aBHCHUMBIX peHIeHI/Iﬁ
OJHOPOAHOI'O YPaBHCHUA

(n) (n-1) ' _
v +p (" + et p ()Y +p,(x)y =0
paBHO €T0 MOPSIKY.
JIroOble n TMHEHHO HE3aBUCHUMBIX PEIICHUN OJTHOPOIHOTO JIMHEHHOTO YpaBHEHUS

(1) (n-1) ' —
y U Ap )y et p ()Y +p, ()Y =0
HA3bIBAIOTCS €r0 (PyHAAMEHTAJIbHON CHCTEMOM pellleHU .
Takum o0paszom, oOl1ee penieHue ypaBHEeHUS

(1) (n-1) ' _

v Ap (YT + e+ p (Y +p,(0)y =0
SBJISETCS JMHEHHOW KOMOWHamuen 1000 ero (yHIaMEHTAIHBHOM CHCTEMBI
pELICHUN.

IIpumepsl pemieHus 3a1a4

3agauya 1.

N 3 2
HaiiTu 3nauenus a, b u ¢, opu KOTOPBIX GyHKIMHM ax” + x + b mex”—Xx—1
JIMHEWHO 3aBUCUMEI.

Ykazanue
YcnoBue TUHEMHOM 3aBUCUMOCTH (PYHKIMM — CYIIIECTBOBAHUE YMCENT (vp U (vp, U3

KOTOPBIX XOTs OBl OHO HE PABHO HYJIIO, U1l KOTOPBIX BEPHO PABEHCTBO
o, (ax’ + x+b) + a,(cx’ —x—1) =0.

Pemenne
IlycTh
a,(ax’ +x+b) + o, (cx® —x—1) =0,
TOra
a,ax’ + a,cx’ + (o, — a, )x + (b — a,) =0.

Orcrona

[ =0

a,c=0
< a,—a,=0"
layb—a,=0

Ota crucTeMa UMEeT HeHYJICBOE PelIeHUe U oy U «rp, ecima = ¢ =0, b =1,

[Tpu 3TOM (1 M v, — JTIOOBIE YKCIIA, YIOBIETBOPSIIOUINE YCIOBHUIO (v = (vp.
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OrBer:a=c=0,b=1.

3agaua 2.
Berunciauth onpenennteab Bpornckoro asa ¢pyHkiuii X + InX 1 XINX mpu x = 1.

Yka3zanue
Omnpenenutens BpoHckoro s 1Byx GyHKIIUNA UMEET BUT

W = fl, f'i.
fi £
Pemienue

x+Ilnx xlnx

wolh A |
be
[Ipux =1
1 0
=, 17
Ortser: 1.
3anayva 3.
Haiitu pyHaamMeHTanbHy0 CUCTEMY PEIICHUN ypaBHEHUS
ylﬂ + y” — 0.
Yka3zanue

Haiimute oOmiee pereHue ypaBHEHUS U OINPEACIUTE JIMHEWHO HE3aBHUCHUMBIE
byHKINUU, TUHEHHOM KOMOUHAIIMEH KOTOPBIX OHO SIBIISIETCSI.

Pemenue
Ilycth

!

y'=px), y"=p.
p' +p=0, j%’“:-jdx, In|pl=—x+In|C, |,

y” == Cle_x, y, == _Cle_x + Cz, y = Cle_x + sz + C3 .
CnenoBatenbHO, T000€ pellieHne YpaBHEHUS SIBIISCTCS JIMHEWHOW KOMOWHAIMEH

JIMHEHHO HE3aBUCHUMBIX (QYHKIUH 1, X ¥ e”, KOTOpPbIE COOTBETCTBEHHO 0OpasyroT
byHIaMEHTATBHYIO CHCTEMY PEIICHHIA.

OtrBer: 1, x,¢ .

2.2.3. O0HOpoOHbLe TuHelinble OudhepenyuanvHovle ypasHeHu
C HOCMOAHHBIMU KOIPPuyuenmamu.
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Ilocmpoenue pynoamenmanvnoil cucmemsl peuteHuil.
Heoonopoonuvie nuneiinvie oughepenyuanvhvie ypasnenus.
Yacmnoe u oowee peuwienus

OrmnpeeiiM BUJ] YaCTHBIX PEIICHUI 0JTHOPOAHOTO JTMHEHHOTO ypaBHEHUS
() (n-1) —

a " +ay” +..+a,y=0, (1)
B KOTOPOM KO3()(HUIMEHTHI 8; TIOCTOSTHHBL. MOYHO M0Ka3aTh, YTO OHH UMEIOT BU/I
Y= e, rie k — mocrosnHas. JlefCTBUTENBHO, TIPH ITOM

k.
y(P) =kPe",
¥ [TOCJIC MTOJICTaHOBKH B ypaBHeHHe (1) momydyaem:
k. -1 _k k
ak"e” +a k" e +...+a e =0,
k

WJIM, TIOCJIE COKPAILICHHUS Ha €,

ak" +a k" +..+a,_k+a, =0 — (2)

TaK Ha3bIBAEMOC XapaKTePUCTHYECKOe YpaBHeHue s ypaBHeHus (1). Uucna K,
SBJISIONIMECS €ro PEIIECHUsAMH, TPU MOJCTaHOBKE B (yHKIMI0 Y =¢" maror

yacTHble pemeHnss ypaBHeHusi (1). HccimemyeM pasnuuHble BO3MOKHOCTH
KOJIMYECTBA U BUJA PEIICHUN XapaKTePUCTUUECKOTO YPaBHEHUS.

1.  Bce xopHu ypaBHeHUs (2) ASHCTBUTEIbHBI U pa3inuHbl: Ky, K, ..., K, . Torna
OHM 33JJal0T MAaKCHUMaJbHO BO3MOYKHOE KOJMYECTBO JIMHEWHO HE3aBUCUMBIX
pemeHuii ypaBueHus (1) (ux juHeiiHash HE3aBUCHMMOCTH IOKa3aHa B MpUMeEpe 2
OpenbIAylield JeKIHUU), TO €CTh ONpeAessitoT (yHIaMEHTAIbHYI) CHUCTEMY
pemienuii. CiieqoBaTeNbHO, B 3TOM cily4ae ofliee perienne ypasHeHus (1) moxer
OBITH 3aMUCAHO B BUJIE:

y =" +c,e +...+c e,
Ipumep 1.
Ob6uiee pernieHre ypaBHEHUS
Yy —5y" +4y'=0
MO>KHO HAWTH, PEIINB XapaKTEPUCTUIECKOE YpaBHEHHUE
k® -5k + 4k =0.

Paziaoxum JICBYIO HaCTh Ha MHOKHUTCIIN:
k(¢ — 4)(k* ~1) = 0.
Cle/10BaTeNbHO, KOPHH XapaKTePUCTHIECKOTO YPABHEHHUS:
k=0, k,=-2, k=2, k=-1, k=1
TTosToMy oblIiee pelTeHne HCXOAHOTO YPABHEH S UMEET BHII
y=c,+c,e 7 +oet et et
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2. Kopuu ypaBHeHus (2) pa3nuyHbl, CPEIH HUX €CTh KOMIUIEKCHBIE. [Ipn aTOM,
KaKk ObLIO TOKa3aHO paHee, OHM OOpasyloT Mapbl KOMIUICKCHO COIPSKEHHBIX
upcen. [Ipu aTom penieHus ypaBHeHHs (1), COOTBETCTBYIOLIHE Mape KOMIUIEKCHO
COTIPSDKCHHBIX PEIICHUiT ypaBHEHUS (2)

ki=a+pi u k,=a-pi,
HMEIOT BH/

(a+Pi)x (a—pi)x

e u e

H MOT'YT OBITH 3aMCHEHBI JABYM: HeﬁCTBHTeﬂbHBIMH PCIICHUAMMN: I[CﬁCTBHTCJIBHOﬁ
1 MHHAMOM 4acTSIMHU YKa3aHHBIX pemCHHﬁ. CJIe,Z[OBaTGJIBHO, TaK KaK

e “ P = ¢ (cos Bx +isin Bx),

pemieHussMu ypaBHeHus (1) Oyayt

e cosfix u e sinpx.

Ipumep 2.
' —6y'+10=0, k*-6k+10=0,
ki,=3%i, y,=ecosx, y,=e"sinx,
y =e>*(c, cosx +c, sin x).
3. XapakTepucTHYECKOE YpaBHEHHE HMeeT KpaTHble KOpHH. B 3Tom ciyuae

YUCJIO JIMHEMHO HE3aBUCHMBIX PEIICHWW MPEABIAYIINX TUIIOB MEHBIIE 71, U IS
nosy4eHus: pyHIaMeHTaIbHOU CUCTEMbI HY>KHO HAWTH JIOMOJIHUTENbHBIE PEIICHUS
MHOrO BuAa. J[OKakeM, 4TO MpPU HAIWYMHA Yy XaPAKTEPUCTHUYECKOTO YPAaBHECHMS

KOpH# Ki KpaTHOCTH (vj TAKUMH PEIICHUSIMH OYIyT

2 kix ;-1 _k;x

xe,  x%e .., x% e
[MpennonoxuM BHa4alie, 4YTO BBIOpaHHBIM KpaTHbIH KopeHb Ki = 0. Torma
XapaKTEPUCTHYECKOE YPABHEHUE UMEET BU/L:
ak" +a k" +..+a, k% =0,
a cooTBeTCcTBYMOMIEE AU DepeHIInaTIbLHOE YpaBHEHUE:
a,y™ +a, " 4+ anfaz_y(“") =0..
O4eBUIHO, YTO YACTHBIMU PEUICHUSIMU TAKOTO YpaBHEHUS OyayT PyHKIIUU

a;—1

2
1, x,x°,..., x5,
BCE MPOU3BOJAHBIC KOTOPHIX MOPSAKA (v U BBIIE paBHBI HYyMt0. KcTaTu, nuneinas

HE3aBUCUMOCTh TaKoOM cucTeMbl (YHKIMI MOKazaHa B mpumepe | mpeapiaymieit
JIEKIUU.

[TycTh Teneps KOpEeHb XapaKTEPUCTHUYECKOTO YPaBHEHUS K; KpaTHOCTH (i HE PaBeH

Hymo. CrenaeM 3aMeHy MEpEMEHHOI: y:ek"xz, TOTJla TpPHU TOJCTAaHOBKE B

muddepeHnranbHOe ypaBHEHHE €ro JMHEHHOCTh U OJJHOPOAHOCTh HE HapyIIaeTcs,
a K03(G(OUIIMEHTBI U3MEHSIOTCS, HO MO-TIPEXKHEMY OCTAIOTCS MOCTOSIHHBIMHU:
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(n) (n-1) -
bz +b,z" +..+b z=0.

[Ipu 5TOM KOpHH XapaKTEPUCTHIECKOTO YPABHCHUS

by +bp" " +..+bp=0 (3)
OTJINYAIOTCS OT KOPHEH ypaBHEHUS

ak" +a k" +.+a, _k+a, =0
Ha ciaraemMoe —K;, Tak Kak Mmpu

7= epx y — ekixz — e(ki+p)x’
To ectb K = k; + p. CrienoBatesnbHO, ypaBHeHue (3) umMeeT KopeHb p = 0 KpaTHOCTH
Qi , KOTOPOMY COOTBETCTBYIOT JIMHEIHO HE3aBUCHMBIC YACTHBIC PEIICHUSI
z=1,z=x,..,z=x%".

[Ipu oOpatHOM 3aMeHe TojlyyaeM Ha0Op JIMHEMHO HE3aBUCUMBIX pEUICHUMN
VCXOJHOI'O YPaBHEHHUS:

y=ev, y=xe",.,y=x""e". (4)

Takum oOpa3zoM, KaK]IbIil KpaTHBIN KOPEHb ypaBHEHUs (2) 3a/1aeT CEpHUI0 JIMHEHHO
HE3aBUCUMBIX YaCTHBIX pelIeHui ypaBHeHUS (1), KOJIMYECTBO KOTOPHIX PABHO €0
kpatHocTH. (CrnenoBaTenbHO, BHOBb TMOCTpOeHa (yHJAAMEHTAbHAs CHUCTEMaA
PELICHUM.

3ameuanue. KpaTHble KOMILJIEKCHO COIPSIKEHHBIE KOPHHM 3aJal0T YacTHbIC
pelIeHus Buaa

x'e” cos fx, x'e™ sin fBx.

IMpumep 3.
XapakTeprucTUYECKOE ypaBHEHUE AJIsl yPaBHEHUS
y"+3y"+3y'+y =0

umeet Bug (K + 1)° =0, to ecth K = -1 — kopenb kpaTHocTH 3. ClieZI0BaTEIBHO,
(dyHIaMeHTalIbHAsI CUCTEMa PELIEHUN COCTOUT U3 (DYHKIIMI

e xe ™, x’e”,
a o0I11ee peleHrue MOXKHO 3aMucaTh B BUE

y=(c, +c,x+cx’)e .
IIpumep 4.
s ypaBHEHUS
y(4) +8y"+16y =0

XapaKTePUCTUYECKUM YPABHEHUEM SIBIISIETCS

k*+8k*>+16=0,
T0 ecThb (K*+4)>= (. CnenoBareibHO,
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k=+2i -
KOpHH KpaTHOcTH 2. Torma oOmmM penreHneM HCXOTHOro AuddepeHInanIbHOro
YPaBHEHUS SBIISCTCS
Yy =(c, +c,x)cos2x +(c, +¢,x)sin 2x.

JInHeiiHbIe HEOAHOPOAHDbIC YPABHECHHUS

Panee ObLIO TOKA3aHO, YTO CyMMa pEIICHUNA JHMHEHWHOTO HEOJHOPOIHOTO

ypaBaeHus L[y] = f(X) u coorBercTByIOMIETrO omHOpOoAHOTO ypaBHeHHs L[y] = O

SIBIISICTCS.  PCIICHHEM HEOIHOPOIHOrO ypaBHEHMs. McCmoap3ys 3TO CBOKMCTBO,

MOYHO JTOKa3aTh CJCIYIOIIYIO TEOPEMY:

Teopema 1. OOGmee pemnieHue Ha otpeske [a,b] ypaBuenus L[y] = f(X) c

HenpepbIBHBIMU Ha [a,b] xoaddunuentamu pi(X) u mpasoi yacteio f(X) paBHO
n

CyMMe OOIIEero pelieHus Zciyi COOTBETCTBYIOIIETO OJTHOPOJIHOTO YPAaBHEHHUS U
i=1

KaKoro-im0o 4acTHOTO PEIICHUsI HEOJHOPOIHOTO YPaBHEHHUS.

Jloka3aTenbCTBO.

Tpebyercs fokazaTh, 4TO JUIsl JIIOOBIX HaYadbHbBIX YCIOBUM

yO)=y, k=01,..,n-1,

MO>KHO TTOI00paTh TaKUe 3HAYEHUS TOCTOSTHHBIX Cj, YTOOBI (YYHKIIHS
n
y= Zciyi +y, (5)
i=1

rIe i — JMHeHHO HE3aBUCUMBIE YaCTHBIC PEIICHHS OJHOPOIHOTO ypaBHeHHs L[y]
=0, a i - 4aCTHOE PELICHUE PacCMaTPUBAEMOI0 HEOHOPOAHOTO ypaBHEHUsI, ObLIa

pPELICHUEM ATOT0 HEOAHOPOJHOTO YpaBHEHUsS C 3aJaHHBIMU HAYAJIbHBIMU
YCIOBUSMH. DTO TpeOOBaHME MPUBOJIUT HAC K CUCTEME YPaBHEHUU OTHOCUTEILHO
HEU3BECTHBIX C1, C2,..., Cy

Zciyi(xo)"‘g(xo) =Yor
i1

2.Cyi(x0) + (%) =3,

=1
Zciyz{,(xo)'*'g”(xo) = Yo,
i=1
ch(” D)+ 7" () =y

[JIABHBIM  ONpPEICIIUTENEM KOTOPOW  SIBISIETCS — ONPEAEIWTENs BpPOHCKOIo
WIy,,Y,,..,Y,], kKak n3BecTHO, He paBHBII Hymo. [losToMy cuctema (6) umeer

CAMHCTBCHHOC PCHICHUC, YTO U JOKa3bIBACT YTBCPIKACHNUEC TCOPEMEIL.
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3ameuanue. Takum oOpa3om, mpu HAWACHHOM OOIIEM pPEIICHUH OIHOPOTHOTO
ypaBHEHHS peIICeHWE HEOJHOPOAHOTO YpaBHEHHS CBOJUTCA K MOA00pY €ro
YaCTHOTO PELICHHUS.

MeToabl HAX0KAEHUSI YACTHOI0 PelieHUs HEOAHOPOIHOI0 JIMHECHHOT 0
¢ pepeHIAITBHOI0 YPAaBHEHUS

Memoo eapuauuu npou3eoibHsvlX ROCMOAHHbBIX

PacnpocTpannM MeToj Bapuanyvu IMPOU3BOJIBHBIX NMOCTOSHHBIX, PACCMOTPEHHBIN
paHee I PEIIEHUs JUHEWHOrO YPAaBHEHHUS IIEPBOrO MOpPSAIKA, HA JIMHEHHBIC
YPaBHEHMS BBICIIMX MOPSAAKOB. bynemM HCKaTh pelIeHHEe HEOJIHOPOIHOTO

ypaBHEHMS B BUIIE
n
y= Zci(x
i1

[Tpu sTOoM TpeOyeTcss HAWTH n HEW3BECTHBIX (GyHKIHMH c1(x), ca(x),..., c.(x),
KOTOPBIC yﬂOBneTBopﬁnH ObI TOHBKO OJHOMY YpPaBHCHHIO

V(Y + (Y = f(x). (7)
[ToaToMy MOXHO ,[[OHOJIHI/ITGJIBHO noTpedoBaTh, 4YTOOBI HCKOMBIE (DYHKIIMH
YIOBIIETBOPSUIM €1l1e¢ KaKUM-HUOYIb n-1 ypaBHEHUSIM, BBHIOPAHHBIM TaK, YTOOBI

IPOU3BOIHBIC (DYHKIIMH
n
y= Zci<x
i=1

HMEIN TI0 BO3MOXXHOCTH TakKOM Ke BHU, KaK IIpPH IIOCTOSIHHBIX C;. HGpBaH
IMPOU3BOAHAA PCIICHUA UMCCT BU/L:

y'=§ci<x)y;<x>+§cz<x

[ToTpebyem, 4TOOBI BTOpasi CyMMa B 3TOM BBIPA)KEHUU PaBHSJIACH HYJIIO:

ics<x>yi<x)=o,

TOrJa

y’:ZCi(x
i1

3agaauM Takoe K€ yCJIOBHUE JJIsl BTOPOU MPOU3BOTHOM:

y"=§ci<x>y;'<x>+gcz<x
Zc =0, y'= Zc

[Iponomkas BBIYUCISTH POU3BOIHBIE (byHKuI/II/I

y = Zci(x)yl
i=1
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710 TIOpAaKa 7 — | BKIIIOUUTENBHO U TPEOys KaXAbli pa3, YTOOBI

> @)y 9(x) =0,
i=1

MTOJTYYUM:

y'=) c(x)y;
i=1
ﬂ: - Cl» x :!
y 2 (x)y 8)
y" = e ()

i=1

y ™ =)y + D cl(x)y Y
=1 i=1

(B mocnemHEM pPaBEHCTBE YXKE HENb3s NOTpeOOBaTh, 4TOOBI BTOpas CymMMa
paBHSJIACH HYJIIO, TAK KaK HA HCKOMbIE (DYHKLIHUU YK€ HAJIOXKEHO 1 — 1 ycioBue, a
MOCJIETHUM TPEOOBAHUEM SIBJIAETCS TO, YTO 3TU (PYHKIMU JOJIKHBI yIOBIETBOPSIThH
ypaBuenuto (7)). IloncraBus

y= Zci(x)yi
i=1
c yuetom (8) B (7), momyunm:

2.y + Xy +p oy () = f(x),
i1 i=1

HO Y; — YacTHbIE pELICHUS OJHOPOJHOIO YpPaBHEHUs, CIIEIOBATEIbHO, BCE
cJaraeMble BTOPOM CyMMBI PaBHBI HYJIIO U YPABHEHUE CBOJUTCS K CIEAYIOLIEMY:

2WWEﬂM(%

Jlo0aBUB ero k nepBbIM 7 — 1 ypaBHEHHSIM CUCTEMBI (8), MOTYYUM CHUCTEMY M3 7
ypaBHEHUM IJi1 ONpeaeneHus c¢i’, €z ,..., C, , ONPEICIUTENb KOTOPOU SIBISIECTCS
onpenenuresieM BpoHckoro ais GyHKIMH V1, Vs, ..., V, U, CIIEIOBATEIIbHO, HE PABEH
Hy0. CrenoBaTesibHO, U3 3TOM CHUCTEMbI MOKHO €IMHCTBEHHBIM 00pa3oM HaMTH
IIPOU3BO/IHBIE UCKOMBIX (DYHKIIMM, a 3aT€M C MOMOIIbIO UHTETPUPOBAHUS U CAMHU
byHKINHA 1, Co, ..., Cp.

Ipumep 5.

X

e
" ' _
y' =2y +y=—.
X
Haiinem  pemieHme  OOHOPOJHOIO  YpaBHEHMs, I 4YEro0  COCTAaBUM
xapaktepuctuueckoe ypaBHenue k2 - 2k + 1 = 0, k; = k, =1. CnenoBareibHo,
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o0lIee pelreHre OJIHOPOIHOIO YpaBHEHMs MMeeT BHI V = (¢1 + Cp X)e', TO ecTh
(GyHIaMEHTAIBHYIO CHCTEMY PEHICHUN COCTABISIOT (DYHKIMU V1 = € | ), = xe .
Bynem nckath oOliee pelieHne HEOAHOPOIHOTO ypaBHEHHS B BUjae y = ci(x)e’ +
co(x)xe’. CocraBum crucremy (8):

cie’ +cyxe =0
rx ' 1 X _ ex ’
cie’ +c(1+x)e” =—
X
OTKYyJa
' [
c;+cx=0 1
!
’ ' 1/ C2:_/C2:1n|x|+C2/
c;+ey(1+x)=— X
X
4 — —
¢, =-1,¢,=-x+C,,
rae C; u C, — NpOU3BOJIbBHBIE MOCTOsSIHHBbIE. TakuM oOpa3om, HaifjieHo oOIiee
pelieHne ucxoaHoro ypasuenus: y = e (xIn|x| - x + Cyx + C,).

Ilo060p uacmnozo pewienus 0na HeOOHOPOOHO20 YPAGHEHUA
C HOCMOAHHBIMU KOIPDuyuenmamu

JInds  HEKOTOphIX  BHAOB  IMPABOM  YacTU  JIMHEMHOTO  HEOAHOPOIHOIO
muddepeHnnanTsHOT0 YpaBHEHUS

ay"” +a,y" P +..+a, Yy +ay=f(x) (10)
MOKHO IM0/I00paTh YacTHOE pelieHHe B BUAEC (DYHKUHUU C HEONpeAeSIEHHbIMU
kodduIreHTaMu, KOTOPhIE OMPEACIISIIOTCS ITyTeM TOJICTAaHOBKYU 3TON (PYHKITUU B
ypaBHenwue (10).
1. f(x)=AX+Ax""+...+ A, (a,=0).
[Tpu sTOoM cymecTByeT yacTHoe pemieHue ypaBHeHHs (10), mmeromnee Takon ke
BU]I:

y=Bx"+Bx"'+...+B..

JeiicTBUTENbHO, MOACTaBUB ATy GyHKUUIO B ypaBHeHue (10) u mnpupaBHSB
KO3 PUIIMEHThI NpHU  OJWHAKOBBIX CTEMEHSAX X, TMOJYYUM Pa3pelIuMylo
€IMHCTBEHHBIM 00pa30M CUCTEMY JTMHEHHBIX YpaBHEHUI:

( a,B, = A,

a,B, +sa, ,By=A,

sa,B,+(s-1)a, B, +s(s—1)a, ,B, = A, ..

IIpumep 6.
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y'+3y'+2y=3x-5.
Byzaewm uckatb yactTHOe pelieHue B Buje y = Ax + B, Torna
y'=A, y"=0,
W TOCJIe TIOJICTAHOBKU B YpaBHeHUE nmojyuum: 34 + 24x + 2B = 3x — 5. Tornma 24
=3, 34 + 2B = = -5. CnegoBaTenbHO,

3 19
A=—, B=——,
2 4
1 olliee pelieHne ypaBHEHUsI MOKHO 3alMucaTh B BUJIE:
- oy 319
y=ce +oet +—x——.
2 4
2. Ecin
a,=a,,=..=4a, ,,=0, a,_,#0

(To ectb k = 0 stBIIsSIETCSI (@ — KPAaTHBIM KOPHEM XapaKTEPUCTUYCCKOTO YPaBHEHHUS),

TO YaCTHOC PCIICHHUC UMCCT BHU!

y=x"(Byx’ +B,x"" +...+B).

Jlerko yoenuThes, uTo QYHKIMS MOJA00HOTO BHJIA SIBIISIETCS PEUICHUEM YpaBHEHUS
(10) mpu MOCTaBICHHBIX YCIOBHSX.
IMpumep 7.
y"—3y"=2x"+5.
[lycTh
Yoworn = X (AX* + Bx+C) = Ax* + Bx’ +Cx?,

y'=4Ax’ +3Bx* +2Cx, y"=12Ax*+6Bx+2C,

y"=24Ax+6B.
[ToncraBmnsist B ypaBHEHUE, TOTYIHM:
24 Ax+6B—-36Ax”> —18Bx-6C =2x" +5,
otkyna —364 = 2, 244 — 18B =0, 6B — 6C = 5. Pemas 3Ty cuctemy, nojay4yaem

A=-2, p=-2, c=-2
18 27 54
CrnenoBatenbHO, O0IIIee pellieHne YPaBHEHUS UMEET BU/:

yZCl +C2x+C3€3x—ix4_lx3_4_9x2.
18 27 54

3. f(x)=e"(Ax +AX " +..+A).
Ec/i 4uCiio p TIpU 9TOM He SIBIAETCS KOPHEM XapaKTepPHCTHYECKOTO ypaBHEHHS,
MOYHO 33/1aTh YACTHOE PElICHHE B BUJIE:

y=e"(Byx'+B,x"" +...+B).
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Ecnu ke p — KOpEeHb XapaKTepUCTUYECKOIO YpPAaBHEHMSI KPAaTHOCTH (v, YaCTHOE

PCIICHUC NMCCT BUI:

=x%e"™(B.x*+B.x"' +...+B.).
y 0 1 s

B o6oux cinyyasx ¢ MOMOIIBIO IMOJCTAHOBKM B HCXOJHOE YPAaBHEHHE MOKHO
yOeauThbes, 4To BEIOpaHHbIE (DYHKIMH SBIISIOTCS €0 PELHICHUSMHU.
Ipumep 8.

y'+y' =2y =xe .
Haiinsg kopHH xapakrepuctudeckoro ypaBaenus k? + k —2 = 0: k; = 1, k; = -2,
BUIMM, 4TO p = -1 HE ABIsETCS KOpHEM 3TOro ypaBHeHus. [loaTomy Oynem uckarhb
gactHoe pemrenue B hopme Yy = e”(Ax + B). IIpu sTom

y'=e (-Ax—-B+A), y'=e (Ax—-2A+B)..
[loncraBisAst B ypaBHEHHUE, ITOTYYaEM:
e " (2Ax—A-2B)=xe 7,

orkyna 24 =1,-4A—-2B =0, To ecTh

Aol gl

2 4

Urak, oOliiee perieHrne ypaBHEeHUS:

X

y=ce’ +c,e + %(1 —2x).

IMpumep 9.
y' =2y +y=2e".
3neck p = 1 — KOpeHb XapaKTEPUCTHUECKOIO YPAaBHEHHsS KPATHOCTH 2, MO3TOMY
YaCTHOE PEIICHHE NMEET BUJ
y=Ax’e", y'=Ae(x*+2x),

y" = Ae*(x® +4x+2).
[ToacraHoBKa B ypaBHEHHE aeT 24e” = 2¢', otkyna A =1, a oO1iiee perieHue:

y = (c1 + cx + x2)€’.
4. B aHajorn4Hoi (opMme 3aJar0TCsS YaCTHBIE PELICHHS B Clydae, KOIja IpaBas
4acTh ypaBHEHHUS (/) UMEET BUJT

f(x)=e"(P(x)cosgx +Q(x)singx),

rae P u Q — HeKOTOpble MHOTOUJICHBI:
a) eciu P + (i - HE KOPHM XapaKTEPUCTUYECKOTO YPAaBHEHHUS, TO MOXHO
1o100paTh YaCTHOE PEUICHUE B BUJIE

Y= e”"(lsm(x) cosgx + Qm(x) singx),
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rae P (x)u Q, (x) — MHOrouleHsl C HEONpPEAENEeHHBIMA KOd(duLneHTamH,
CTEIIEHb /1 KOTOPBIX €CTh CTaplias u3 cTerneHeit MHorouneHos P u Q.

0) ecm p + Qi - KOPHH XaPAKTEPUCTHUECKOTO YPAaBHEHHUS KPATHOCTH (v, TO

y = xe" (P, (x)cosgx +Q, (x)singx).
IMpumep 10.

vy +2y"+y=2xcosx..

[Ipu 3TOM +i- KOpHU XapaKTEPUCTHUUYECKOTO YpPaBHEHUS KPAaTHOCTU 2, MOATOMY
CJIelyeT UCKaTh YACTHOE PEIICHUE B BUJIE:

y =x’((Ax+B)cosx +(Cx+D)sinx).
5. Ecmu mpaBas vacth ypaBHeHMs (/) mpeacTaBisieT coOol cyMMy (YyHKIUH,
PacCMOTPEHHBIX B MPEABIAYNINX MYHKTaX, TO IO MPHUHIHUIY CYHNEPIO3UIUN
YacTHOE pelleHre OyJeT 3a/laBaThCsl KaK CyMMa pPELICHHH, COOTBETCTBYIOILUX
Ka)/IOMY U3 CJIaraeMbIX NPaBON 4acTH.
Ipumep 11.
Jlns ypaBHEHUs

y"—4y"+y' —4=x"¢" +sinx
YacTHOE PEIICHUE UIIIEM B BUJIE:
y=(Ax® + Bx® + Cx+D)e* + x(Ecosx + F sin x).

IIpumeps! pemieHus 3aaa4

3agauya 1.
Haiitu ob1iee pemieHne ypaBHEeHUs

y"' =5y -6y =0.

Yka3zanue
CocTaBbTE U PEUINTE XAPAKTEPUCTUUECKOE YPABHEHUE.

Pemienune
XapakTepUCTUIECKOE YPABHEHHUE:

k*-5k—-6=0=k, =-1, k,=6.
KopHu xapakTepucTUUeCKOTO ypaBHEHUS JEUCTBUTEIbHBI M PA3JIMUHbI, TTOITOMY
oO1iee pemeHre AuddepeHnaIbHOr0 YpaBHEHHUSI UMEET BUL:

y=Ce " +Ce™.
Oteer: y=C,e " +C,e™".

3agaua 2.
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Haiitu oO1ee pemieHne ypaBHEHUs

y(S) +y"=0.

Yka3zanue
CocTaBbTe U pelINTE XapaKTEPUCTUUECKOE YPAaBHEHUE.

Pemenne

XapaKkTepucTU4ecKoe ypaBHEHUE:
K+k*=0, K(k*+1)=0=k, =k, =k, =0,

ks =i
Takum 00pa3oM, XapaKTepHCTHYECKOE YpaBHEHHE MMEET OIWMH JeHCTBUTEIBHBIN
KOPEHb KPaTHOCTH 3 ¥ Tapy KOMIUIEKCHO CONPSDKEHHBIX KOpPHEH C HyJeBOn
nelicTBuTeNbHON YacThio. CriemoBarensHo, obiee pemenne auddepeHnnaisHoro
ypaBHEHHS IMEET BUI:

y=C, +Cx+C,x* +C, cosx+C; sin x.

Otser: y=C, +C,x+C,x> +C, cosx +C; sin x.

3anmaua 3.
Haiitu ob1iee pemienne ypaBHEeHUs
y'+4y'+4y=4x-1.

Yka3zanue
[Tockonbky K = 0 He sIBIIIETCS KOPHEM XapaKTePUCTHUECKOTO YPAaBHEHHUS, YaCTHOE

pemeHI/Ie NMECT BU.
= Ax+B.

yuacmﬂ

Pemenue
Haiinem oO1ee pemienrne 0JHOPOTHOTO YPaBHEHHUS:

K +4k+4=0=k, =k, =-2;
_ —x
Yoo =(C; +Cpx)e™.
HOCKOHBKy k = 0 HC SABJIACTCS KOPHEM XAPAKTCPHUCTUICCKOTO YPABHCHUSA, YACTHOC
peHICHUC UMCCT BU/I:
yuacmH:Ax_'_B’ y':A’ y”ZO'

ITomcTaBuB 3TH BEIpaXXEHUS B HEOTHOPOIHOE YpaBHEHHE, TOTYINM:
4A+4Ax+4B=4x-1, 4Ax+(4A+4B)=4x-1,

4A=4 it plD
4A+4B=-1_""T" PTTy

5

ylmcmH zx_Z'

OOmiee penieHre ypaBHEHUS TPENCTaBIseT CO00HW CyMMmy OOIIEro pemieHus
OJTHOPOJTHOTO YPAaBHEHHUSI U YACTHOTO PEIICHUS HEOTHOPOTHOTO YPABHECHUS:
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Otger: y=(C, +C,x)e > +x——.

3agauya 4.
Haiitu oO1iee perienne ypaBHEHHS
y"+4y'+ 5y =3cos2x.

Yka3zanue
[Tockombky K = +2i He sABIAETCS KOpPHEM XapaKTEPUCTHUCCKOTO YpPaBHCHHS,
YaCTHOE PEIICHUE UMEET BUJ:
= Acos2x+ Bsin2x.

yHquH

Pemenne
Haiinem oO1iiee perenre 0HOPOIHOTO yPaBHEHUS:
k*+4k+5=0=k, ,=-2%i,
Y, =€ “(C,cosx+C,sinx).
Youere = ACOS2x + Bsin 2x,
y'=-2Asin2x +2Bcos2x,
y"=-4Acos2x—4Bsin2x.

[TogcTaBuM 3TH BBIPAXKCHHUS B HEOJHOPOIHOC YPAaBHCHHE:
—4Acos2x—4Bsin2x—-8Asin2x+8Bcos2x +

+5Acos2x+5Bsin2x =3 cos2x,
(A+8B)cos2x +(B—-8A)sin2x =3 cos2x,

A+8B=3
:Azi, B:2—4,
B-8A=0 65 65

3 24 .
Yoson = —= COS2X +—sin 2x,
65 65
2y . 3 24 .
=e cosx + C, sin x) + —cos2x + —sin 2x.
y C, C, 2 2
65 65

OtBer: y=¢ *(C, cosx+C,sinx)+ %cos 2x + 2—;1 sin 2x.

3amgaua 5.
Haiitu oO1iee pemieHne ypaBHEHUs

y'+y' -2y =3e".

Yka3zanue
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[Tockonbky K = 1 — KOpeHb XapaKTEePUCTUIECKOTO YPAaBHEHHS, YACTHOE PEIICHHE
UMEET BUL:

_ x
ylmcmH - Axe .

Pemienue
k2+k—2=O:>k1 =-2, k,=1.

Yoou =Cie " +Cye";
Vo = Axe", Yy =(A+Ax)e”, y"=(2A+Ax)e’;
(2A+ Ax)e" +(A+ Ax)e” —2Axe" =3e”,
3Ae" =3e", A=1, Y,..=Xe,
y=Ce > +Cue* +xe".

Oter: y=C,e > +C,e* +xe".

3anmaua 6.
Haiitu oO1iiee perieHue ypaBHEeHUs
X
e
" !/
y-y= :
e’ +1
Ykazanue

HaﬁﬂHTe pemiCcHUC OJHOPOAHOIO YpaBHCHHUA W IMPHMCHUTEC MCETOA Bapualllun
ITIOCTOAHHBIX.

Pemenne
Haitnem pemienne oqHOPOIHOTO YPaBHEHUS:
2
k"—k=0, k=0, k,=1,
X
yoBH = Cle +C2'

byneM nckaTh peleHne HEOJHOPOIHOTO YPAaBHEHUS B BUIE:

X

yHeodH = Cl(x)e + CZ(x>°

CocraBuM U pemuM cuctemy ypaBHeHUi 1t onpenenenus C; u Co:
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Cie"+C, =0
!
e =>Ci=

Cle* = e +17 _Ie +1

e"+1

edx =
_ - (L P
-[ “(e"+1) -[t+1 -[( t+1)
=Int-In(t+1)+C, =Ine* —In(e* +1)+C, =
=x-In(e* +1)+C,;

X X

e e
C’:—C' Y= , C = — d =
2T T -[ex+1 *
=-In(e* +1)+C,.

CrnenoBatesibHO, 00LIee PelICHNEe yPaBHEHUS UMEeT BH/I:
y=(x—In(e* +1)+C))e" —In(e* +1)+C, =
=e (x+C))—(e"+1)In(e" +1)+C,.
OtBer: y=¢"(x+C,)—(e" +1)In(e” +1)+C,.

2.2.5. Yemoituugocmo peuienuil oughhepenyuanbrvlx ypasHeHuil u ux
cucmem. Onpeodenenue ycmouuugocmu no Jlanynogy u
AcCUMNMOMUYUECKoU ycCmouuugocmu. AGmoHomMHvle cucmemol
ougpgepenyuanvnvix ypasuenui. Pazosoe npocmpancmeo
(naockocmy), pazosana mpaekmopus. Touku nokosa. Knaccugurkayusn
MO4€eK NOKOA CUCMEMbL 08YX 0OHOPOOHBIX JIUHEUHBIX
oupepenyuanvnvix ypasHeHuil ¢ NOCMOAHHLIMU KOIPPuyuenmamu.
Ycnoeusa ycmouuueocmu mouku noxkosn

[TockonbKy Tpu pEIIeHHH pEeabHBIX 3a7ad C TOMOIIbI0 AuddepeHnarIbHbIX
YpaBHEHUW HaudaJbHBIC YCIOBUS OOBIYHO SIBJISIOTCS PE3yJbTaTaMH W3MEPECHHH W,
CJIEIOBATENBHO, MOJYYEHbI ¢ HEKOTOPOM MOTPEIIHOCTHIO, OUYEHb BAKHBIM SIBJISICTCS
BOIIPOC O TOM, KaK HU3MEHUTCS PELICHUE YPaBHEHUS NPU MajloOM H3MEHEHUHU
HAYaJIbHBIX YCIOBHUM. B 4aCTHOCTH, €CIIM TaKUE€ U3MEHECHUS CYIIECTBEHHO MEHSIOT
pelieHue, To MoJ00Hoe pelieHue, OYeBUIHO, HE UMEET MPAKTUUYECKON IIEHHOCTH.
Ilyctb HekoTOpoe sBJIEHHE ONHUCHIBaeTCS cucTeMod auddepeHImaIbHbIX
YpPaBHECHUI

dy, .
%:q’i(t,yyyz,---,yn)f i=12,.,n (1)

C HavaJbHBIMU ycroBHsIMH Yi(to) = Vi -
Pemenwue ¢ (t) (i =1,2,...,n) Ha3pIBacTCS YCTOWYMBBIM 10 JIANYHOBY, eciu

Ve>0 3J0>0 rakoe, yrto mia Bceskoro pemenus Yi(t) Tol ke cUCTEMBI,
HayaJIbHBIC YCIOBHSI KOTOPOTO YJOBIETBOPSIOT HEPABCHCTBAM
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ly:(t)) —@.(t,) < o(e),
11 Beex t>t, crnpaBenivBeI HEpaBEHCTBA
ly()-pt)l<e (2
(TO ecTh OIM3KHUE 110 3HAYECHUSAM PEIIEHUS OCTAIOTCS OIM3KMMU IS Beex t>ty).
Ecmu xors Obl mmst omuoro pemienus Yi(t) HepaBencTBa (2) HE BBIIOJIHSIOTCS,

penrenue ; (1) Ha3pIBacTCS HEYCTOMYHBBIM.

Ecmu pemenue ¢ (1) He TONBKO YCTOWYHMBO MO JISAMYHOBY, HO M yJIOBIIETBOPSET
YCIIOBHIO

lim|y,(t)-¢,(t)|=0 (3)

t—
npu

ly:(t)—(to) <, 6, >0,

TO ATO PEIICHNE HA3bIBACTCS ACUMITOTHYECKH YCTOMYHUBBIM.
3ameuanue. OgHO ycioBue (3) He o0ecneynBaeT yCTOMYMBOCTD PEIIECHUS.

da3zoBast MJI0CKOCTH

HuddepennnansHoe ypaBHEHUE BTOPOTO nopﬂm(a

Lo fe ) @

PaBHOCHUIIBHO CUCTEME ypaBHeHI/II/I nepBoro nopﬂm(a

- (O

I'eomeTpuuecku oOliee pelieHue ypaBHeHI/I}I (4) wmu cucteMbl (5) MOXHO
IpEeACTaBUTh CceMENCTBOM (ha30BbIX TpaekTopuii Ha (azoBoii miockoctu Oyy.

OcobeHHO yI0OHO Takoe HpelcTaBlieHUe B ciiydae, korga ¢ynkuus f(t,y,y) He

COJICPKUT SIBHBIM 00pa3oM He3aBucuMoro nepemeHHoro t. Torga cucrema (5) umeer
BT

dy ﬂ_ )
7 P(y,y), ﬂ—q%w<®

U Ha3bIBA€TCSI ABTOHOMHOM cucTremoii. Da3oBble TPAGKTOPUU B 3TOM CIyyae
yIOBIETBOPSIOT AU hepeHInaTbHOMY YPABHEHHUIO MIEPBOTO MOPsIIKa

dy _Qy.y)

ey

y  P(yy)
KOTOpPO€ KaXJOW TOYKE CTABUT B COOTBETCTBUE HAKIOH MPOXOMSIICH uepe3 Hee
WHTETPAIBHON KPUBOM.

Touxku nokos
Touka (y,y) ¢a30Boil MIOCKOCTH cHCTeMbl (6) Ha3bIBaeTCs OOBIKHOBEHHOI

Toukoil, ecmu P(y,y) u Q(y,y) naunbdepeHuupyeMbl U He 0OpaIaroTCcs
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OJTHOBPEMEHHO B HYJb; uYepe3 KaXIyl0 OOBIKHOBEHHYIO TOYKY MPOXOIUT OJIHA

dasosas tpaekropus. Touka (Yo, Yo) HasbiBacTcs 0coGoii TOUKO, eciu

P(Yo,%)=0 u Qy,,y,)=0.
3ameuanne. OcoOble TOYKHM KIACCHPUIMPYIOTCA IO XapakTepy (ha30BbIX
TPaeKTOPHUIl B KX OKPECTHOCTH.

HccenenoBanne Ha yCTOMYUBOCTh HEKOTOPOTO PELICHUS
y,=y(t) (i=1,2,..,n)
cucteMbl (1) MOXKHO CBECTHM K HCCJIEIOBAHHIO TPUBHAIBHOIO PELIECHUS — TOYKH
MOKOSI, PAcCIOJO)KEHHOM B Hayaje KOOpAMHAT, MpeoOpasys CHUCTEMY K HOBBIM
HEepEMEHHbIM: X; =V, —¥;(f) — OTKJIOHEHUSIM NPEKHUX HEU3BECTHBIX OT PELICHMUS,
UCCIIElyEMOT0 Ha YCTOWYMBOCTb. B HOBBIX mepeMeHHbIX cucrema (1) mpuHuMaer
BU/I:
B e (b5, 45,05 40k, T (1), )

dt dt
1=1,2,...,n.

IIpocreiilne TUNBI TOYEK MOKOSA

HccnenyeM pacmosiokeHue TpaeKTOPUH B OKPECTHOCTH TOUYKH Tokost x = 0, y = 0
CUCTEMBbl  JBYX JIMHCHWHBIX  OJHOPOJHBIX  ypPaBHEHHUH €  TIOCTOSSHHBIMH
koddpurreHTamu:

x —
- =apX+any

a., a

;lt , eoe R s
y a21 a22

—~~L =g .x+a

dt 21 22y

XapaKTepHCTUIECKOE YPaBHEHHUE ITPH STOM MMEET BUI:
2 _
k™ —(ay +ay )k +(a,0, —a,a,,) =0.
PaccmoTpum paznuanbie HAOOPBI KOPHEH ITOTO YPaBHEHUS:
1) ky u k; geficTBUTENIBHBI M pa3uUHbL. Toraa ooiiee perreHnue cucteMbl (9) MOXKHO
3a7aTh TakK:
x = c,a,e" +c, B,
_ Kyt kot *

y=co,e™" +c,pe
[Tpu 5TOM BO3MOKHBI CJI€IYIOIINE CIIyYamn:
a) eci K; < 0 u ky < 0, To TOuKa MOKOSI AaCMMITOTUYECKH yCTOWYMBA, TaK Kak

. kot . .
lime"* =0, u Bce TOYKHU, HAXOIAIINECS B HaYaJILHBIM MOMeHT t = {y B 1100011 O —

t—0

OKPECTHOCTH Hayaja KOOPAMHAT, IPHU JAOCTATOYHO OOJILIIOM t MepexoasT B TOUKH,
JIeXaIMe B CKOJIb YTOJHO MAJIOW € — OKPECTHOCTH Hadaja KOOPAUHAT, a IPHU t — o

CTpeMSTCS K Hadajay KoopauHar. Takas TOYKa MOKOS Ha3bIBACTCS YCTOMYHBBIM
y3Jom (puc. 1).
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Puc. 1
0) ecim k; > 0, ky >0, MOKHO CBECTH MCCIIEOBAHUE K PEABIIYILEMY CIIYJalo
3ameHoi t Ha —t. [Ipu aTOM (ha30BbIC TPACKTOPUU UMEIOT TaKOM K€ BHJI, HO
HAIpaBJICHUE JBUKCHUSA MEHIETCS HAa ITPOTUBOIIOJIOKHOE, TO €CTh MPHU
yBenudeHuu t Touka yjaaiasercs oT Hadajaa KOOpAHHAT, O3TOMY IOA00HAas TOUKa
MOKOS — HEYCTOMYMBBIN y3eJ1 — HeycToiunBa 1o JIssmyHoBYy (puc. 2).

A 4

A

Puc. 2
B) ipu K; > 0, k, < 0 Touka MOKOS TOXKE HEYCTOMYMBA, TaK KakK JBIIKYIIASCS IO

TPaeKTOPUU
kqt kqt
xX=cae’, Yy=ca,e’

TOYKa C BO3pacTaHueM [ BBIXOIUT U3 € — OKPECTHOCTU Haydajla KOOpAUHAT. Touka

ITOKOSI pacCMaTpUBAEMOr0 THUITA HA3bIBAETCS ceAIoM (pHuc. 3).
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Puc. 3
2) ki, =p +qi. Torna obiiee perienne cucteMbl (9) MOXKHO MPEICTABUTD B BUJIC

x = e"(c, cosgt +c, singt)

y =e" (¢, cosqgt +¢,singt)’
e ¢,,C, — JMHElHbIe KOMOMHAIIMH NPOU3BOJIBHBIX OCTOSHHBIX C1, C. IIpH 5TOM
BO3MOJKHBI CIIEYIOIIHE CITyUau:
a) p<0, g=0. Torna ¢” -0 npu t—>o0, a TPUTOHOMETPUUECKUE (BYHKIUH

ABJISIFOTCS OrpaHnyeHHBIMU. [lo3TOMY (pa3oBble TpPaeKTOPUU SIBISIOTCS CHUPAISAMH,
ACUMNTOTUYECKH TNPUOIVDKAIOIIMMUACA NMPU f —> 00 K Hadaly KoopAauHar. Takum
o0pa3oM, ToUKa MOKOsI aCUMITOTUYECKH ycTouKBa. OHa HAa3bIBAECTCA yCTOMYMBbBIM
dokycom (puc. 4).

Puc. 4
6) p > 0, g # 0. MI3mensiercst HanpaBJICHHE JIBMKECHHS MO (Pa30BBIM TPACKTOPHSIM,
CJIEIOBATENbHO, TOYKW YAANSAIOTCS OT Hayajda KOOpPAMHAT M TOYKA MOKOS
HEyCTONYMBa — HeyCcTOHYUBBIN okyc (puc. 5).
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Q

Puc. 5
B) p = 0. TpaekTopusiMu SIBJISIOTCS 3aMKHYTBIE KPUBBIE, OKPYKAIOLIHE TOUKY MOKOSI,
Ha3bIBAEMYIO B 3TOM Cjydae HeHTPoOM (puc. 6). Takas TOuka MOKOS yCTOMYMBA, TaK

KaK MOXXHO IMOA00paTh Takoe O, YTO 3aMKHYThI€ TPAEKTOPUHU, HAYAIbHBIE TOUKH
KOTOPBIX JIEKAT B 0 — OKPECTHOCTH Hayaxa KOOPAMHAT, HE BBIXOJAT 3a MPEICIbl € —

OKpPECTHOCTH Havasia koopauHat (X2 () + y? (t) <e?).

Puc. 6
3) Kophu kpatHs: Ky = K.
a) k; =k, < 0. Torga obriee pereHue
x(t) = (c,0 + Czlgzt)eklt
y(t) = (e, + ¢, Bot)e™
CTPEMHUTCS K HYJIO MPH t—>00, W TOYKA MOKOS BHOBb HA3bIBACTCS YCTOWYMBBIM
y3a0m (puc. 7).
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Puc. 7
[Ipu p, = f, =0 nomyyaem 4aCTHBIN clay4dail yCTOWYMBOTO y3/ia — TaK HAa3bIBAEMBI

AUKPUTHYECKHUI y3ea (puc. 8).

Puc. 8
0) ki = k, > 0. HampapjiecHue IBMXXKCHHS II0 TPACKTOPUSM MEHSIETCA —
HeyCTOMYHUBBIii y3eJ (puc. 9).

(0]
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IIpumepsl pemieHus 3a1a4

3agaua 1.
OnpenenuTh TUT TOYKH MTOKOSI CUCTEMBI
dx
—=4x-3y
dt
p .
Yo 35+ 4y
dt
1) ycToituuBbIf y3em 2)! HeyCTOMYHMBBIN y3€ll 3) cenyio
4) ycTOWUYMBBIA (POKYC 5) HeycTOHUYUBBIN (POKYC
Ykazanue

HccenenyiTe BUI KOPHEW XapaKTEPUCTUIECKOTO YPABHEHUSI.

Pemenue
HaitneM kopHU XapaKTEPUCTUUYECKOTO YPABHECHUS:
RS 0ok o1, k-7
=U= =1, =/.
-3 4-k ! 2

KopHu xapakTepuCTHUUECKOTO ypaBHEHUSI JIEUCTBUTEIBHBI, pa3JIU4YHbBl U
MOJIOKUATEIIbHBI, CJIEJOBATEIBHO, TOUKA TOKOSI — HEYCTOMYUBBIN y3€Il.
OTBeT: HEYyCTONYUBBIN y3€7l.

3agauya 2.
Omnpenenuth THI TOUYKH MOKOSI CUCTEMBbI
dx
—=3x+y
dt
p .
Y gy 2y
dt
1) ycToiuuBbIil y3en 2) HEeyCTOMYMBBIN y3e 3)! cenno
4) yctoituuBslid (hOKYC 5) HEeyCcTOMUMBBIN POKyC
Yka3zanue

Hccnenyiite BUA KOpHEW XapaKTEPUCTUYECKOTO YPABHEHHS.

Pemenue
Haitnem KOpHU XapaKTEPUCTUUECKOTO YPABHECHUS:
S 0ok =, k=2
=U= =—1, = 4.
-4 2-k ! ?

KopHu XapakTepuCTHYECKOTO0 YpaBHEHUS JIEUCTBUTEIbHBI, PA3IMUHBl U HUMEIOT
pa3HbIe 3HAKH, CJIEI0BATEIHHO, TOYKA ITOKOS — CEJIJIO.
OTBerT: ceqo.
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3ampaua 3.
OrnpeeauTh TUTT TOYKU ITOKOSI CUCTEMBI

dx

—=x-4

a Y

dy '

—=4x+

at Y
1) ycToiuuBbIil y3ei 2) HEYCTOMYMBBIN y3€I 3) ceqno
4) ycroiunBsbIi (hOKyC 5)! HeycToiuuBhIii PoKyC

Ykazanue

HccenenyinTe BUI KOPHEW XapaKTEPUCTUIECKOTO YPABHEHUSI.

Pemienne
HaﬁIIGM KOpHI/I XapaKTCpI/ICTH‘{eCKOFO ypaBHeHI/I}IZ
1=k 4 0=k,  =1+4i
=U= =1T41.
4 1-k 12

KopHu  XapakTepuCTUYECKOrO  ypaBHEHHMSI  KOMIUIEKCHBI, NIPUYEM  HX
JNEUCTBUTENbHAS 4YacTh MOJOXHUTeNbHA. (CrnenoBaTellbHO, TOYKAa TIOKOS —
HEYCTOWYUBBIN (OKYC.

OT1BeT: HEyCTONYMBHIN (DOKYC.

3anaua 4.
OmnpenenuTth THN TOYKH TOKOSI CUCTEMBI
dx
—=-2x-Y
dt
d
Yy 4y
dt
1)! ycroiiumnBelii y3ein 2) HEyCTOMYMBBIN y3€7 3) ceqno
4) ycroituuBsblid (hOKYC 5) HeycToituuBbIi (HOKyC
Ykaszanue

Hccenenyiite BUA KOpHEW XapaKTEPUCTUYECKOTO YPABHEHHUS.

Pemenue
Haitnem KOpHU XapaKTEPUCTUUECKOTO YPABHECHUS:
0ok =k =3
=U= = = —9.
1 —4-k o

KopHH  XapakTepuCTHYECKOTO  ypaBHEHMS  JICUCTBUTEIBHBI, KpaTHbl U
oTpuuarenabHel. Clle10BaTEIbHO, TOUYKA IIOKOSI — YCTOWUYUBBIN y3€l.
OTBeT: yCTOMYMBBIA Y3€El.
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