Bbruucienue HEOMNPEACJICHHBIX HHTECI'PAJIOB

Memoouueckue yxazanus K 8bINOJIHEHUIO UHOUBUOYAIbHO20 3a0aHUs No2
no Mamemamuyeckomy ananuzy

[Tpu perieHnu 3a1a4 MO BHIYUCICHUIO HEOMPEICIICHHBIX HHTETPAJIOB UCIIOIB3YIOTCS CIICAYIOIIHNE
nojioxkerus (cm. Jlekuun).

1) Omnpezenenue HEOPENEIEHHOIO HHTETPaJIa;
[ f(x)dx = F(x) + C, rae F(x)—nepsoobpasnas Gyukuuu f(x), T.e. F'(x) = f(x)
C — KOHCTaHTA;

2) IIpaBuiia MHTETPUPOBAHHMSL:
a) [(f(x) + () + - )dx = [ f(x)dx + [ (x)dx + - ;
6) [Af (x)dx = A [ f(x)dx , tne A — xoHcTaHTa;
B) ecnu [ f(x)dx =F(x)+C, T0

ff(ax)dx =%F(ax) +C,
Jf(x+b)dx=F(x+b)+C,

ff(ax+b)dx=%F(ax+b)+C,

3) Tabnuiia HEONPEICTICHHBIX HHTEIPAJIOB JIECMEHTAPHBIX (YHKIIHIA:

xo(+1

a) [ x%dx = +C  (x#-1) ;

o1
6) [Z=Inlx|+C ;

B) [sinxdx = —cosx+C ;
r) [cosxdx =sinx+C ;

n) [tgxdx = —In|cosx| + C ;

e) [ ctgxdx = In|sinx| + C ;

d
m)fCO;xztgx+C :

d
H)fsinixz—ctgx+C ;

k) [e*dx=e*+C ;

n)faxdx=£+6 :

Ina

M)flizz =arctgx +C |

n) [ ax =£arctg§+C ;

aZ+x?



dx 1 a+t+x .
O) faz_xz—zln E +C ,
d .
1) fﬁzarcsmx+€ :

dx .X
p) fﬁzarcsmz+C ;

c) fJxZ—%_az=ln|x+\/x2ia2|+C :

4) MeToa MHTETrPUPOBAHHSI IO YACTSIM:

fudvzuv—fvdu

(Cm. mpumepst 4 — 7)

5) Meton 3aMeHbI IEPEMEHHOI:

6) IIpaBuiTa HHTErPUPOBAHUS PAIIHOHATIBHBIX IPOOEH:

(Cm. mpumepsnr 10 — 11)

Ilpumep 1. HaiiTn HeonpeeIeHHbII UHTErpaj
f(xs + 8x* — 3x + 2)dx

Pewenue.
Hcnons3yeM MpaBuiia MHTErPUPOBAHUs 2a U 20, a TakKe TaOIMYHbIM HHTErpa 3a:
j(xs +3x* = 7x + 2)dx = fodx + f 8x*dx — f 3xdx + f 2dx

6 xS xZ

x
:fxsdx+8fx4’dx—3fxdx+2fdx=€+8-?—3-7+2x+C

3amaua penieHa.

Ilpumep 2. Haiitn HeonpeAeIeHHBIN HHTETPA
f(xz + 2x)(x* — 3)dx

Pewenue.

Jli1s yno6¢cTBa MHTETPUPOBAHUS MTPEIBAPUTENILHO PaCKPOEM CKOOKH, MOJIYYUM B MOJIBIHTErPaIbHON
(GyHKIIMM MHOTOYJIEH, a 3aTeM IPOBE/IEM UHTETPpUpPOBaHUE, KaK B pumepe 1:

f(xz +2x)(x* = 3)dx = f(xé + 2x5 — 3x% — 6x)dx = fx6dx +2 f x%dx — 3 f x2dx — 6fxdx

x7 x® x3 x? x7  x®
= — 2-__3.__6_ C:_ - 3_32 C
7+ 6 3 > + 7+3 X x4 +

3azaya pelieHa.



Ilpumep 3. HaiiTu HeomnpeeieHHbIN HHTETpal

f tg(3x —7)dx

Pewenue.

Hcnonp3yeM npaBuiia MHTETPUPOBAHUS 2B, a TAK)KE TaOJMYHBIA MHTErpa 3 11:
1
ftg(Bx —7)dx = —glnlcos(3x -NDI+C

3agaya pelieHa.

Ilpumep 4. HaiiTn HeonpeeeHHbII HHTErpai

In3x
—dx
x

Pewenue.

HCHOJ’ILSyeM MECTOA 3aMCHBI nepeMeHHoﬁ, CAcJIaB MIOACTAHOBKY t =Inx.

1 . .
Torma dt = (Inx)'dx = ;dx. B pesynbrare momyunM TaOMWYHBIA MHTErpal, HaiieM ero u

cenaeM o0paTHYIO 3aMeHY:

3aMeEeHa
In3x t=1 t4 In*x
—dx = {lx =ft3dt=—+C= +C
X dt = —dx 4 4

3ajaya peleHa.

Ilpumep 5. HaiiTn HeonpeieeHHbII HHTErpai
fcos'gx - sinx dx

Pewenue.
Hcnons3zyeM MeTo/ 3aMeHbI IEPEMEHHOM, C/ENIaB MOJCTAaHOBKY t = COS X.

Torma dt = (cosx)'dx = —sinxdx. B pe3ynbrare moiydnM TaOIMYHBIA MHTETPA, HalIEM €ro
celaeM OOpaTHYIO 3aMEHY:

3aMeHa
t =cosx t° cos®x
8y . gj = = — 8 = — =
fcos xesinede = | - oo ft dt =5 +C 5

—dt = sinxdx

3azaya pelieHa.



Ilpumep 6. HaiiTu HeomnpeeieHHbIN HHTETpal
f 2x +5 4
———dx
x?2+5x+9

Hcnonb3yeM METO]] 3aMeHbI IEPEMEHHOM, ¢/Ie/IaB MOACTaHOBKY t = x2 + 5x + 9.

Pewenue.

Torma dt = (x? + 5x +9)'dx = (2x + 5)dx. B pesysibrare noayduM TaOIMYHBIA HMHTErpa,
Hai/IeM ero U cjiesiaeM 00paTHYIo 3aMeHY:

f 2x+5 dy =
X2 +5x+9° "

3daMeHa
t=x>+5x+9

dt
:f—:]n|t|+C=ln|x2+5x+9|+C
dt = (2x + 5)dx t

3amaua penieHa.
Ilpumep 7. Halitu HeonpeieIeHHBIN HHTETPa
J‘ x%dx
x10+7

Hcnons3yeM MeTo 3aMEHBI IEPEMEHHOM, CIelIaB NOACTAHOBKY t = xlO + 7.
3

Pewenue.

Torma dt = (x'° + 7)'dx = 10x°dx, cnenoparensho, x°dx = 1—10dt. B pesynbrate moNy4duMm

TaOJIUYHBINA UHTETPAJI, HaliIeM ero U cliejJaeM 0OpaTHYIO 3aMeHY:

3aMmeHa
% dx t=x"+7 —dt
gt = 1040 _ _
]x10—_|_7_ dt = 10x dx j ——ln|t|+C 1—1n|x1°+7|+C
x%dx = —dt

3agayva pelieHa.

Ilpumep 8. Haiitu HeonpeaeIeHHbIN HHTETpaj
f x e dx

Pewenue.

Vcnonp3yeM METoa MHTETpUpPOBAHUS IO YacTsAM, pa30HMB MOABIHTEIPAIbHOE BBIpAXKEHHE Ha J[Ba
MHOXHUTENS: U =X U dv = e** dx. JluppepeHpoBaHreM TIEPBOro MHOXKHTENS HaxomquM du = dx.

1
VHTerpupoBaHneM BTOPOTO MHOXMTEA HaxomuMm v = [dv = [e™ dx = Ze‘*x. [anee ucnonabzyem

dopMyny wumTerpupoBamust mo wactaM [ udv = uv — [vdu, TOACTaBNAS HaWJIEHHBIE 3HAYCHUS



BBIp@XEHUN U, v, du B mpaBylo yacTb GopMyisl. B pesynbraTe moigydaeM HOBBIA MHTETpall, KOTOPHIH
IIPOLLE UCXOIHOI0, U HAXOUM €ro.

u=x
dv = e** dx 1 .
fxe‘“‘dx: du = dx . =x'Ze4x_JZe4xdx=
4
x 1 X 11 X 1
— T o4x _ _ | p4x 2 o4x _ ., ,4x — T oAx _ ___ ,4x
_4e 4f€ dx 4e 2 4e +C 4e 16e +C
3ajaua penieHa.

Ilpumep 9. Halitu HeonpeieIeHHBIN HHTETPpa

j x? cos 6x dx

Pewenue.

Hcrosnb3yeM MeTOJ MHTErPUPOBaHMsS 110 4acTsM, pa3OWB IMOJBIHTETPAILHOE BBIPAKEHHE Ha JIBa
MHOKMTENS: U = x2 u dv = cos 6x dx. luddepeHuupopanneM NepBOro MHOKHUTENS HaXoquM  du =
(x%)'dx = 2xdx. VuTerpupoBaHHeM BTOPOTO MHOXHTENs Haxoqum v = [dv = [cos6xdx = =

1.
Zsin 6x. Jlanee ucrnonbzyeM (GopMyIily MHTErpupoBaHus no yactsm [ udv = uv — [ vdu, noxcrabnss

HailiIeHHbIE 3HAUeHUS BRIpQKECHUH U, U, dUu B IpaByro 4yacTh popMyiel. B pe3ynbraTe mosydaemM HOBBIH
MHTErpall, KOTOPBIN IPOLIE UCXOAHOTO.

u = x?
dv = cos 6x dx 1 1
fxz cos 6x = du = 2xdx = x? -gsin6x—fgsin6x-2xdx =

1
v=fdv=fcos6xdx=€sin6x

xZ

1
= —sin 6x ——fxsin6xdx =

6 3
K HoBoMy wuHTerpagy HOBTOPHO MpPUMEHSEM METOJ HWHTErPUPOBAaHUS IO YacTsAM, pazOuB
MOJBIHTETPAIbHOE BBIPAKEHUE HA JIBA MHOXKHTEIS: U =X U dv = sin 6x dx. [uddeperuupoBanrem
MEPBOTO MHOXHWTENS HaxoauM  du = dx. VHTerpupoBaHHMEM BTOPOTO MHOXHUTENS HAXOIUM U =

. 1

f dv = f sin 6x dx = ——cos 6x. Jlamee BHOBb HCIONB3yeM (OpPMyITy HMHTETPUPOBAHUS IO YaCTIM

fudv = uv — [ vdu, noxcranss HalIeHHbIE 3HAYEHWs BBHIPAKEHWIT U, U, dU B NPaBylO 4YacTh
¢dbopmyisl. B pe3ynbpTare noiaydaeM HOBBIM HHTETpai, KOTOPbI MPaKTUUECKH SBIISAETCS TaOIMUHBIM.

u=x
2 dv = sin 6x dx
x“ . 1 )
Zsm6x—§stm6xdx= du = dx =

1
v=fdv=fsin6xdx:—gcos6x

= S 3(x-(~geoste) - [ (geoser) x) -
—651nx 3X 6COSX 6COSX X | =



=% nex 4 6 6x dx =
= 6Sln X 18XCOS X 18 cosox ax =
LI in6x + C =
—6SIr1 X 18COS X 18 651n X =
=X x4 X cos 6x — —sin6x 4 C
—651n X 18COS X 10851n X

3ajaua penieHa.

Ilpumep 10. HaiiTn HeonpeaeneHHbI HHTETpal

j‘ 5x —3 p

——————dx

x? +8x + 20

Pewenue.

[ToppHTerpanbHas (yHKIUsS TpeacTaBiseT co0oil mpocTeiinyro panuoHaidbHylo 1poos Il Tuma.

Jlis ee WHTErpUPOBaHUS B YHUCIHUTENE BBIACIMM IMPOU3BOAHYIO 3HAMEHATeNs, 100aBUB MpPU STOM
HEJOCTAIOMUH MHOXKHUTEIb U CIaraeMoe, uToObl 3HAYeHHE YHMCIHUTENs He M3MeHHIoch. Tak kak (x? +

8x + 20) = 2x + 8, yucnuTeNs 3aNUIIEM B BUJIE S(Zx +8) — g 8 —3, Te. §(2x + 8) — 23. Ilocie

MMOYWICHHOTI'O ACJICHUA UHTCTpAJl pa3o6LeTc5{ Ha CYMMY ABYX UHTCTPAJIOB, KaXKIbIi U3 KOTOPBIX pCIIACTCA
OTACIBbHO:

dx =

ey _3 (24 +8) —58-3 > (2% +8) - 23
jx2+8x+20 x‘j X2 + 8x + 20 _J X2 + 8x + 20

5

5(2x +8) 23 5 (2x +8) dx
—f—dx_f—dx:_f—dx_zsf—:.--

x2 4+ 8x + 20 x2 + 8x + 20 2) x24+8x+20 x2 + 8x + 20

[TepBbIit U3 momyueHHbIX HHTErpaioB (l1) perraeTcss MeToI0M 3aMeHbI TIEPEMEHHOM (CM. TipuMep 6):

3dMeHa
t=x%4+8x+20

(2x + 8)
11 = f—dx =
dt = (2x + 8)dx

x2 + 8x + 20

dt
=f7=ln|t|+C:ln|x2+8x+20|

Bropo#t u3 momyueHHbIXx uHTErpajioB (l2) pemaercss myTteMm BbIIENEHHsS B 3HAMEHATENe IOJHOTO
KBajgpaTta W npeoOpa3oBaHUs, TaKUM O00pa3oM, K TaOIMYHOMY MHTErpaqy 3H C MOCIEIYIOIUM
MCIOJIb30BaHNEM IIPAaBUJIa HHTETPUPOBAHUS 2B:

_ dx _ dx _ dx _
IZ_fx2+8x+20_f(x+8)2_(8)2+20_fm_

2 2
_f dx _1 tx+4
Tl Graz 2z 24T



[ToncraBuB HaiineHusle 3HaueHus |1 u |2, momyuum:

> I, —23-1 —51|2+8 + 20| — 23 ! tx+4+C—
~=5h 275 n|x X 2arcg > =
x+4
+C

5 23
= —In|x? + 8x + 20| — —arctg

2 2
3ajaua pelnieHa.

Ilpumep 11. Haiitu HeonpeneneHHbIA HHTETpall

2x —5 d
f(x—l)(x—Z)(x+3) x

Pewenue.
[TompHTEerpasibHAs (QYHKIUS TPEACTABISICT COOOW MPABHIBHYIO pPallMOHATBHYIO JIpoOb. st ee

WHTETPUPOBAHUS HEOOXOAMMO pa3NOKUTh JaHHYIO JpoO0b Ha CyMMy mpocTedmux apobei | Ttuma.
[Ipumenum nis 3TOro MerToj HeompeneiaeHHbIX kKodddunuentoB A,B,C, mis oThICKaHHS KOTOPBIX

HCIIOJIB3YyEM YaCTHBIC 3HAUYCHHA X, pPaBHBIC KOPHAM 3HAMCHATECIIA:
2x —5 A B C

G-DE—-2Dx+3) -1 x-2"x33_
A -2)(x+3)+Blx—-1)(x+3)+C(x—1D(x—2)
B (x —1)(x — 2)(x + 3)

I/ICXOI[HaH N KOHCYHas )IpO6I/I UMCIOT OJMHAKOBBIC 3HAMCHATCIIM, 3HAYHUT HUX YHUCIUTCIN TOXEC

JIOJKHBI OBITh PABHBI:
2x = 5=A(x—-2)(x+3)+Bx—1Dx+3)+C(x—1D(x—2)
B momydeHHoe paBEHCTBO TMOJACTABISEM BMECTO X YaCTHbIE 3HAYEHHs, pPaBHBIE KOPHSIM

3HAMCHATCJIA:
1) x=1: 2:1-5=A01-2)1+3)+B1-1D1+3)+C(1-1(1-2)
—3=A-(-4)+B-0+C-0
—3=—44
43
4
2) x=2: 2:2-5=4A2-2)2+3)+B2-1DQ2+3)+Cc2-1)(2-2)
~1=A-0+B-5+C-0
—1="5B
g=_1

5



3) x=-3: 2:(=3)-5=4(-3-2)(-3+3)+B(-3-1)(-3+3) +C(-3-1)(-3—-2)
—11=A-0+B-0+C-20

—11 = 20C
o 11
20

Koappummenter  A,B,C Haiinensl. 3aMeHseM NOABIHTEIPAIbHYIO JpoOb HAa CyMMYy TpeX
MpocTeHIMX ApoOed M MOYWIEHHO HMHTETPUPYEM, HCIOJIb3ys IMpaBHia WHTETPUPOBAHHS 2B, a TaKKe
Ta0IMYHBIA HHTETpaN 30:

1 11

3
2x — A B C _ 7 -5 ~70 _
,[(x—l)(x—Z)(x+3) f(x—1+x—2+x+3>dx_J x—1+x—2+x+3 dx =

_SJ‘ dx 1 dx 11 dx _
“4)x—-1 5)x—-2 20) x+3 "

=3 = 1 = 2l = 2] — —Infx + 3] + €
—4nx 5nx ZOHX

3amaua penieHa.



